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BBegeHue

PazbueHreM HaTypaJbHOTO YlCjIa Ha3bIBAETCS €ro IpeACTaBIeHUe
B BH/IE CyMMBI HAaTypaJbHBIX CJlaraeMbIX. [Ipy 3TOM HOPSAOK Cef0Ba-
HUS CJlaraeMbIX He YYUTHIBAETCA, TO €CTh pasbueHHs, OTINYAIONIUeCs
TOJIbKO TIOPSAIKOM CJIaraeMbIX, CYUTAFOTCA OJUHAKOBBIMHU. 3a/ia4a O Mo/~
cyeTe KOJIMYECTBa pasbueHuit p(n) yucia n Ha MePBbIM B3I TOX0XKa
Ha ApyTHe 3aJauu /eMeHTapHOW KOMOHMHATOPUKY — CKayKeM, O UKCIIe
MepeCTaHOBOK WJIM COYETAHUI — OZIHAKO OHA OKa3bIBaeTCs OoJee CI0XK-
HOM: 4nciio pa3breHuil He BhIpaskaeTcst TPOCTOM 3aMKHYTOM GOpMYIIOLi.

Tem He MeHee, KOe-4YTO — U IOBOJIbBHO MHOT'O€e! — O Moc/ieZloBaTe N b-
HOCTH 4rces pa3breHui cKka3aTh Bce-TaKu yaaeTca. Tak, Halpumep, ux
IPOU3BOAAIIYI0 QYHKIIUIO — CTENEHHOU ps Y, p(n)q" — oKkasbBaeTcs
BO3MOXKHBIM IIPEICTABUTh B BH/le 6ECKOHEUHOTO IPOU3BE/EHNA:

Sipmg =[]a-g5"
n=0 k=1

BrepBrie 3T0 ObUIO czenaHo JleoHapaom DiiepoM B XVIII B. Emy ke
MIPUHAJIEXXUT ellle OZIH 3aMeyaTeNbHbIN pe3yabTaT: BEYUC/IeHUE pAja,
06paTHOTO K 3TOM MPOM3BOAAIIEH QyHKITUU. Ero K03bdUIeHTH], B OT-
gu4re oT K03pPUIMEHTOB MpeAbIAYIIEro psa, OKa3bIBaeTCcs BO3MOX-
HBIM BBINKCATh ABHO. JTO yTBEp)KJeHHe HasblBaeTcA IIeHTaroHajabHOMN
TeopeMoi Ditnepa.

Pa3bueHus yZ06HO MpeACTaBIATh IpadUyecKy MpU IIOMOIIY TaK Ha-
3bIBaeMbIX guarpamm lOHra. 9to GUrypsl, cocrosmye U3 KBaJpaTUKOB,
IIpUYeM YHCJIO KBaZPATUKOB B OUepeJHOM CTpOKe JUarpaMMbl PaBHAET-
Cs1 OZIHOMY U3 cjIaraeMbIX pa3buenus. CraraeMele IPU 3TOM CUUTAIOTCS
yTIOpsAZ0YeHHBIMY 110 YObIBaHUt0. Hampumep, pasbuenuto 5+3+3+1
yrciaa 12 cooTBeTCTBYeT Takada Auarpamma [OHra:

[ ]

Utak, p(n) — aTo KomuyecTBO AuarpamMm FOHTa, COCTOAIINX U3 N KBaJ-
PAaTHKOB.
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Y auarpamm FOHra MOXXHO pacCMOTPETH U TPEXMEPHBIN aHaJIOr: 3TO
6yayT 06beMHBIE QUTYPBI, COCTOSIITNE U3 KyOUKOB, BEICTPOEHHBIX B BU-
Jle TUPaMUZKU «B YIJIy KOMHAThl» (B KOOPAWHATHOM OKTAHTE) TaKUM
06pa3oM, YTO CHM3Y, C3a/1 U CJIeBa OT Ka)XKJOro Ky6uKa pacronaraeTcst
n1bo KybuK, b0 KoOpAMHATHASA IIOCKOCTH (T.€. «CTeHa KOMHATHI»).
[Mpumep TpexMmepHOU Auarpammbl FOHTa, cocrosimei u3 23 KyOWKOB,
n306pakeH Ha PUCYHKE.

J1a 4ucia TpexMepHBIX AuarpaMm IOHra Toke MOXKHO HamucaTb
MIPOU3BOZAAILYIO QYHKIIHIO, KOTOPas OKa3bIBAETCs IIOXOXKeH Ha hopMyry
Ditnepa. ITo 6BLIO TpoAeIaHO B Hayajge XX B. OPUTAaHCKUM BOEHHBIM
u MaTteMaTukoM [lepcu MakmaroHom. VHTepecHO, 4TO aHajlOr 3TOM
GbOpMyIBI B pa3MEPHOCTH 4 U BEHIIIE HEU3BECTEH.

Kak gBymMepHbIe, Tak U TpexMepHble AuarpaMMbl KOHra BO3HUKaIOT
BO MHOTUX 3a/ladyax, B TOM 4YHCJe B TaKUX, KOTOpble Ha IIepBbIi B3MIAL
HUKaK He CBS3aHBl ¢ pa3bueHUsAMU yucen. Mbl pacckaxkeM 06 OZHOIM
W3 HUX — FUIIOTE3€ O 3HAKovYepeaylomuxcsa MaTpuiax (alternating sign
matrix conjecture), koTopas BosHUKJIA B 1970-x rT. B paborax Muui-
ca, Pob6uHca u Pamcu, BIOXHOBJIEHHBIX TpyZamu Y.JI. JlomkcoHa (oH
»Ke — aBTOp «AJUCHI» JIbtouic Kapposn), u 6bUta J0Ka3aHa B CcepeUHE
1990-x rr. [I. 3enp6eprepom u I. Kymep6eprom. B aToii rumorese, BbI-
3BaBlIell 3HAYWTENbHBIN HHTEepeC CIEeINaINCTOB 10 KOMOMHATOPUKe,
peub UZeT o o cueTe Yrcaa MaTpUL olipe/ileJIeHHOTO BU/ia, 37leMeHTaMH1
KOTOPBIX MOTYT OBITh TOJBbKO HYIM U +1. TakuxX MaTpHI[ OKa3bIBAET-
CAl CTOJBKO K€, CKOJIbKO TpexXMepHBIX AuarpaMm FOHra, yZoBiIeTBOps-
IOLUX OIIpeZie/IeHHBIM YCJIOBUAM CHMMETPUH, XOTA IIOCTPOUTh KaKyro-
60 eCTECTBEHHYIO OGUEKIINIO MEXKIY STUMH ABYMsS MHOXKECTBAMU HU-
KOMY IIOKa 4YTO He yZAajoCh.

