Tperbs Jekiust Kypca “BbIIIyKible Tesa U BbIIYKJIbIe
MHOTOIPaHHUKN

Baagnen Tumopun
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1 Pa3zaoxkenue IllTeiitnepa—MUHKOBCKOTO

Haunem ¢ HEKOTOPBIX 3j1eMeHTAapPHBIX IpUMepoB. Hanpumep, nocunraem miomaap e-0KpecTHocTr A, HEKO-
Toporo TpeyroibHuka A. g aToro 3ameruM, uro ¢urypa A, ecTecTBeHHBIM 06pa3zoM pasbUBAeTCs HA
Tpu vacTH (cM. puc. 1).

IlepBast 9acTh COCTOMT W3 camoro Tpeyrojbauka A. [Inomans neproit wactw pasra S(A). Bropas
YaCTh COCTOUT M3 MPSAMOYTOJBLHUKOB, OCHOBAHUS KOTOPBIX JIEXKAT HA CTOPOHaX Tpeyroabauka A. Tak kak
JJIMHBI GOKOBBIX CTOPOH BCEX 3TUX NMPAMOYTOJBHUKOB DABHBI £, IIOMAIb BTOpoit wactr pasaa el(A) (rme
[(A) — mepumerp Tpeyronbauka A). HakoHel, TpeThs 4acTh COCTOUT U3 CEKTOPOB KPyTa paauyca €. LleaTp
KaZKJIOTO CEKTOpA COBIATAET C OIHOM W3 BEPINHH TPEYTOJbHUKA. HeTpymHO BUIAETH, 9TO €CU TIePEeHeCTH
MapaLIebHO BCE 3TH CEKTOPHI TAKKUM 00Pa30M, YTOOBI UX MEHTPHI COBIAJU, TO MBI ITOJIYYUM IENbId KPyT.
Clle10BaTEILHO, LIOMAIL TPEThell YacTu papHa 7e2. B pesynbraTe mOTydaeM Cleayiomiee pasiosKeHue:

S(AL) = S(A) +l(A) + 2.

D10 pasaoocenue Ilmetinepa—Munrosckozo njist TPEYroIbHUKA.

3aMeTuM, 94TO IIOMA/b E-OKPECTHOCTH TPEYTOJbHUKA MPEJCTABIgeT CODOl MHOMOYJIEH BTOPOH Ccrere-
U OT €. Kpome TOro, HAIIU PACCYYKICHUS C TEM YKE YCIEeXOM MPUMEHUMBI K TIPOU3BOJIHLHOMY BBITYKJIOMY
MHOTOYTOJIBHUKY. 1103TOMY MIOIMIaIb €-OKPECTHOCTH BBIMYKJIOIO MHOTOYTOJIBHUKA TOYKE SIBJISIETCS MHOTO-
YIEHOM BTOPOI CTEIeHM OT €, MPUUIEM BCe KOIMDMUIIMEHTHI ITOTO MHOTOUJIEHA UMEIOT MPOCTOM TeOMeTpH-
geckuit cMbici. CBODOMHBIN YI€H PABEH IJIOMIAIH UCXOAHOTO MHOTOYTOIbHIUKA, KOA(MDMUITMEHT IIPH € PaBEH
nepuMeTpy, a KoabdumuenT npu €2 papen 7 (IJIOMAIH IAHIIHOTO KPYTa).

Jasiee, myTeM TIPeaebHOTO Mepexona, (OpMyIy IJisi E-OKPECTHOCTH MOYKHO PACITPOCTPAHUTE HA MPO-
U3BOJILHBIE BBIMYKJbIe (bUrypnl. Jlemo B ToM, 94To eciu MbI OyjaeM TpUOIUKATEH BBIMYKIYIO (DUTYDPY HA
MLJIOCKOCTH BBIMYKJIBIMI MHOTOYTOJLHUKAMHU, TO TLIOIIAA MHOTOYTOJLHUKOB U UX MEPUMETPBI OYIyT CTpe-
MHUTbHCS K TLIOMIANA U, COOTBETCTBEHHO, JJIMHE TPAHUIIBI BBIMTYKJIOH (DUTYDBHI.

Boimumem Teneps pasnoxenue [reiinepa—MuHKOBCKOrO A7ist TeTpadapa. Obo3HA4IUM TeTpasip depes
A, a ero e-okpectHocTh — 4epe3 A.. Beimykioe teno A, ecrecrBeHHBIM 06pa3oM pa3OHBACTCA HA YETHIPE
qactu (cM. puc. 2).

