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Abstract

Let G be a semisimple algebraic group. Kostant’s theorem de-
scribes the ideal defining the G-orbit closure of the sum of highest-
weight vectors in a (reducible) G-module, such that the corresponding
highest weights are linearly independent. This ideal is generated by
quadratic polynomials.

In this paper we generalize this result, assuming that the highest
weights can be linearly dependent. In this case the equations defining
these varieties are not necessary quadratic.

1 Introduction

Let G be a semisimple algebraic group. We consider a (possibly re-
ducible) finite-dimensional G-module, fix a highest weight vector in
each of its irreducible submodules and consider their sum. The clo-
sure of the G-orbit of such a vector is said to be an S-variety. A
classical example of an S-variety is provided by a Grassmann cone
Gr(m,n), obtained as the closure of the highest weight vector orbit in
the representation of SL,, acting on A" k™. The Grassmann cone can
be defined by a set of equations, known as Plicker relations; more-
over, there equations generate its ideal. In the present paper, we
obtain analogous relations for an arbitrary S-variety. Earlier it was
done in the case of linearly independent highest weights (see [1]).

The author is grateful to Ernest B. Vinberg for the attention to
this work, and to Dmitry Timashev for many useful remarks.



Notation

k ground field, algebraically closed and of zero characteristics;
G simply connected semisimple algebraic group;
B a fixed Borel subgroup in G;
T) the character group for a fixed maximal torus T' C B;
X4 (T) semigroup formed by the dominant characters for T
V) -the irreducible G-module with a highest weight A € X, (7))
v}f highest weight vector in V).

2 HV-varieties

First consider a particular case: the closures of the highest weight
vector orbits. Such varieties are often called HV -varieties. In [2] it
is proved that the closure X of the highest weight vector orbit in an
irreducible module V), is defined by the following system of equations:

Qv ev) = (2X+2p,2))(v @ v), (1)

where (2 stands for the Casimir operator, and p is equal to the half-sum
of the positive roots.

(1) is an equality of elements from S?V), so it can be considered as
a system of dy(dy + 1)/2 quadratic equations on the coordinates of v,
where d) = dim V). If G = SL,,, and A = 7y, is the k-th fundamental
weight, what we get is exactly the set of Pliicker relations.

Here is a streghtening of the main result from [2]:

Proposition 1. The relations (1) generate the ideal of X.

Proof. This follows from the Kostant theorem (Theorem 3 of this pa-
per). Its proof will be given in the next section. ]

3 S-varieties: Linearly independent weight
case

Consider the S-variety which corresponds to dominant weights A1, ..., A\x €
X (T), that is, the closure of the G-orbit of the sum of highest vectors
vj\rl+'~+vj{k eV @ @V, =V. Denote it by X = X(A1,...,A).
Also denote the set \i,...,\; by &gy, and let & be the semigroup in

X4 (T) generated by the weights



From [3], one knows that the coordinate ring k[X] considered as a
G-module is equal to

X= S — P Sy=klG/U], (2)

Aee AeX 4 (T)

where
Sx = A{f € k[G]: f(gb) = A(b)f(9) Vg € G, b€ B},

(so, Sy equals V' as a G-module), and the embedding k[X] — k[G /U]
is G-equivariant. From the definition of S) we see that the rings k[X]
and k[G /U] are graded by the elements of €, e.g., SxS, = Sxip.

In [1], the following theorem, due to Kostant, is stated. It is a
generalization of Prop. 1. Since our main result is based on its proof,
we give this theorem with a sketch of the proof.

Theorem 2 (Kostant). Let the semigroup € C X4 (T) be freely gener-
ated by a finite set of weights €y = {\1,..., A} C €. Let I be an ideal
in k[V] =Ek[Vy, & --- @ V)|, generated by the coordinates of tensors

Qo @ vy) = A+ p+2p, X+ p)(vx @ vy), (3)

where vy € Vy, v, € V), and X\ and p run over the set €. Then the
coordinate algebra of the S-variety X (A1, ..., ) is equal to k[V]/I.