06 sToi1 Opourtope. JTa Opolropa HamucaHa o0 MaTepUajaM MU-
HUKypca U3 4YeThIpex JIEKIWM, IpoYMTaHHbIX aBTopoM Ha XIII jmeTHel
mKosie «CoBpeMeHHass MaTeMaTHKa» B Jly6He B utose 2013 1. BosbImH-
CTBO CJyllIaTesiell COCTaBJANIN CTYZEHTH IIepPBHIX JBYX KypCcOoB MaTeMa-



6 BBezneHue

TUYeCKUX cllennanbHocTel. CozepikaHue IJIaB IIOYTH TOYHO COOTBET-
cTByeT GaKTHUUeCKU YUTABIINMCS JEKIUAM; [IPH 3TOM TEKCT ITOIyIHIIC
6osee MOZPOOGHBIM 3a CYET TOT'O, YTO B HEM B PsAZle MECT BOCCTAHOBIEHEI
JleTaIy, OIyCKABIINECS Ha JIEKIUAX BBUAY HEXBATKU BpEMEHU.

[lepBhle [Be JIEKIIUU TIOCBSIIEHBl Pa30WEHUsIM U JBYMEPHBIM JAMa-
rpammam FOHTa. OHM TTpeICTaBIAIOT COO0H 3aKOHYEHHBIH CIOXKET, He 3a-
BUCAIIHUY OT OCTaJbHOTO TEKCTA; UX MaTepHas ZOCTYIEH ITOATOTOBIEeH-
HOMY IIKOJIBHUKY. TpeThs U YeTBepTas JIEKIIUHU PACCIUTAHBI CKOopee Ha
MJIQJIIIeKYPCHUKOB; IS X TIOHUMAaHWA HY>KHO 3HaTh, YTO TAKOE IPYIIIa
[epecTaHOBOK U OIpeZeuTeNb MaTPUIILL.

[ToMHrMO 6OJIBIIOTO KOJIMYECTBA YIPAKHEHUN, IPUBEEHHEIX B TEK-
CTe, B KOHIIe KXK/J0M 13 IIEPBBIX TPeX JIEKIIUH IPUBOAUTCA II0 HECKOIBKO
3a7a4. OTU 33Zlayyl MpeJJIarajiuch CIymiaTe/sIM MUHHUKYpCa s CaMo-
cToATeNbHOro perieHusa. CIOKHOCTb 3aJad U yIpaKHeHUH JOBOJIBHO
HepaBHOMEPHas1, TaK YTO IIPU3BIBAeM YUTATessI HE OTYAUBATHCS, €C/IU
KaKasa-To U3 3371a4 He OyZeT IOoIydaThCs.

g skcrepToB. IIpuBezeM KpaTKoe cofep:KaHue OpOIIIOpPHI, pac-
CYUTAHHOE «Ha TPOGECCHOHANOB». B TepBOI JIEKIIUU ONPEeAEsIIIOTC
pa3bueHus, auarpamMmel IOHTa, BEIBOAUTCA 3iIEPOBCKAs IPOU3BOASA-
mas GyHKIMA A1 yucia pa3bueHuit u GOpMyIUpyeTcs MeHTaroHaIb-
Has TeopeMa Diiepa. DTOT MaTepUaJl ABIAETCSA KIACCHIeCKUM U MOXKeT
OBITh HaliZIeH B IOO0M yueOHMKE KOMOMHATOPHKH.

Bropast ieK1us IOoCBsIIeHa JOKa3aTebCTBY IEHTarOHAIbHOM Teope-
MBI. JIJI1 3TOr0 MBI M3JIaraeM TEOPHUIO -OMHOMHUANbHBIX KO3pPUIIEH-
TOB, ZJOKa3bIBaeM ¢-aHajor 6uHoMa HbloTOHA M BEIBOAUM U3 Hero ¢op-
Mysty SIKkobu AJ1s1 TPOHHOTO IPOM3BeeHUA — [IOCJIe Yero IIeHTaroHaIb-
Has TeopeMa IOoIyJ9aeTcs KaK MPOCTOoe CAeACTBHUE U3 3TOH GopMyIIsl. Ta-
KOe ZI0Ka3aTelbCTBO fABJAETCS Ooslee CIOXHBIM, 4YeM Kaccuieckoe 6u-
eKTUBHOE [I0KA3aTeTbCTBO ITEHTAarOHAIBHOM TEOPEMBI, U3JIOXKEHHOE, Ha-
npuMep, B 3aMmeuarenbHoU cTaThe J|. b. @ykca [9], ogHAKO OHO KaxKeTcsa
HaM 0OoJiee KOHIIENITyJIbHBIM, TIOCKOJIBKY B HEM €CTECTBEHHO BO3HUKAET
PS4 TIOHATUN U YTBEPXKIAEHUH, TMPeACTaBIAIONINX U CAMOCTOSATENbHBIN
HIHTEpec.

B TpeTbeii 1eKIMY BBOAATCSA IUIOCKUE pa3bueHus (TpexMepHbIe Ara-
rpaMmel I0HTa) U foKaseiBaeTcsa popMyna MakmaroHa /s Yucia Iioc-
KX pa30bueHul B 3alaHHOM MPSIMOYTOJIBHOM MapajllesienuIesie, a Tak-
’Ke ee ¢-aHaJorl, ONKCBHIBAIOIINI IIPOU3BOAAIIYI0 GYHKIMIO JAJIS YHCIa
Takux pazbrenuii. Kak ciezicTBre U3 3TOH GOPMYIIBI IOTYyJAETCS aHAJIOT
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dbopmyiel Ditiepa (Takke IpuHaZAIeXammii MakMaroHy) — Ipou3BOAs-
masg QYHKIMA A1 IUIOCKUX pa3bueHui 6e3 KaKux-Tubo orpaHuvYeHUN
Ha ux pazMep. OCHOBHBIM MHCTPYMEHTOM JJIf JOKa3aTeJbCTBA OTUX Pe-
3y/IbTAaTOB CIAYKUT TeopeMa JInnactpéma—Ileccenra—BbeHHO 0 Hemepe-
CeKaloUuxcs MyTAX.

[Mocneanssi, YeTBepTast JIEKITUSA HOCUT OO30PHBIM XapaKTep; B HEH CHa-
yasa GOpMy/IMpyeTcs TUIOoTe3a O 3HAKOYepeAYIOIIMXCs MaTpULIaX, 3aTeM
npuBogATcs (6e3 JokaszaTebCcTBa) pesyabraThl MakmaroHna, MakgoHaTb-
Jia ¥ DHZPIOCA O YWC/Ie IUIOCKUX pa3OUeHMil ¢ pa3InYHBIMH CHMMETpPU-
avMu 1 GOpMyIUpyeTcs OCHOBHOM pe3ysibTaT, IpHHAJIeXKAIMil 3ensoep-
repy: YAC/IO BIOJHE CUMMETPUYHBIX CAMO/OIOIHUTEIbHBIX IUIOCKUX pas-
6uennii (TSSCPP) paBHSETCA YMCTy 3HAKOUEPEAYIOIIMXCS MAaTpPHUIL BABOE
MEHBIIIETO MTOPAJKA.