Iepsas yacrb — cam rerpaszap (ero obbem pasen Vol(A)). Bropasi 4acTh COCTOMT U3 IUJIUHIPOB BbI-
coTbl € Hal rpanamu Terpasapa. O6bem s1oit yactu pasen £5(0A). Tperba yacTs coorBercTByeT pefpam
Terpasapa. K Kaxk oMy pedpy IpuMBIKAeT (GUrypa, IPEaCTABIAIONas coboil mpamoe Mpon3BeaeHne pedpa
Ha HEKOTOPBII ceKTOp Kpyra pagauyca €. Obo3nadum depes | ajmny pebpa, a uepe3 o — yroJ COOTBETCTBY-
FOIIETO CEKTOPA. YTOJ (v 00PA30BAH MEPTEHANKYIAPAMHU K TPAHIM, COIEPAKAIIAM PACCMATPUBAEMOE PeOPO.
O61bem TpeTheit 9acTn pasen Y. lae? /2, Tae cyMMIpoOBaHTe BeJeTcs TIo BeeM pebpaM TeTpadapa. Hakomerr,
JeTBepTas 4aCTh COCTOUT W3 CEKTOPOB Iapa, MPUMBIKAIIIAX K BepmuHaM. KCau CI0KWUTHL BMECTe BCe
9T CEKTOPbI, TOJLyYUTC HeJIbIi ap (ITO y7Ke He CTOJIb OUYEBUJIHO, KAK B JBYMEPHOM CJIydae, HO BCE XKe
MOXKHO yCMOTpeTh u3 pucyHka). Takum ofpazom, nomydaem paszaoxkenue Ilreiinepa—MuHKOBCKOIO ayis
TeTpasIpa:

2
_ e s34
Vol(Ac) = Vol(A) +£8(04) + > la+te ST

Msr1 BuiuM, 9TO 06bEM £-OKPECTHOCTH TETPAIIPA ABJILAETCA MHOTOUIEHOM TPEThel cTeneHu ot €. TouHO
TaKKe BLINIAIUT BOPMYIIa A1 00beMa, £-OKPeCTHOCTH IIPOU3BOIBHOIO BLIIYKJIOI0 MHOIOIPAHHHKA B RS,



Puc. 1: e-okpecTHOCTH TPEYTOIBHUKA

Puc. 2: e-okpecTnocTs Terpazupa



Paccmorpum renepb TpEXMEPHOE BBIILYKJIOE TEJIO, HE sIBJSIIONIEECs MHOIOIPAHHUKOM. Byjaem mnpubiiu-
JKATh ITO TEJIO BBIMYKJBIMA MHOTOrpaHHuKaMu. [locMoTpum, Bo uTo mepexomut pasioxkenue [lreitnepa—
Munkosckoro. CBOOOMHBIN YjIeH, OUEBUIHO, CTPEMUTCS K 00beMy BBITYKJIOro Tena. Koaddunment npu &
CTPEMUTCS K TIJIOIMIAIN TTIOBEPXHOCTH, & CTAPINWil YjeH BOOOIIE HE 3aBUCUT OT BBIMTYKJIOTO TEJA U PABEH
obbeMy Iapa pagmyca €.

Bagada. Jokazkure, 9T0 KOI(DMUIHEHT P €2 CTPEMHUTCS K HHTErPajy IIO IOBEPXHOCTH TEJ3, OT
CpemHell KpUBU3HBI TEJIA.

Cdopmyaupyem 0b600IIIEHNE IOy YeHHBIX PE3YJIBTATOB HA CAYYail MPOU3BOILHOM PA3MEPHOCTH:

Teopema 1.1 (Illteiitnep, Munkosckuit) ITycms A — ewnyxioe meso 6 npocmpancmee RY, O6zem
€-0KpecmHOCTY Meat A ABAAEMCA MHOZOYAEHOM OM € cmeneny d:

Vol(A.) = Vol(A) + £ Vol(9A) + - - - 4+ e Vol(B),
2de B — edununnndl wap.

Teopemy HlTeiinepa—MUHKOBCKOTO MOYKHO JOKA3BIBATH TOYHO TAK YKE, KAK B IBYMEPHOM U TPEXMEPHOM
caydasx. IMeHHO, BBITYKJIOE TEJIO CAeAyeT TPUOIUIKATD BbIMTYKJIBIMA MHOTOIPDAHHUKAMHY, &, JJTsl BBITYKJIBIX
MHOT'OIPAHHUKOB O0bEM £-OKPECTHOCTH CUUTaeTca aBHO. OJHAKO MBI BCKOPE JTOKAXKeM HEKOTopoe boiee
obiree yTBepXKaeHNe, 13 KOToporo pasioxkenne Illreitnepa—MMUHKOBCKOTO MOMyYaeTCst Kak (dopMaabHOe
CJIe/ICTBUE.

2 IIpocTpaHCTBO BUPTYaJIbHBIX BBIITYKJIBIX TeJ

Mb1 3HaeM, 9TO BBIIYKJIBIE TEJIa MOMKHO CKJIaJAbIBATH (110 MUHKOBCKOMY) M yMHOMXKATh HA HEOTPULATEI b
HbI€ 4YHCJia. O“IQHB IIOJIE3HO AOIIOJITHUTb MHOXKECTBO BBIIIYKJIBIX TE€JI 10O BEKTOPHOI'O IIPOCTPAHCTBA. ZLHH
ITOTO AOCTATOYHO AOTOJHUTL TOJYTPYTIITY BLITYKJIBIX TEJT (OTHOCI/ITGJIBHO CJIOKEHUA II0 MI/IHKOBCKOMy)
1o rpymnnbl. Obcynum 6osee OBIIYI0 CHTYAIIATO.