Proof. The relations Q(vy®v,) — (A+p+2p, A+ p)(vA®v,) = 0 hold
for the sum of highest vectors vj\rl 4+ v:\:, because v;\' ® v: = vj\ﬁm.
Further, they are G-invariant. This means that they hold along the
whole orbit. This proves the inclusion I C I(X).

Now let us prove the reverse inclusion. Let n = dim G, and
{z1,...,zp} and {z7,...,2}} be two bases of the Lie algebra g =
Lie(G), dual with respect to the Cartan-Killing form. Consider the

Casimir operator
n
Q=) "z} cU(g).
i=1

2 acts on V) as a scalar (A + 2p, A). Denote this scalar by A\[Q]. If
)\ is a dominant weight, such that N = X\ — Y k;a;, where «; are
simple roots, and k; > 0, with a strictly positive k; among them, then
Q[N > Q[V]. Indeed,

A+20,0) =A+20, M)+ > k(A +2p,05) = (N + 20, X)+
D Kil(s, M)+ (A +2p,00)) > (X +2p,0). (4)



Take A, € €. Now let us rewrite the operator Q — (A + p)[Q]1d
acting on the tensor product V) ® V), in a slightly different form.

n

(Q=(A+p) [ QL) (va@v,) = (Z(x ® z} + 2 ® 1) — 2(X, u)) (VA®V,).

i=1
(5)
By assumption, the coordinates of all these expressions belong to I.
From the presentation (2) of the coordinate algebra k[X] it follows
that the ideal [ is linearly generated by the kernels of projections onto
the highest components

mni1y/* N Y/ * *
S V>\1 ®---®5 V)\k 7 Vg dnghg

for ni,...,nm € Z,. Each such kernel is the image of a projection P =
Q= AQId € EndS™V), ®---® S™V),, where A = ng A\ + - - -+ npAg.
Let v € V, and let v; denote the projection of v onto Vy;. Then
the coordinates of the tensor P(v]* ® --- ® v;*) can be considered as
elements of k[V].
A simple calculation shows that

PP @ @upt) = > (Tps — 2 npns(Ar, A)Id) (0] @ - - - @Up"),
1<r<s<k
(6)

where

n

Trs(v?1®...®vgk) :Z(U;‘l@...@xiv:}r@...®xz‘vgs®...®vk+
=1

+' @RIV Q- REvy ® - Qug). (7)

According to (5), the coordinates of each summand from (6) belong
to I. So, the coordinates of P(v]! ®---®v,*) belong to I as well. [

From the proof, we get the following corollary, also stated in [1].

Corollary 3. Let & be arbitrary (probably without the linear inde-
pendency condition). Then the ideal I contains the coordinates of all
the expressions of the form (2 — (N, +- -+ X, ) [Q)(vi, @ - - @ vy, ),
where v;, € V,\Z.p, Ai, € €.



4 S-varieties: Linearly dependent weight
case

Now let us find equations defining an S-variety in the case when the
highest vectors A; are linearly dependent, i.e., when the semigroup €
admits relations on elements of &y. It is clear that in this case the
relations analogous to (3) hold. But the quotient of k[V] over these
relations is larger than the coordinate ring k[X]. The former ring
may include more that one G-invariant components of the form Vy;
their number equals to the number of presentations of A as Z,-linear
combinations of elements from €&y. In this case we add an additional
set of relations to the Kostant’s one. To do this, let us scale the highest
vectors of V), in the following way.

Considet the algebra k[G/U] = @Sy = @Vy. Let f\ be the
highest vector of Sy satisfying the condition f)(wg) = 1, where wy is
the longest element of the Weyl group of G. So, the vectors f) form
a multiplicative semigroup, that is isomorphic to X4 (7).