BiarogapHocTy. B mepByio odepeab s xoduy mobmarogaputh I. A. Mep-
30Ha 1 B. A. KueniplHa 3a HEOLIEHMMYIO IIOMOILb U MOAAEPXKKY Ha BCEM
MPOTSKEHUU MOel paboThl HaJ 3ToM Opolntopoii. be3 uX UCKpeHHEro
VHTepeca U Jo6poXKeIaTeNlbHOCTH, a TaKkKe 6e3 HaIllUX MHOTOYaCOBBIX
obCyXIeHU# OHa, CKOpee BCero, HUKOr/a He Obuta O HamucaHa. f1 Tak-
)Ke TIpU3HaTeJieH BCeM, KTO IIpoves MepBOHAYaNbHBI BapUaHT TEKCTa
Y BBICKa3aJs cBou 3aMedaHusi. OcoOeHHO IIeHHYI0 0OpaTHYIO CBS3b S MO-
sgyann ot I1. H. [Tunasckoro, B. E.Topuna u A. A. Apxunosoii. HakoHer,
g 6arogapeH ¢oHay «JIuHacTus» U pouay k. CaliMOHca 3a YaCTUYHYIO
($UHAHCOBYIO MOAJEPIKKY.

{1 6yzy paz MONTyYUTH OT3BIBHI, 3aMeYaHUsA 1 KOMMEHTAPUU OT YUTa-
Tesell. HampaBiATh MX MOXHO 10 aZipecy esmirnov@hse.ru.

BuzeoMarepuabl MpOYUTaHHOTO B Jly6He Kypca JOCTYIIHBI B BUAEO-
Teke caiita MathNet, http://www.mathnet.ru.
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Pa3zouenus

§1.1. Pasbuenusa u guarpammbl FOHTa

Pa3bueHreM HaTypaJbHOTO YHciaa OyZeM Has3blBaTh €ro MpeCcTaBie-
HUe B BUJle CYMMBl HaTypaJbHLIX claraeMblx. [Ipy 3ToM NOpPAAOK cia-
raeMbIX HeBaXKeH: TaK, HaImpumep, 2+ 3 U 3 + 2 —3TO OZHO U TO XKe
pasbueHue urcia 5. [IoaToMy 3TH caraeMsle MOXXHO CIMTATh HECTPOTO
ybpiBatomuMu. BoT popmanbHOE OmpesieieHue.

Omnpegenenue 1.1. PazbueHuem HaTypaJbHOTO YKC/IA N HA3bIBAETCS
Habop HaTypasbHbIX Yucesn A = (A4, ..., A), VI KOTOPOTO Ay = A, = ...
2 >0uA .+ A =n.

WHorza ymoO6HO cuMTaTh, YTO pa3bueHHe — 3TO HeBO3pacTaromas
MIOCJIEZIOBATENBHOCTD 1IeJIBIX HEeOTpUIAaTeNbHBIX ducen (Aq, ..., A, ...),
B KOTOPO# Bce A; HAUMHAsA C HEKOTOPOT'O HOMepa pPaBHbI HyIIO. JIpyruMu
CJIOBaMU, K KOHEYHOMY Habopy A; OTHUCEIBaeTCsE 6eCKOHEUHBIH «XBOCT»
HyJeH.

Pa3bueHre MOXXKHO TPEJCTaBIATh padyUyecKy MpPU MOMOINU Oud-
epamm FOHea. luarpammoii FOHra pazbuenus (Aq, ..., A;) Ha3bIBaeTCA
TIO/IMHOXKECTBO YeTBEPTOro! KBaj[paHTa IIOCKOCTH, COCTOAIIEE U3 e/Ii-
HUYHBIX KBaJpaTUKoB. KBaZipaTWky pasMemnialoTcs B IOCIeJOBaTesb-
HBIX CTPOKax, BBIDOBHEHHBIX IIO JIEBOMY Kpao, IIpUdeM KOJIU4YeCTBO
KBaZIpaTHUKOB B i-i CTPOKe paBHO A; (TakuM ob6pa- ]
30M, AJMHA KaXKJ0U ciiefyroleli CTPOKU He IIPeBbI-
IIaeT AJUHBI IpeAbIAYIIe).

IMpumep 1.2. Ha pucyHke mzobpaxkeHa Jua-
rpamma OHra, cooTBeTCTByOWas pa3bUeHUIo
(7,5,5,5,2,1) uncna 25.

1970 Tak Ha3BIBaEMEIH aHes0cakcoHckuil cnoco6 uaobpaskeHusa guarpamm FOura; anp-
TEepHATUBOM sBIsIETC Ppanyy3ckuil cnocob, MPU KOTOPOM AuarpaMma H3o0pakaeTcs
B IIepBOM KBa/JpaHTe IIOCKOCTH. CTOUT TaKKe YIOMSAHYTh U pyccKuil cnocob, Ipu KOTOPOM
JuarpaMMa IIOBOpa4yMBaeTcs ellle Ha 45 rpazycoB, OKasblBasCh B YeTBEPTH IUIOCKOCTH,
orpaHuYeHHOM rpadpukoM GyHKUUHU y = |x|. [Ipy 3TOM «BHEIUHSSA IPaHKLa» AUarpaMMbl
IOHra cranoBuTca rpaduKoM KycO4HO JMHeiHHON ¢yHKiuu y = f(x). Takoe mpezacras-
JIeHUE OKa3bIBaeTcs YAOOHBIM, B YACTHOCTH, BO MHOTUX aCUMIITOTHYECKUX 33a/jauax, T.e€.
3a/la4yax, CBA3aHHBIX C IIpe/ielbHBIMU popMamu AuarpaMmm FOHra (rmoapo6Hee 06 aTOM CM.,
Hanpumep, [2]).
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Otpasum auarpammy FOHra A OTHOCHTETBHO AUaroHau (T.e. Mps-
MoH x + y =0). MBI oy4uM HOByIO Auarpammy HOHra, KOTOpyIo ycio-
BUMCs 0603HayaTh yepe3 A’ = (A7, ..., A’ ) M Ha3BIBATh COMPAKNCEHHOLL
K A (MHOTZA ee ellle HA3BIBAIOT MPAHCNOHUPOBAHHOU). SICHO, UTO Alf
PaBHIETCA YHUCTY KOMIIOHEHT MCXOJHOTO pa3bueHus A, GOMBIIMX WIN
PaBHBIX 1.

IIpumep 1.3. Jluarpamma (6, 5, 4, 4,4, 1, 1) asaa- ‘
€TCs COTPSDKEHHOU K JuarpamMMe U3 IPeAbIAYIIEro
pHUMepa.

Byzem o6o3HauaTh yMcIo pa3breHult Yncia n de-
pe3 p(n). Takxke ycioBUMcA cuuTarth, uro p(0) =1.

Hetpyzno HaviTu p(n) Aad MajeHbKUX 3HAaYeHUM
n (ckaxeMm, npu n < 5). OHU [IpUBeJieHHl B ClefyIO-
et Tabauie.

n |0]1[23[4]5
pm) [1|1[23]|5]|7

Ynpaxnenue 1.4. [TpoBepbTe 3TO U A KOKAOT0 n < 5 HapucCyiiTe
Bce AuarpaMMbl FOHra, COOTBETCTBYIOIME Pa30MEHUAM YUCIa M.