IIpennoxenune 2.1 IIyemv G — Kommymamusnas noayepynna. IIpednoaootcum, 4mo 6uinoAHAEMCs
YCJIOBHE COKPAIIEHNUS :
(Va,b,ceG) a+c=b+c = a=hb.

Tozda cyuwecmeyem naumenvwas 2pynna G, codepocawasn noayepynny G. ['pynna G eduncmeenna ¢
MOYHOCTBI0 00 USOMOPPHUSMG.

JOKA3ATEJILCTBO.
JeiicTBUTENBHO, PACCMOTPHUM MHOXKECTBO GOpMaTbHBIX pasHocreil Buma a — b, rae a,b € G. Beegem nHa
TOM MHOXKECTBE OTHOLIEHHE SKBUBAJIEHTHOCTH: a—b ~ c¢—d, eciin a+d = c¢+b. DakTOPMHOKECTBO G muo-
KecTBa (POPMATBHBIX PA3HOCTEHN 1O OMMCAHHOMY OTHOIIEHWIO SKBHBAJECHTHOCTH HAJIENSIETCs] CTPYKTYpOit
rpynner. Lpn 5TOM ompeneseHo ecrectsenHoe Baoxenue (¢ — (. Temepb HETPYAHO MOKA3aTh, 90 G —
HaMMeEHbIas TPyTna, cofepkamas (G, U 94To 3Ta TPYIa eIHHCTBEHHA C TOYHOCTHIO /10 u3oMopduzma. [J

Wrax, eciiu momyrpynna G yAOBIETBOPSIET YCIOBUIO COKPAINEHUSA, TO OHA €CTECTBEHHBIM 00PA30M H0-
MOJTHSIETCST IO HEKOTOPOH rpymibl. Bepro u obparnoe: eciu nonyrpymnna G I€XUT XOTh B KAKOH-HUOYID
IPYILLE, TO OHA YJOBJETBODSET YCJIOBUIO COKPAlleHus (IIOCKOJbKY B IDYIILE YCJOBUE COKPAILEHUS BCELA,
BBIMOJTHAETCS).

OHako, Jazke eCIU YCJIOBHE COKPAIIEHUS He BBIMTOJHSIETCS, ¢ TOAYTrpyInoi G MOKHO CBA3aTh HEKOTO-
pyto rpymmy (. CHOBa paccMOTPHM MHOMKECTBO Beex (pOpMAIbHBIX pasHocTeil. OJHAKO OTHOLICHHE IKBH-
BAJIEHTHOCTH HYKHO OIIPE/IeJIUTh TI0-APYroMy (OTHOIIEHUE, OIIPEJEJeHHOEe B XO/e JOKA3ATEeJbCTBA IPe]l-
aoxenus 2.1, yxe, Boobuie ropopst, He Oyjer rpan3utuBHbiM). [losokum a — b ~ ¢ — d, ecau Haituercs
Takoi anement r € G, uro a +d +r = ¢+ b+ r. PaKTOPMHOKECTBO G‘ MHOKECTBa (POPMATBHBIX PA3HO-
cTefi 10 9TOMY OTHOIIEHHIO SKBUBAJCHTHOCTH HAJIENSICTCST €CTECTBEHHON CTPYKTYpoii rpynmst. ['pymma G
HasbiBaercs epynnot I'pomendura nonyrpynnet G. Umeercs ecrecrsentoe orobpaxkenune G — G (Boobiue
[OBODsi, HE SBJILIOIIEECH BJIOKEHUEM ).

Ipepgoxenne 2.2 Ioayzpynna 6cex uiNYKABET Men YOOBAELMBOPAE YCAOBUIO COKPAULEHUSA.



,Z[OKASATEHBCTBO.
IMycrs A, B u C' — raxkue BoimyKJjbe Tesa, uro A + C = B 4+ C. Torna st onopHbix (GyHKIUN 3TUX Tes
monydaem H4 + Ho = Hp + He. Ho dbyskuyun moxkHO BhrauTaTh, nosromy H 4 = Hp. OTciona BeITEKaeT,
4TO BBIMyKJbIe Tesa A u B coBnamaior. [

CureroBaTeIbHO, TOTYTPYIINA BBIMTYKJIBIX TEJ BKIAaIbBaeTca B rpynmny ['porerauka. HerpyaHo mpose-
purhb, uro rpymna ['porerauka B JaHHOM ciiydae Oy/1eT BEKTOPHBIM [IPOCTPAHCTBOM.

Omupegenenne. HazoBeMm 3TO TPOCTPAHCTBO NPOCMPAHCTNGOM SUPMYANLHBIL GHINYKALL men. Bupty-
AJILHBIE BBIMTYKJBIE TeJIa — 3T0 (GOPMATHHBIE PA3ZHOCTH BBIMTYKJIBIX TEJI.