Now consider a G-module embegging V = V), @ --- @ V), —
k[G /U] mapping each v;\ri to fir. Each such embedding will be called
a canonical one.

Now we state the main result of this paper.

Theorem 4. Let € C X be a semigroup generated by a finite set of
weights €y = {\1,..., A} C € with defining relations of the form

nlAil + e +n7‘)\ir = ml)\jl + - +m5Ajs7

where Nij, ..y Nips gy - 1y, € €o, i1, iy N {J1L, L ds = 9,
ni, mj € Zy. Also suppose that the G-module V =Vy, @ --- @ V), s
embedded into k[G /U] canonically.

Then the ideal I(X) C k[V] of X = X(A1,..., k) is generated by
the coordinates of tensors

Qur @ vp) = (A + p+ 20, A+ p) (oA @ vy), (8)
where vy € V, v, € Vi, A\, u € &, and

Wl(v§;1®"'®vf\l;)_ﬂ'2(vml ®...®v>’\7;z)’ (9)

Amq

where vgﬂill ®- @y €SV @ @8V, vf\”yil R ® v;'js €
STVy, ® @ 8™ Vy, o and m m are the G-equivariant linear

maps from S™Vy, @@ 8"Vy,  S™Vy @@ 8TV, to V),
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A=nii; +- - F e, =mij 4+ mg,, such that Wl((v;l)”l ®

@ (0, ) = ma((0, )™ @ - ® (uf, )™).

Proof. Denote the ideal generated by the coordinates of (8) and (9),
by I. These coordinates vanish on the sum of the highest vectors (this
holds for (9), since the scaling of the highest vectors is canonical).
They generate a G-invariant ideal. This means that I C I(X).

The coordinate ring k[V] = k[V), & --- & V), ] is isomorphic to
S(V*)= @ S™(V*), and

meZy

ST(Vy@--aVi)= P SV e--e8Hy.
i1+ tig=m

Each G-module S Vi®-- QS V. equals to the direct sum of the
highest irreducible component V7, , ,, \ and the remaining (lower)
components of the decomposition. According to Corollary 3, all the
lower components are contained in the ideal I for each (i1, ...,ix).

Roughly speaking, the generators of I that come from the relations
(9), identify the highest components of the spaces S”1VA*Z_1 R
S V):T and Sle/\*jl R ® SmSV;jS. These relations vanish on the
kernel Ker F' of the operator I € End (S™V), ® - ® S™V), &
S”“V>\j1 R Q® SmSVAjS), F: vy + vy — m(v1) — ma(ve), where vy €
STV, ®@---@85"Vy, s v € 5™V, @ ® S™MVyL)-

The space Ann Ker F of the linear functions that vanish on Ker F'
is G-invariant. As a G-module, it is isomorphic to the (indecom-
posable) representation Vo VRTERETHSE So, since the intersection of
Ann Ker F with [ is nontrivial, Ann Ker F' C I.

Each relation in the semigroup € is obtained as the sum of certain
defining relations, i.e., can be presented in form ), (ng1 Ak, + - +
Nhr Mki,) = D op(Mi1 Ay, + -+ + Mg, ). For each k, the highest
vectors v = (U;Zil )nm R ® (v;\rzir)nkr and U = (,U:;;jl )nkj R ®
(v;\r}t. )™ of the highest components of S”’“lVA*M1 ® - @SV
Smkjlsv)f‘kjl ® - @ SMks V/\*kjs are equal modulo I. This means that

the highest vectors @), v, and @), Uy of the highest components of
the modules ®k(5m’“1V§;i1 ® @SV ) ®k(5m’“1V;kh ® - ®
S'ks V)fkj ) are also equal modulo I.

Thus, the quotient of the ring k[V] over the ideal I can be embed-

ded into €@ Sy = k[X]. Since I C I(X), this ring equals k[X]. So,
A€
I =I(X). O
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