Bo3HMKaeT ecTeCTBEHHBIM BOIIPOC: CYIIECTBYeT JH Kakas-HUOyIb
dopmysa, ¢ MOMOIIbID KOTOPOM MOXKHO HaWTu p(n) AnA AaHHOTO n?
OKasbIBaeTCs, MPOCTOM 3aMKHYTOM (GOPMYyJBI AJIA YKCiIa pa3bueHui
(kak, HaTIpUMep, AJiT OGMHOMHAIbHBIX K02OUIIMEHTOB) HANTH He ya-
ercsa. OZHAKO KOe-4TO IMPO 3Ty IOCIel0BaTeIbHOCTh CKA3aThb BCE Ke
TIOJIyYaeTCs: a UMEHHO, MOXKHO BBIIIHCATD €€ Npou3e800sAuULy0 GyHKUUIO.
DTHM MBI ceifiyac U 3aiiMeMcs.

§1.2. HamoMuHaHMe O IPOU3BOAAMINX PYHKIIUAX

B Hauasie aToro maparpada Mbl BKpaTile HallOMHUM HEKOTODHIE CBe-
JEHUs O MPOU3BOAAIINX GYHKIMAX U GOPMaIbHBIX CTEIIEHHBIX PAJAX
U pa3bepeM HECKOJBKO MPOCTHIX TPUMEPOB UX HCIIONb30BaHUA. Bonee
TOAPOOHBIM pacckas 06 5TOM YMTATENTb MOXKET HAHWTH BO MHOTHX y4e0-
HUKax 10 KOMOWHATOpHKe — HalpuMep, B KHUTax [6] u [7].

Iycts ag, ay, ..., Ay, -.. — MIPOU3BOIBHAS YHCIOBAsS MOCTIENOBATEIb-
HOCTb. PaccMOTpuM opmansHblil crmeneHHol psd OT TepeMeHHOH q:

ay+a;q+axg*+...+a,q" +... (%)
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OH HasbIBaeTcs npouseoodsuleil dyHkyuell Ajd UCXOLHOM IOCieZoBa-
TeTHHOCTH.

3ameuanue 1.5. MbI 6yzeM paboTaTh ¢ MPOU3BOASAIIUMU GYHKIIHS-
MU MMEHHO KaK C ()OPMANbHbIMU CTEIIEHHBIMU PALAMU — BBIPAKEHH-
AMU Buza (), KOTOpble MOXXHO IIPEZCTaBIIATh cebe KaK «MHOTOWIEHBI
GECKOHEYHOH cTerneHu». Takue BhIpaXKeHUA MOXKHO, HallpUMeD, CKJIa/Ibl-
BaTh U IIEPEMHOXATh JpYT ¢ ApyroM. OTMETHM, YTO 3TU OIlepalliy OIIpe-
JleIeHbl KOPPEKTHO: pa3yMeeTcsl, AJIA TOTO YTOOBI CJIOXKUThH WIU Tepe-
MHOXUTB /IBA PSAZA, HY)KHO IIPOM3BECTH OeCKOHEYHOe YUCJIO OIePaLlHi,
OZTHAKO K€ YHCJIO OTlepallnii, HEOOXOAUMBIX JJIsi HAaXOXKAEHUS KaXKOTr0
ko3¢ dUIIMeHTa B CYMMe WIM MTPOU3BeNEeHNM, KOHEYHO. [Ipu 3TOM Hac
He GyZyT MHTepecoBaTh BOMPOCHI CXOAUMOCTH 3TUX PAZOB MPHU TEX WIN
VIHBIX YUCJIOBBIX 3HAYEHUSX .

Ynpaxuenwue 1.6. IIycts A(q) = ag + a;q + a»q? + ... — dopmab-
HBIM CTEMEHHOU P, IpUYeM d, 7 0. JIOKaKUTe, YTO CYIIECTBYET Pl
B(q), obpatnbiii k¥ A(q),—T.e. Takou psz, uro A(q) - B(q) = 1. Yto
IIPOUCXOJHUT IIpHU ay =0?

VHorZIa TPOU3BOAAIIYI0 (GYHKIIMIO, BhIPAKEHHYIO (GOPMaTbHBIM CTe-
TIEHHBIM PSZIOM, TIOTy4YaeTcs 3alUcaTh B KAKOM-THO0 MHOM BHJE (CKaXKeM,
KaK palMOHATBHYI0 QYHKIIMIO OT (), YTO 3a4acTyIO MO3BOJIAET IIOMyIUTh
KaKye-TO HOBBIE CBEZIEHUA O IOCIeA0BaTeIbHOCTU (dg, ..., Ay, --.)-

ITpumep 1.7. Ilycth n — GUKCHPOBAHHOE IIeJIoe HeOTpULlaTeTbHOE
4YUCIIO, d) = (Z) B wactHOCTH, q; =0 mpu Bcex k > n. Toraa mpousBo-
Jsmast GyHKIMS 9TOH IOC/IeA0BaTeTbHOCTH OyIeT MHOTOWIEHOM

(g) + (’;)q+ (g>q2+...+ (Z)q = (+q)".

910 dpopmysna 6ruHOMa HbrOTOHA.

IIpumep 1.8. PaccMOTpUM ITOCTOAHHYIO NOC/IEAOBATENBHOCTD: d, =1
nipu Bcex n = 0. Torga ee mpousBozsiias GyHKIUA eCTh FreOMeTpudecKast
IIpOrpeccus:

14+q+q+..4+q" +...= ﬁ
DTO paBEHCTBO CJeflyeT UHTEPIPETUPOBATh TAKUM obpa3oM: psag 1 —q
ABIAeTca 06paTHEIM (B CMBIC/IE yIIpakHeHUA 1.6) k pagy 1+q+q% +...:
€CJI UX IepeMHOKUTh, OMYIUTCA eJUHULIA.

Yopaxknenue 1.9. Jlokaxxure, YTO IPOU3BOAALIYIO GYHKIIHIO ITOCTIe-
ZI0OBaTeIbHOCTU d,, =N + 1 MOXXHO IIPeJCTaBUThL B BUAE
1

14+29+3¢*+...+(n+1q" +... = D



§1.2. HanmoMuHaHMe O IPOU3BOAAMINX QYHKIIUAX il

(monpo6yiiTe NpHUAyMaTh HECKOIBKO JOKA3aTeNbCTB 3TOI'O PABEHCTBA).

CreAyroliyii mprMep ITOKa3blBaeT, KaK IIpY ITOMOLIY IIPOU3BOAALINX
byHKUME HaWiTH ABHYyI0 GopMyIy AJA IOCIefoBaTeIbHOCTeH, 3aiaH-
HBIX [IPU IIOMOIIY JTUHENHBIX PEKYPPEHTHBIX COOTHOoUIeHUH. [IpocTeii-
meil Takoil moc/eZoBaTeNbHOCTBIO ABJAETCS 3HAMEHHUTasd nociedosd-
menvHocms Puborauuu.