Bamauga. IIycts A — KOHEYHOE MOJMHOMKECTBO IeJounciIeHHoi pemerkn Z%. Jlokaxmure, 9T0 1jist
JIOCTATOYHO BOJBINIOTO HATYPATBHOTO uncia N umeer mecto paseHcTBo conv(NA) = N conv(A).

Sagaqua. [Iycrs G — moayrpynmna BceX KOHEYHBIX TOAMHOXKECTB TEJIOUHCICHHON PEeTKH OTHOCHTE b=
HO cioxKeHnst Mo MunKoRcKOMY. JIoKasknTe, UTO Kask/0e KOHeUHOe moaMHOKecTBO A C Z? cormasmaer B
rpymme ['porermuka G ¢ MHOKECTBOM BCEX LIEJIBIX TOUEK MHOTOIPAHHUKA conv(A).

Co BCAKUM BBIILYKJIBIM T€JIOM CBsi3aHa onophast Gbyukius. C BUPTyaIbHbIM BBIIYKJIbIM TejioM A— B (A
u B — nacrosiue BbIIyKJIbe Tea) MOXKHO cBa3arh dbyukimio Ha_p = Ha — Hp, KOTOPYIO €CTECTBEHHO
HA3BaTh 0NopHotl PyHkyued supmyarvbho2o eunykiozo mesa A — B.

IIpennoxenue 2.3 Beakasa docmamouno 2aadkas NoAOHCUMEALYHO 00HOPoOHaA cmeneny 1 Gynryua Ha
conpaoicennom npocmpancmee RY asasemesa onopnoti Gynkyueti HEKOMOPO20 SUPMYAALHO20 GHNYKAO20
meaa.

JOKA3ATEJILCTBO.
Omnophble GYHKIHUY BBIMYKIIBIX T — 3TO B TOYHOCTH BBIMYKJIBIE MOJOKUTEILHO OJHOPOTHBIE CTeeHn 1
dyuruuu. Ilycrs f — mpom3BObHAS TMOJOKHUTENIBHO OMHOPOAHAs creneHn 1 (yHKIMd, a ¢ — OmopHasd
dbyHKIINST eMMHNIHOTO mapa. JJokaxKeM, 9TO 1Jisi JOCTATOUHO Bosbioro unciaa R dyukmus f + Rg Oyner
BBITYKJIOH.

®opwma d%g BCIOTY TIONOKATEABHO onmpeeena. [loaroMy HeTpyIHO TTon06paTh Takoe qucao R > 0, 9ro
B OrpaHMYeHHH Ha equHuunHyio cdepy Rd%g + d2f > 0, ro ectb dopma Rd%g + d? f nonoxureasno ompe-
nenena. Bropere nuddepentmanst d2f n d2g MOIOKATEIHFHO OXHOPOIHBIX (PYHKIHI CTEeHH 1 SBIIA0TCH
LOJIOXKUTE/IBHO OJHOPOAHBbIMEU oTOOpazkenuamu crenenu -1. Cienosarenbno, nepasencrso Rd2g+d>f > 0
BBITIOJIHAETCS HA BCEM COMPsXKEHHOM mpocTpancTse. Ho orciona ciaenyer, aro (byukius Rg + f siBiser-
ca Beinykioi. 3uauut, Rg + f = H4 nna mekoroporo Boinykjoro tena A. Ecau depes B o6o3HaduTh
enquHUYIHLBIN map, 1o ¢ = Hp. CnenoBarensuo, f = Ha_pp, 9T0 1 TpebOBANIOCH TOKA3aTh. [

3 MamuorouyjsieH oobema

Onpenenenne. [lycts V — HekoTOpoe OecKOHETHOMEPHOE BEKTOPHOE TpocTpancTBo. Oyukmus P : )V — R
HA3BIBAETCA MHO20MACHOM CMENEHY < M, eCTH B OIPAHUYEHNN HA KAXK10€ KOHETHOMEPHOE TIOAITPOCTPAH-
CTBO IPOCTPAHCTBA V 318 QYHKIHNA JaeT MHOTOUJIEH CTEIeHn < M.

3angada. Bepro Jsin, 9T0 ecim Ha KazK/I0M JBYMEPHOM IIOIIPOCTPAHCTBE HpocTpancTsa V dynkuus P
SIBJISIETCST MHOTOUJIEHOM CTenenn < m, To GhyHKIuss P BooOIe SABIsSeTcs MHOTOUYIEHOM CTeneHn < m?

Teopema 3.1 Pynruyusa obsema npodossncaemcs d0 HEKOMOPO2O MHOZ0UAEHE HA NPOCTNPIHCINEE BUPTNY-
AADHOLE SHNYKABLT MEN.