IMpumep 1.10 (uucia duboHayyu). [IycTh MOCIEAOBATENBHOCTD d,
3a/laHa peKyppeHTHBIM COOTHOLIEHUEM d,_ o = d,q + d,, IPUYeM dg =
=a,; =1. IIpousBogsaman GyHKIUA A1 Hee — 3TO P

F(qQ) =1+q+2q*+3¢>+5¢*+8q° +13¢°...
VI3 pexyppeHTHOI'O COOTHOIIEHUA AJA a,, HETPYJHO BBIBECTU (hYHKUUO-

HabHOe YpasHeHe /IS TIPOU3BOAALIEH GYHKIINU, KOTOpoe 6yZeT UMeThb
BU/

F(q) =1+qF(Q) +¢*F(Q)

(momymatiTe, OTKyZa B IIpaBOM 4YacTU B3snachk eguHuna). Toraa F(q)
OKa3bIBAETCS MPEACTABIEHHON B BU/IE PAllMOHAIbHON QYHKITUH:

1
F(q) = 1-q—¢°
Yupaxkaenue 1.11. Pa3ioxuTe MOTyYEHHYIO ApoOb B CYyMMY ABYX
npobeii Buza —4_ BhIBeauTe OTCIOAA ¢opmyny bBuHe, IpeCTaBIAIONIYIO

qg—>b
nocyieZioBaTebHOCTh PHMOOHAYYM B BUZIE CYMMBI JIBYX T€OMETPUYECKUX
nporpeccuii. BeIsACHUTE, YeMy paBeH Ipe/ies OTHOIIEHUS ABYX COCEHUX
yyces PruboHaYuM (3TO YMC/IO HASHLIBAETCS 30J10MbLM CEUEHUEM).
BepHemcs k pa3bueHusM. CHayajga OTBETHM Ha CJIEAYIOIIHHI BOIIPOC:
yeMy paBHO KOJHMYECTBO pa3bHeHHUit Yrcia n Ha cjlaraeMble, He IpeBocC-
XOZIIYe 33JaHHOM BemauHBl m? O603HaYNM ero depes p,,(n), a coot-
BETCTBYIOIIYIO IPOU3BOAALIYI0 GyHKIMIO Yepe3 P, (q).
AcHo, uto P (@) =1+q+q>*+...= 117(1

HBIM 06pa3oM pasbuBaeTcs B CYMMY eIWHMII.

BbIACHUM, 4eMy PaBHO p, (1), T. €. YUCJIO pa3bUeHU n B CyMMY eAu-
HUII ¥ IBOEK. 3aMeTUM /IS Hayajia, YTO KOJIMIEeCTBO CITOCO60B pa3bUTh
YUCJIO N B CYMMY CJIaTaeMbIX, KaKZ0€e U3 KOTOPBIX PABHO JBYM, — 3TO
aubo 1, ecut n yeTHo, 160 0, ectu n HedeTHO. COOTBETCTBYIOIIAS TTPO-
usBozANan GpyHKIMA paBHa

! KaXKZ0e YKCI0 eIMHCTBEH-

1+q2+q4+...=1_q2.
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Teneps JIerKo BUZAETH, YTO IpousBozsamasn GyHknusa P,(q) ecTs npousse-

1 o
OeHue P,(q) u —g JleficTBUTENBHO, PACCMOTPUM IIPOU3Be/leHNe

A4+qg+¢>+..00+q>+¢*+..).

PackpoeM B HeM CKOOKM, HO He GyZeM IPUBOAUTH MOAOOHBIE UIEHBHI.
Kaxz0e caraeMoe II0c/Ie PacKpHITHA CKOBOK 6yzeT uMeThb BUZ g - g%,
T/Zle COMHOXUTENb g 6epeTcs U3 ePBOro COMHOXUTENIA, a >° U3 BTOPO-
ro. Kaxxzomy TakoMy cy1araeMoMy MOXKHO COIIOCTaBUTh pa3breHue quc-
qa r+ 2s B CyMMY ' €IUHUI] U s [BOEK. [IoTydaeTcs, YTO Ooc/Ie IpUBe/e-
HUA TOA0OHBIX K03ddUIMeHT npu " AeHCTBUTENBHO OyAeT paBHATHCS
p2(n).

Paccyxzias aHaJOTMYHO, ITOyYaeM CIeAyIOUIV pe3ysbTarT.

ITpegnoxenue 1.12. [Ipoussodswan ¢yukyus P,(q) ona xonuue-
cmea pasbueHull YUCIA N 8 CYMMY CNd2deMblX, He NPegocxXodsauwux m,
pasHsemcs

m
Pu(@ =2 pn(Mq" = 7 mYe) _qlz)m(l — kl:[1(1 -qH7n

VIHBIMM CJIOBaMH, 3TO IpousBosias byHkuus Ajist guarpamm IOH-
ra, IMHA CTPOKHU KOTOPBIX HE MIPEBOCXOAUT M. YTOOHI TOTYYUTh IIPOU3-
BoZAILyI0 QYHKIUIO ZJI Yucia Beex guarpamm HOHra, ciefyeT mepeitu
K IIpeZiesty Ipu m — co. MBI TOJyYUM 3HaMeHUTYI0 GopMysty Diiiepa ajis
Yyucia pa3bueHui.

Teopema 1.13 (JI. Ditnep). IIpousgodawas dyHkyus P(q) dna xonu-
yecmaa pasbuenuil uucna n 3adaemcs credyruUM OeCKOHeUHbIM NPOU3-
gedeHueM:

. 1 z _
P@=2pMq" = g sa—ma o =~ 110-d97

k=1

3ameuanue 1.14. 3Hax 6€CKOHEYHOTO TPOU3BEAEHUA MOXKET HaITy-
raTh YATAaTeJs, KOTOPHIHM paHee He UMeJI iefia ¢ 3TUM 00beKToM. OZHaKO
6OAThCS ero cieAyeT He Goiblile, YeM GECKOHEUHBIX PAAOB. JleificTBU-
TeJbHO, Ha IEPBHIN B3MIAZ KAXKETCs, YTO I TOTO, YTOOHI IIPECTaBUTh
6GeCcKOHEUHOEe TPOU3BeIeHUE KaK Psi/l, Hy»KHO «IIePEMHOXUTDH OeCKOHEeY-
HOE YHCJIO CKOOOK». OfHAKO YTOOBI BBIYHUCIUTH OYEPENHOU (CKaXKeM,
k-i1) wieH 3TOrO psizia, HYXKHO B3SITh TOJIBKO KOHEYHOe YUCIO (B ZaHHOM
cirydae k) TIepBBIX COMHOXXKUTENEH — OCTaIbHBIE HE OKAXXYT Ha Ko3ddu-
IIHEHT TIPK X HUKAKOTO BIMAHMA.
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§1.3. Pa3OueHusa Ha HEYETHBIE U PA3JIUYHbIE
cjlaraembie

Bor erme ogHa 3a71a4a, KOTOPYIO MOXKHO PEUIUTh ITPU TOMOIIU ITPOU3-
BOAAIMX QYHKIUHN. PAacCCMOTPUM C/IeYIOIIME BOTIPOC: CKOJTBKHUMMU CITO-
cobaMu MOXXKHO Pa3JIOKUTh YUCJIO B CYMMY HedemHblx caraeMbix? Q60-
3HAYUM YHCJIO TAaKUX CIIOCO60B Yepe3 p,(n) (oT cioBa «odd» — «HeveT-
HBIH»).

Hanpuwmep, po(7) =5, Tak Kak s yucia 7 ecTb 5 Takux pa3breHui:

7=5+1+1=34+34+1=3+1+1+1+1=1+1+1+1+1+1+1

Jlanee, BBISACHUM, CKOJIBKUMHU CIIOCOOAMHM MOXKHO Pa3bUTh YUCIO
B CyMMY IOIIApHO Pa3JIWYHbIX ciaraeMeix. O603HaUYUM ero yepes pp, (1)
(ot cioBa «distinct» — «pa3IUYHBIN»).

HaiizmeM Bce Takue pa3bueHus qucia 7:

7=6+1=5+2=4+3=4+2+1.

Hx cHoBa oka3sbiBaeTcs NATb! OKa3bIBaeTCs, 3TO He COBIIaJIEHUE.

[peanoxenvie 1.15. Ilpu t060M n 8bINOIHAEMCA PABeHCMB0 pp, (n) =
=po(n).

Jloka3zaTrenbcTBO. JOKQKEM, YTO PaBHBI MPOU3BOAAINME QYHKIUU
Po(q)=2.po(mq" 1 Py(q) =3 pp()q".

Paccyx/iast TOYHO TakK JKe, KaK M C MPOU3BOJbHBIMHU Pa3OHUeHUSIMU,
Tnosy4aem, 4To TpousBoaAmasn GbyHkuusa P, (q) =Y. po(n)q" paBHseTcs

11 1
T @ T

Py(q) =
C pa36ueHNAMHU Ha pa3HyHbIe claraeMble 1e10 06CTOUT elle IIpolIe:

P =0+9A+¢HA+g>)...

(ybenuTech B 3TOM CaMOCTOSITENBHO).

JlanpHeIee CBOAUTCSI K YUCTO ajrebpanyeckuM Mpeobpa3oBaHU-
AM. YMHOXUM U miofenuM psg P,(q) Ha GeckoHeYHOe TPOU3BeJeHUE
1-¢>)A—qg"h...:

1 1 1 1 1-¢* 1 1-¢*

Py(q) = T-¢ 1@ 1-¢ "~ 1-q¢ 1=@1-¢ 1=~
_(1-¢H-¢H1—-¢"...
1-90-¢)HA-¢g%...

=1+9A+¢HA+g®...=Py(q). O
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MOo>KHO 3aZiaTh PyTOi BONIPOC: MYCTh MBI y)Ke 3HAEM, UTO pa30oueHui
Ha HeYeTHbIEe CJaraeMble CTONBKO e, CKOJIBKO Ha pasiudHble. Moxk-
HO JIX TIOCTPOUTD KaKoe-HUOY/b «eCTECTBEHHOE» B3AMMHO OZIHO3HAYHOE
oTobpaskeHue (OUEKIHIO) MeXAy HabopaMu Takux pa3bueHuit? MHaye
TOBOpsI, KaK COTMOCTAaBUTh B3aMMHO OZHO3HAYHBIM 06PAa30M KaxKIOMY
pa3bueHNo YMCia n Ha HEYETHBIE CJlaraeMble €ro JKe pa3bueHue Ha
pasnuyHble ciaraeMsble?

MOXXHO TOCTPOUTh HECKONbKO TaKWUX Ouekiuil. OmuilneM OJHY W3
HUX Ha IIPUMEDE.

[TycTh JaHO Kakoe-TO pa3bueHUe YKciIa Ha HEYeTHBIE C/laraeMeble,
HaIpUMep, TaKoe:

23=7+4+5+5+3+1+1+1.
PaccMoTpUM «ILleHTpUPOBaHHYIO AuarpaMmy HOHras» — HapucyeM CHM-
MEeTPUYHYI0 OTHOCUTEJbHO BEPTUKaJbHON OcU AuarpamMmy (CM. puc.

c/leBa), B TIEPBOI CTPOKE KOTOPOM 6yAayT 7 TOYeK, BO BTOPOU U Tpe-
Thell — 110 5 U Tak gainee.

| . |

Puc. 1.1. Pazbuenue guarpaMmsel FOHTa Ha KprOKU

Termeps pa3obbeM 3Ty AuarpaMmy Ha KpIOKW, KaK TIOKa3aHO Ha
puc. 1.1 cnpaBa. TeM caMbIM MO pa3bHeHHI0 YKcCaa 23 Ha HEYETHHIE
cylaraeMble MBI ITOCTPOMIN pa3bHeHHe TOTO JKe YWCIa Ha pasiuuHble
claraemele:

23 =10+6+4+2+1.

§1.4. ITaTuyrosbHble YUcIa

PaccmoTpuM GeckoHeyHOEe MpOU3BeZieHUe, obpaTHoe K P(g). 3To
IIpoM3BeZieHre OECKOHEYHOT'O YHCJIa ABYWIEHOB:

P@ '=T]a-45.
k=1
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Ynpaxsuenue 1.16. Bbrauciure mepsbie 8 wieHOB (70 q/ BKIIOYM-
TEJIbHO) 3TOro 6eCKOHEYHOTO IIPOU3BeeHU.

Dliziep BBIYUCIW IIEPBbIE HECKOIBKO JECATKOB WIEHOB 3TOI'O ITPOM3-
BeZleHUs, U Y Hero MOoMyYmWIoch cleAyrolnee:

P@Ql=1-q-?+¢°+q" —q2—q5 +q2+q* —¢® —q* + ...
37ech MOXKHO CZesaTh Cpa3y HeCKOJIbKO MHTEPECHBIX HabirogeHui. Bo-
MEPBBIX, BUJHO, YTO Bee K03 PUIIMEHTRI 3TOTO psijja paBHEI 1160 0, 1160
+1, npudeM 1o Mepe yBennudyeHUs CTEeIIeHU HeHyseBble WIeHbl BCTpeda-
I0TCS BCe peXe U pexe. Bo-BTOPHIX, Bce WIEeHBI, KpOMe CBOOOJHOTO, UAYT
IapaMu: ZiBa OTPUIlaTeNbHBIX, JBa IOJI0XUTENbHBIX, IOTOM CHOBA /iBa
OTpHULATENbHBIX U T.Z. Pa3HOCTE MeX/y CTelleHAMU B Ilape paBHAETCA
HOMepy Taphl: cHauaaa 3To eguHuna (¢ u g2), morom zBa (q° u q7),
norom Tpu (q'2 u ¢*®) uT. 2.

HakoHer, mociezoBaTebHOCTh cTeneHed 1,5,12,22, 35, ... Toxe
6bUIa XOPOLIO M3BECTHA DiyIepy — 3TO TaK HA3BIBAEMBIE NAMUY20IbHbLE
yucna, KOTOpble PaBHAIOTCA YUCAY TOYEK B IATUYTOJIbHUKE, CTOPOHA
KOTOpoTo paBHa 1, 2, 3, ... TOUKaM COOTBETCTBEHHO (cM. puc.1.2).

i

Puc. 1.2. TIaTuyronpHble Yncaa
m(@Bm-—1)
HeTpyzAHO BUAETH, YTO M-€ MATHYTOJIbHOE YHC/IO PABHAETCT — ———.
OxasbIBaeTCs, UMEET MECTO CJIEAYIONINE pe3yabTaT. Ero oka3aTesns-
CTBO GyZIET TIOJIyYEeHO B CIEAYIOIIEH JEKIUH.
Teopema 1.17 (meHTaroHajgbpHasa TeopeMa Jitiepa). Psd, ob6pammbiil
x pady P(q) =Y. p(n)q", umeem eud

m(3m-1) m(3m+1) )

P@ =1+ (-D"(q¢ : +q :
m=1

ME! BEIBEZIEM TEHTArOHAJIBHYIO TeopeMy Jinepa u3 GopMyssl fko-
6u Zu1A TpoItHOTrO Mpor3BeAeHus. JIpyroe 10Ka3aTeIbCTBO 3TOH 3aMeda-
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TeJIbHOM TeopeMbl YMTaTelb MOXXeT HalTH, HallpuMep, B cTaThbe [9] win
KkHure [7].