ﬂOKABATEHbCTBO.
BBezmeMm cucTeMy KOODIHHAT T1,...,Tq B apocrpancrBe RY. O6beM BBIIYKIOro Tesa A MOXKHO 3alHCATh
KaK MHTErpaJ mo teny A or ¢popmMer obbema;

Vol(A) = / dxy Ndxg A -+ ANdzg.
A

ITo Teopeme Ctokca, uuTerpajs or (GopMbl 00beMa CBOIUTCSI K HEKOTOPOMY WHTETDAJIY IO MOBEPXHOCTH
Tea A:

/d:z:l/\darg/\«--/\dxd:/ Ty - dro A+ ANdxy.
A 0A



31ech cyiecrBeHHo, 410 Juddepernual Gopmbl T1-dxa /- - -Adzg paBed popme 0bbema, a Ko3pOUIUeHThI
970l (POPMBI TOJTMHOMHUAIBHO 3ABUCAT OT KOOpAuHAT. KOHEUHO, MOKHO HAMMKUCATH U MHOTO APYruxX (GhopM,
001 JAIOIIUX TEMU K€ CBOHCTBaMMU.

Hanmomuuwm, uro noBepxuocts 0A sBisgerca obpazoM enuHuIHON cdephbl npu orodbpakernn dH 4. Tlpu
MTOMOIIH 3TOr0 OTOOPAYKEHUs HHTErPAJ IO MOBEPXHOCTH MOXKHO CBECTH K MHTErpasy 1o cdepe:

/ a:l-dafg/\---/\d.rdz/ (dHA)*(x1 - dxg A -+ - ANdxyg).
0A Sd—1

Orobpaskenne dH 4 nunelino 3asucut or A. Accommuposannoe orobpaykenue Ha, nudGHepeHIuaIbHBIX
dopMax ¢ MONMHOMUATLHBIME KO3 DUIMEHTAMY MOAMHOMUAILHO 3aBucuT ot A. B wacraocru, nudde-
penrmanbiaga dopma (dH ) (x1 - - dxa A -+ ANdzg) asnagerca nojuaomom or A. VIHTErpas npeacrasiser
coboit nmHeitHbI GYHKIMOHAT Ha npocTpancTBe auddepernmanbabix Gopm. ClesoBaTesbHO, HHTErPa
ot dopmbr (dHA)*(z1 -+ dze A - -+ A dxg) Toxe mommaOMEATBHO 3aBucuT 0T A. Ho sTOT mATerpan pasen
obbemy Tena A. 3nadmr, 06beM Tena A nommEOMBANBHO 3aBucuT or A. [

ITpocTpaHCTBO HACTOSIIIUX BBIMYKJIBIX TEJI SIBJSETCS OTKPBITHIM KOHYCOM B BEKTOPHOM MPOCTPAHCTRE
BUPTYAJbHBIX BBINYKJbIX Tel. CrenoBaTeibHo, (DYHKIHS 00beMa MPOAOJIKAESTCS 10 MHOTOUJICHA, €JIHH-
crBeHHBIM OGpazoM. [TomydeHHBII MHOTOUIEH HO TMPOCTPAHCTBE BUPTYAJBHBIX BBITYKJLIX TEJ HAZ0BEM
MHO20UAEHOM 00BEMA.

U3 pokasaHHON TeopeMbl BhITeKaeT pasmnoxenue IllrTeifimepa—MuUHKOBCKOro: ecim A — IPOU3BOJBHOE
BBITYKJIOE TEJIO, 8 B — eIuHUYHbIN [1ap, TO 3HaUYeHne MHOrodIeHa oobema Vol(A + eB) aBisiercss MHOTO-
YJIEHOM OT €.

4 Ilongpm3alusga OJHOPOJHOTO MHOIO4YJIEHA

Omnpenenenne. [Iycrs V — BekToproe mpocrpancTso. @yukimga P @V — R naseBaercs 0d1opodnot
cmeneny d ecan

(VA€ R)(Vx € V) P(A\z) = \P(x).

Eciu P siBisteTcst MHOTOYJIEHOM W BMECTe C TEM OJHOPOIHON (byHKImeil cremenu d, To cremeHb P kak
MHOTOYJIEHA TOXKe paBHA d. B 3ToM ciiygae roBopsaT 06 0dnopodHom mrozousene cmeneru d.

OueBHIHO, MHOTOUIEH 00bEMa HA BUPTYATbHBIX BHITYKJBIX Teaax B R? sBisercs OHOPOIHBIM MHO-
TOYJIEHOM crenenu d.

Onpenenenne. [Iycrs P — onHOpOaHbIil MHOIOYIEH cTeneHn d Ha BEKTOPHOM npocrpancTse V. IToas-
pusayuet; Muorowiena P naspisaerca d-nuneiinas cummerpuunas dopma V¥4 — R (koropyro mMbi Gyjem
obo3HauaTh TOW ke Gykpoil P), Takasi 410

(VzeV) P(x,z,...,x) = P(z).

IIpumep. Ilycts P — kBagparuunas gopma. [peamonoxkum, aro dopma P nomyckaer HEKOTOPYIO
nonsipu3anuo. Torma, B CHIy OMINHEHRHOCTH,

P(a+b) =Pla+b,a+b)=P(a) + 2P(a,b) + P(b),

OTKY/Ia

P(a+b) — P(a) — P(b)
5 .