B KauecTBe ciieicTBUSA IeHTAaroHaJIbLHOM TeopeMbl Jiljiepa IIoKaXxeM,
KaK C ee IIOMOIIBI0 MOXKHO BBIIICATb PEKYPPEHTHOE COOTHOIIEHUE IS
yucia pa3bueHu.

epeMHOXUB pagbl P(q) u P(q) ™!, MBI momydum egunmy. [ToaToMy

Ep00g(1+ X 0" (¢ +4*54) ) =1
m=1

C oHOUM CTOPOHBI, KO3PPUITMEHT TIpu " AaA n > 0 B MPOU3BEAEHUU
P(q)P(q)"! pasen Hyrmo.

C ZIpyToii CTOPOHBI, €Cu Y. a,q" u Y.b,,q™ — ABa CTENEHHbIX PAAA.
TO K03GGUIMEHT TpK ¢* B UX NPOM3BENEHUY PaBHACTCA

akbo + ak—lbl +...+ aobk = Zak_l-bi.

Breimuiem, yeMy paBeH K03GOUIMEHT NMpU " B JIEBOM YacTH, U TEM
caMbIM HalJileM COOTHOIIIEHUE /IS YKcesl pa3bueHuit p (n):

P+ il(—l)’"(p(n—%) +p(n- ")) =0

(3mecp MBI cuntaeM, yto p(k) =0 mpu k < 0). [lepeHeceM Bce, KpoMme
MIEPBOTO CJIaraeMoro, B MPaByI0 YacTh, U MOMYIUM, YTO

P00 = 0= a0 E)),

OTO peKyppeHTHOe COOTHOIIEHUe, TIyOHUHA KOTOPOTO MOCTOSTHHO VBE-
nuyuBaeTcs. BeimuineM ero npu 6 <n < 12 U ¢ ero noMoup0 HalzeM
COOTBETCTBYIOIINE 3HaYeHUs p(n) (Yucio pa3bueHuii pu n < 5 MbI y)Ke
3HaeM — CM. yIpakHeHue 1.4).

p6) =pB)+p@—p(1) =7+5-1=11;

p(7) = p®)+p(5)—p(2)—p(0) = 114+7-2-1 = 15;

p@) =p+p6)—p)—p(1) =15+11-3-1 = 22;

p(9) =p@®+p(7)—pA—p(2) =22+15-5-2 = 30;
p(10) =p9)+pB)—p(5)—p(3) =30+22-7-3 = 42;
p(11) = p(10)+p(9)—p(6)—p(4) = 42+30—-11-5 = 56;
p(12) = p(AD)+p(10)—p(7)—p(5)+p(0) = 56+42—15-7+1 = 77.
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3azauu K Jeknuu 1

3azaya 1.1. a) IMocTpoiiTe GUEKIMIO MEXKIY MHOXECTBOM CaMOCO-
MIPSDKEHHBIX (T. €. COBIIAZAIONINX CO CBOMM COTPSIKEHHBIM) pa3bueHuit
YHCIa N1 ¥ MHOXKECTBOM €T0 pa3bUeHUl B CyMMY PA3IUUHBIX HEUEMHbLX
cjaraeMblX.

6) BeruuciuTe TpoU3BOAAIIYI0 GYHKIIUIO /IS YUCIa CAMOCOTPSKEH-
HBIX pa3OueHuH.

3azaya 1.2 (6uexnus CunbBecTpa). JIoOKaXKUTe, YTO TOCTPOEHHOE
B KoHIIe § 1.3 COOTBETCTBUE JIEHCTBUTENBHO SBJSETCA OUEKITUEN MEXKIY
pa3bueHUsAMY YKMCIa n Ha HeYeTHbIE U pa3nyHbIe caraeMble.

3apaya 1.3. Ilycts a, —uuciao auarpaMm IOHra c nosmynepumer-

poM n. JlokaKuTe, 4TO MPOM3BOAAIIAS QYHKIIUSA JJIsT 3TOW IOCIe0Ba-
2

q
1-2q°
3azaua 1.4. O603HaUNUM Yepes O, CyMMy JAeIUTes el Yrcia n, BKIIO-
yad 1 u n; Tak, HanpuMep, 0 =1+2+ 3+ 6=12. I[Iyctp 2(q) — npo-
U3BOAAIMAA QYHKIINA [JI [TOCTIEe0BATENBHOCTU O,

2(q) = q+3¢*>+4q° +7q* +6¢° +12¢°+8q + ...

TeJIbHOCTU paBHa 1+

a) JlokaxxuTte, 4TO
%(q)P(q) = qP'(q),

rae P(q) — npousBosaiias GyHKIMA AJIA YHUCIa pa3GrueHui.
0) BriBesuTe OTCIOZIa PEKYPPEHTHOE COOTHOIIEHHE /IS YUCIA O ,.
Ykasanue. Paccmotpure sioeapugmuueckyro npousgooryto paga P(q):

P'(@)
P(@) -

(InP(q)) =



Jlekiua 2

g-O6uHOMUaNbHBIE KO3 PUIINEHTHI

§2.1. Muarpammsl IOHra u 6MHOMUAIBLHBIE
K03$PUITUEHTBI

Bor eme oguH Bompoc o nozcyeTe guarpaMm IOHTra: CKONIBKO Cyllle-
cTByeT Auarpamm lOHra u3 He 6oee 4eM m CTPOK, €CIIH AJIMHA KaXKA0H
W3 HUX He IIPEBOCXOAUT n? lHaye roBops, CKOJIbKO guarpaMm IOHra
MOXXHO BIIMCATh B IPAMOYT'OJBHUK pasMepa m X n?

Hanpuwmep, a4 kBazpaTa 2 X 2 TakuxX guarpaMmm liectb. OHU IIpU-
BeZIeHBbl Ha PHUCYHKE.

o O [ H

ODTOT BOIIPOC ropaszio Mpole, YeM IOoACUYET TPOU3BOAAIIeH GYHKINU
JUTsg 9uciia Beex aguarpamm IOHra. JIerko BUAET, YTO KaXJasi fuarpaMmma
FOHTra B IpAMOYTOMBHUKE OTPAHUYUBAETCA CHU3Y JIOMAHOH, COeMHAIO-
I1elt JIeBBIM HIDKHUY YT'OJT KBaZipaTa C IpaBbIM BepxHUM. Takas joMmaHast
COCTOUT U3 M + n 3BeHbEB, U3 KOTOPHIX POBHO M UAYT BBEPX, a 1 BIIPaBo.
VITOro KOJMWYECTBO TAKUX JIOMAHBIX PAaBHO KOJUYECTBY CIIOCOOOB BBHI-
6paTh M BEPTHUKAJIbHBIX 3BEHbEB U3 M + N (WK, YTO TO XKe CaMoe, YUCITY
CIoco60B BHIOPATh N TOPU3OHTAIBHBIX 3BEHLER), T. €. OUHOMHATHHOMY

K03$OULINEHTY ( m; n ) = ( m : n ) .