O06parTHO, HETPYAHO NPOBEPUTH, YTO BhIIUCAHHAA (GopMyna 3ajaer noagpusanuio dpopmbl P. Bununeii-
HOCTH BBITEKAET M3 CJIEIYIONIETO MPOCTOTO COOOPasKeHuUs:

P(a,b) =

Jlemma 4.1 ITycmv P — o0dnopoduoiii mmozousen cmeneny d ma 6eKmophom npocmpancmee V, u nycmo
b eV — duxcuposannnii eexmop. Tozda Pynxuyua Q(a) = Pla + b) — P(a) Asasemces MHO20UACHOM
cmenenu d — 1 (6006we 2060ps, HeOHOPOOIHBIM,).

IIycts V — BekTOpHOE mpocrpancTBo. Obo3HaunM depe3 L, omeparop muddepeHnupoBanus mo Ha-
npasseanio @ € V. Ecimm f 1 V — R — nocrarouno xopomasi GyHKnus (HAIpUMED, MHOIOWIEH), TO, 110
OTIPEIETIEHNIO,

Lof(x) = %\tzof(x + at).



Herpyaso uposeputb, 4ro eciau P — 0gHOpOAHbIA MHOrOYaeH crenedu d, 10 L, P sBiisieTcst 0JHOPOAHBIM
MHOTOUJIEHOM cTernenu d — 1.

Hawm npuronurcesi coemyromuit 6eCKOHEYHOMEDHBIH BAPUAHT TeOpeMbl diljepa 06 OTHOPOIHBIX (DYHK-
TIHSX:

Jlemma 4.2 Ilycmo P — o0duopodnoili mHozouner cmenenwu d Ha npocmpancmee V. Tozda das ecsxot
mouky a € V umeem Mecmo pasencmeo

L.P(a) = d- P(a).

OTa meMMa TOKa3bIBACTCA TOYHO TAaK K€ KaK OOBIMHASA TeopeMa Jiinepa. J1ocTaTOYHO MOCUYNTATE IPO-
u3BoHYIO B equnuie ot ¢Gyukuun ¢(A) = P(A\a) aBymsa cnocobamu: OQUH pa3 MPU HOMOIIU TEOPEMbI O
CJIOXKHOM (DYHKIINU, & BTOPOH Pa3 BOCIOJIb30BABIIUCH OTHOPOIHOCTHIO.

CaencrBue 4.3 Jlaa 6cax020 00H0podHo20 mHo20uAERG CMENEHY, d UMeEeM
dp _
LiP =d!P(a).

3ameuanme. B J1eBoii YaCTH BBHIIMCAHHOIO PABEHCTBA CTOUT PE3YJIBTAT IpUMEHeHus oneparopa LY
crenenn d K OmHOPOgHOMY MHOrowieHny P crenenu d. 910 MHOrOwWwIeH creneHu (), TO €CTb KOHCTAHTA.
YTBep:KaeTcs: 4To 3Ta KOHCTaHTa papHa d!P(a).

Teopema 4.4 Bceaxuili 00nopodnvill muozounen cmenenu d obaadaem eduncmseennoli nosspusayuet

P(ay,...,aq) = %Lal <o Lo, P.

ﬂOKABATEHbCTBO.
®opma Play,...,aq), OOpejeeHHAs BbIIIe, IHCTBUTENLHO ABIAeTCa Hoadpusanueil muorowrena P, Bu-
JITHEHHOCTH BBITEKAeT U3 TOro, 910 Loy = L, + L, CAMMETPUYHOCTD BBITEKAET U3 TEPECTAHOBOYHO-
CcTH 01epaTopoB nudPEPeHITUPOBAHNS M0 PA3ANIHBIM HampaBiaeHusM. Hy»KHO TOJBKO MPOBEPUTH, UTO
P(a,a,...,a) = P(a). Ho 310 BBITEKAET M3 GECKOHETHOMEPHOH TeopeMbl Jitmepa 06 OTHOPOTHBIX (HYHK-
upax (nemma 4.2).

ITycrs Teneps P(aq,. .., aq) — IPOU3BOIBbHAA IONApU3anUg MHOrOYIeHa P. MOXKHO 10Ka3aTh, 4TO 3T,
TTOJIIPU3AIAS UMEeT BUJL %Lal -+ Ly, P. B camomM jiesie, HETPYAHO IPOBEPUTH 110 HHAYKIIUHU, UTO

d!
Lo, -+ Ly, P(x) = mp(al, ey Ay T Ty, ).

st 3TOr0 MOCTATOYMHO BOCIIOIB30BATLCA OIMPEIETeHNEeM TPOU3BOSHON 10 HAIIPABJIECHUIO W HOJUIHHEHHO-
crbio (6naOMOM HbtoTona). O
3amaqa. [lycrs Teneps P — 0mHOPOAHBIN MHOTOUWIEH crenenn 3. JlokaxkuTe, 9T0 MOMSIPU3ANNST ITOTO
MHOTOYJIEHA BBIPAXKAETCH CJIeIyIONeil (hopMyJIoi:
Pla+b+c¢)—P(a+b)—P(b+c)—P(a+c)+ P(a) + P(b) + P(c)

P(a,b,c) = .
(a0, :

Vkaxkem 00001IeHME 3TONH GOPMYIIBI HA CIyUall TPOU3BOJBHON CTEIEHU:

Teopema 4.5 O6osnauum wepes € wabop (€1, .. .,&q) us d wucea, Kaxrcdoe ud KOMOPHX PacrHo Aubo 0, Aubo
1. Yepes |e| obosnanum wucao nysed ¢ nocaedosamenvrocmu €. Iorapusayuro 00mopoodn020 MH0204AEHA
P cmenenu d mootcno sanucams caedyrowett Gopmysoti:

Play,...,a0) = Y (=1)F'P(e1a1 + -+ + £qaq).
e€{0,1}4

DTy TeopeMy MOXKHO J0Ka3aTh AByMs criocobavu. MoKHO, HapuMep, MPOBEPUTH, YTO BHIMTMCAHHAA
dopmysia peficrBUTENBHO 331aeT moJsipu3anuio MaorowieHa P. Ilng 3Toro gocTarovHO HECKOJIBKO Pa3
BOCITONTb30BATHCA TeMMOoit 4.1.

C apyroit CTOPOHBI, MOXKHO MOKA3ATh, 9TO MOJISPU3AINAs MHOTOUWIEeHA P NOKHA BHIPAXKATHCA UMEHHO
Takoi opmysaoit. Iaa 3Toro Hy»KHO PACKPBITH BCE CJIATAEMbBIE B MPABOM YACTH, MOJb3YSICh MOIUINHEH-
HOCTBIO, ¥ IPUMEHUTH NPUHLIMI BKIIOYEHUA-UCKIIIOYECHUS.

3agaua. [Iposeaure neTasbHOE 10KA3ATEIBCTBO.



5 CwMmemaHHbIe 00 bEeMBbI

Onpenenenune. [loaspusaiust MHOTOWIEHA 00beMa HA MPOCTPAHCTBE BUPTYAJIBHBIX BBIMYKJ/IBIX TEJ Ha-
3BIBACTCS POPMOTL CMEUaHH020 obsema. CMemaHHbii 06beM BRIMYKALIX Tesl Aq,..., Ay B mpocTpaHcTee
R o6osmauaerca gepes Vol(A1, ..., Ag).

IIpusBenemM HEKOTOPBIE IPUMEPHI BEIYUCIEHHS CMEIIaHHbIX 00beMoB. IIycts A — Bbinykias durypa Ha
ILTOCKOCTH, & B — enmamunsii kpyr. Torma A +eB — 310 e-0kpectHOCTD Gurypsl A. Kak MbI yzke 3HaeM,
IJIOIIA/b E-OKPECTHOCTH PABHA

S(A+eB) = S(A.) = S(A) +el(A) + .
C apyroii ctoponsl, cornacuo ouromy HeroToHa,
S(A+eB) = S(A) +2¢S(A, B) + £2S(B),

rie S(A, B) — cumermannas wiomanb dburyp A u B. Crenosarensuo, S(A, B) = [(A)/2.

Aranornuno, ecim A — IPOCTPAHCTBEHHOE BHITYKJIOE TENO, a B — emuamaHbI map, To Vol(A, A, B) =
S(0A)/3. Cmemannsiii o6bem Vol(A, B, B) pasen ¢ koaddunpenrom 1/3 uHTErpany 1mo HOBepXHOCTH TN
A or cpenne#l KpUBU3HBI 3TOH MOBEPXHOCTH.

Brrauc M renepb CMeNIaHHyo MIOMAIb ABYX BBITYKJIBIX MHOTOYTOJLHUKOB. Ilycth A — BBIMyKIIbIH
MHOTOYTOJIbHUK Ha miaockocru. O6ozuadum depe3s H;(A) onopusie wucaa MHOTOYyroabHuKa A, TO €CTb
JTMHBI HEPIEHIUKYJIIPOB, OIYIIEHHBIX Ha CTOPOHBI (UM HA TIPOIOJIZKEHHsI CTOPOH) U3 HAYAJIA KOODMHAT.
JlmHy IepueHauKyIsapa CIEAYET B3ATh CO 3HAKOM TLITIOC, €CJTH HAYAI0 KOOPAUHAT JIEZKAT TI0 Ty 7K€ CTOPOHY
OT COOTBETCTBYIOIIEH CTOPOHBI MHOrOyroiibHUKa A, 970 u cam MHOroyrosbHuk. MHadue omopHoe <9uciio
HY?KHO B35ITh CO 3HAKOM MWHYC.

Mycts &1, ...,&, — eIMHUYHBIE HATPABJSIONINE KOBEKTOPHI CTOPOH MHOroyrombuuka A. Torma, kak
HerpyaHo nposeputh, H; = Ha(§;).

O6o3naumm vepes [;(A) namey cTOPOHBI MHOTOYTONBHUKA A ¢ HApaBASIOmMUM KOBEKTOpoM &;. Nmeer
MECTO CJIEAYIOAsA (POPMYJIA JJIs IJIOMAAM MHOTOYIObHEKA A:

S(A) = 5 3 Hi(AYL(A)

IIpeanonoKuM A8 MPOCTOTHI, YTO HAYAIO KOOPAWHAT JIEKAT BHyTpu MHOroyrossHuka A. Torma stor
MHOTOYTOJIbHUK PA30MBACTCs Ha TPEYLOJBHUKN ¢ OOIleil BepIIMHON B Havaje KoOpauHar (CM. puc. 3).
Iotmamu Tpeyronbuaukos pasabl H;(A)l;(A)/2. Orciona n nomyuaercst Beimucanias bopMysia s T1II0-
A1 MHOTOYTOJIbHIKA.

Iycres Teneps B — mpoussombHas duimyknas durypa na nnockocru. Homoxum H;(B) = Hp(&;).

Ipeamoxenne 5.1 Cmewanmyro naouads muozoyzosvruka A u gueyps B moocno nocwumams no gop-
MYAE

S(A,B) = % > Hy(B)li(A).

JOKA3ZATEJIbCTBO.
IMocuuraem mwiomans S(A+eB) (cm. puc. 4). urypa A+eB ecrecrBennbiM 06pa3oM pa3buBaeTcs Ha TPU
yacru (KaK M B ciayvae e-okpectroctu). Ileppag dacTh cocrour u3 camoro muoroyrosibhuka A. Bropas
YACTh COCTOWUT U3 TPSIMOYTOJIBLHUKOB, JIEJKAIINX Ha CTOPOHAX MHOTOyroiabHuKa A. Bokosas cropona mpsi-
MOYTOJIbHUKA, JIEXKAIIETO Ha, CTOPOHE MHOTOYTOJLHUKA A ¢ HAIIPABJISIIONMM KOBEKTOPOM &;, pasHa e H; (B).
Takum 06pa3oM, TIOMAAb BTOpoit uactu pasua € »  H;(B)l;(A). Tperbs 9acTh COCTOUT U3 KyCKOB (hUTypbI
€B, 13 KOTOPBIX MOXKHO COCTABUTH BCIO (PUTYPY.

Mp1 y2ke 3HaeM, 4TO cMemaHHas miomanb S(A, B) paBHa nonopuHe K03 MUIEEHTa [IPH € B PA3JIOKE-
nuu S(A + eB). Caeposarensno, S(A, B) = 3 3" H;(B)l;(A), uro u tpebosanoch pokasars. [

[penmomoxuM Tenepn, 9ro0 A m B — BBITYKJIbIE MHOTOYTONBHUKH. [1peanoikenue 5.1 CONEPKUT HECUM-
MeTPUIHYIO (GOPMYITY s BHIYUCIEHUs CMenmanHoi miomaan. OJHAKO caMa CMeNIaHHas IO CUM-
merprana. Ecmm mogcrasuts B pasenctso S(A, B) = S(B, A) BbIpaykeHUs sl CMEITAHHBIX TLIOMIAIeH
U3 IpeAyIoKeHus 5.1, TO mOJydnM HEKOTOPOe HETPUBHAIHLHOE YTBEPIKIACHUE U3 JIEMEHTAPHON reOMEeTpHH
BBIITYKJIBIX MHOTOYT'OJIbHUKOB.






ITycTh Tenepp A — npou3BOJIbHBIN BbITYKJIbIH MEOrOrpanauk. O6o3naunm uepes &1, . . ., &y HaIpaBs-
IOII[He KOBEKTOPHI €ro IunepIyiockux rpaseit I'y, ..., I'y coorsercrenno. Yucno H;(A) = Ha(&;) HazwBa-
ercst onoprvim wucaom rpaam ;. O6osnaamum wepes Vol'(A) (d — 1)-mepHbiii 06beM THIIEPIIOCKO TpaHy
I';. Umeer mecTo cremyromast (pOpMyJia Ijid BEIYUCACHUA 00beMa MHOrOrpaHanka A:

Vol(A) = 2 S H,(4) Vol(4).

D1a dopmyna MoxKeT OBITH MOJYUEHA TOYHO TAK K€, KAK W B IJIOCKOM caydae. VImeHHO, eciaum Hadamo
KOOPIMHAT JIEKUT BHYTPH MHOTOIPAHHUKA, TO MHOTOIPAHHUK Pa30bMBAETCs B 0ObeIUHEHNE KOHYCOB HAI
IUIEPIJIOCKMMHI T'PaHgMy. Bepruibl Bcex KOHYCOB COBIAJIAIOT C HAYAIOM KOOD/IUHAT. Ob6bem KoHyCca HAT,
I; pasen - H;(A) Vol'(A).

IIycts B — mpounsBosbHOE BRIMYyKJI0e Temo. CoBeprmeHHo aHaJOTHYHO TIJIOCKOMY CJIyYalo, TIOJIytdaeM
dbopmymy

VOl(A, A, ..., A,B) = % S Hi(B) Vol(A).

3aece H;(B) = Hp(§) — 3nadenus onopHoil GpyHKIMU Teta B Ha HAIPaBIAIOIMMX KOBEKTOPAX TIHMIED-
TIJIOCKUX TpaHell MHOTOrpaHHuKa A.