§2.2. Onpezenenne q-6MHOMHANbHBIX K03GPUIINIEHTOB

HasoBem Becom |A| amarpammbr HOHTa A KOMUYECTBO BXOZISIIUX
B Hee KJETOK. ByZeMm pemiatb Ty Ke 3ajady — IOACYeTa AUArpaMm
FOHra BHyTpM AaHHOTO IPSAMOYTOJbHUKA, — HO YK€ C y4ETOM BECOB.
CocTaBUM MPOU3BOAAILYI0 PYHKI[HIO, KOTOPYIO OyZeM 00603HavaTh 4e-

m+n| |
pes m q.

] - 3

ACmxn



§2.2. OnpezeneHve g-OMHOMHAIBHEIX KO3GOUIIEHTOB 19

OTO MHOTOWIEH C IOJOXKHUTENbHEIMU KO3GPHUIIMeHTaMu, TpUYeM Ko3¢-
durmentT npu q¢ paBHAeTCA yncty guarpamm FOHTa Beca k, BIIMCAHHEIX
B IIPSMOYTOJBHUK pasMepa m X n. MIHorza, Korja fICHO, O KaKOM g uzeT

m+n
peyb, MBI 6y,aeM OIlyCKaTh MHZAEKC q U ITHUcaTh IIPOCTO [ m } .

OTOT MHOrOWIeH OyZeM HasblBaTh §-OUHOMUANbHBLIM KO3PPULUEH-
mom. [lefiCTBUTENbHO, Zajee Mbl YBUAWM, YTO 3TH MHOTOWIEHBI Be-
OyT cebs OYeHb ITOXOXKE HA OOBIYHBIE YMCJIA COYETAHUMN: JJIsT MHOTHX
VTBEpXKAEHUM 0 OMHOMHATBHBIX K03dOHUIIMEeHTaxX yAaeTcs MOIyYUTh
WX «q-aHAJOI'W», T.€. AaHAJOTUYHbIe YTBEPXKAEHUA O §-OMHOMUAIbHBIX
ko3¢ddULIeHTaX.

IIpumep 2.1. [Iycte m=1. Torga

n+1
n

5 1_qn+1
:| =1+4+q+q +...+q”=T.
q q

IMpumep 2.2. Ilycte m =n = 2. Torga [3] =1+q+2¢>+q>+q*
q
(aTO JIETKO YBUAETDH, IOCMOTPEB Ha MpeABIAYIINI PUCYHOK, — Ha HeM

U306paKeHO MO OfHOM AuarpamMe BecoB 0, 1, 3 ¥ 4 U 1Be AUarpaMMel
Beca 2). DTOT MHOTOWIEH MOXXHO Pa3JIOKUThb HA MHOXXUTENU, TIPUIEM
Ka)XZIbIii MHOXKUTENb OyZIET TEOMETPUYECKOM MTPOTPECCUE:

1+q+2¢*+@*+q¢* = Q+q+¢HA+g».
ChopMyIupyeM HECKOTBKO CBOMCTB -OMHOMHATBHBIX KO3(PUITH-
€HTOB.
IIpepnoxkenue 2.3. 3nHauenue [m;n] 8 eQUHULe PABHO (m;l_ n).
OTO OYEBHZHO: €CJIU MO/CTAaBUTH B HquI/IBBO,ZLHI.L[yTO byHKIMI0 g =1,

Kaxzas auarpamma lOHra BHe 3aBUCUMOCTH OT €€ Beca Oy/1eT CYMTaThCA
C BeCOM 1, T. e. 3HaYeHHe MHOTOWIeHa 6y/ieT JaBaTh 0bIee KOMUIECTBO

JyarpaMm.

IIpepnoxenue 2.4. [m + n] = [m + n] .

m n

9To ciefyeT M3 MHBAPUAHTHOCTU MIPOU3BOAAIIENH GYHKIIUY TIPU OT-
pakeHUH IIPAMOYTOlbHIKA OTHOCUTEIbHO [VIaBHOM AuaroHainu (T. e. 3a-
MeHBI ITUPUHE Ha BBICOTY M HA060pOT).

IIpeanoxenue 2.5 (peKyppeHTHOE COOTHOIIEHUE IS §-OMHOMUATb-
HBIX KO3GOUIIUEHTOB).

|:m+n:| [m+n—1] m|:m+n—1]
= +q .
m m—1 m



20 Jlexnusa 2. q-6MHOMHUaIbHbBIE KO3GUITEHTHI

JlokazaTeibCcTBO. PaccMOTpHM IIPOM3BOJIbHYIO Auarpammy IOmra A.
Oma orpaHuveHa HEKOTOPOI JIOMaHOM; TOCMOTPUM Ha ee IIEPBOE 3BEHO.
Bo3MOXKHBI /Ba BapuaHTa: SO0 OHO BEPTUKaIbHOE, W TOT/]a OCTATOK
JIOMaHOM orpaHHYMBaeT Auarpammy HOHra, paBHyO A, B PSMOYTOJIb-
HUKe pasMepa (m — 1) X n; 1M60 OHO TOPU30HTANbHOE, ¥ TOT/IA OCTATOK
JIOMaHOM OrpaHHYMBaeT HEKOTOPYIO AuarpaMmy IOHTra B MPSIMOYTOJIb-
HUKe pasmepoM m X (n — 1), a A mosmydaeTcs U3 Hee ob6aBIeHUEM CieBa
cTOJI0I[a BBICOTBI M. O

DTO COOTHOIIIEHHUE ABJIAETCA 0000IeHeM COOTHOIIIEHU

()= () (27

JUIs1 GMTHOMMATBHBIX KO3QPUITUEHTOB.
Ynpaxuenue 2.6. [lokaxure Apyroi q-aHaJoOT TOTO JK€ COOTHOIIe-

HUA:
[m+n] [m+n—1] n[m+n—1]
= +q .
m m m—1
3Has JaHHOE PEKYPPEHTHOe COOTHOIIEHUE, MBI MOXE€M BOCCTaHO-
BUTh Bce q-O6MHOMUANbHBIE KO3bUIIMEHTHI. X TOKe MOXKHO 3aIHCcaTh

B BHU/JE TPEYTrOJIbHUKA HaCKaJIH, oduepeaHadA CTpOo4YKa B KOTOPOM BhIpaka-
€TCA Yepe3 NpeAbIAYIINE:

1
1 1
1 1+gq 1
1 1+q+q> 1+q+¢> 1
1 1+q+¢*+¢° 1+qg+2¢*>+q°+4q* 1+q+¢*+¢* 1

OxasbIBaeTcs, i §-OMHOMHUAIbHBIX KO3QPUIIMEHTOB TaKKe HMe-

m+n)!
erca 0606menre GOpMyJIEL (m:") = ﬁ Ho za1a Toro 4robH ee

chopMyTMpOBaTh, HAM IIPEACTOUT BBECTHU MOHATHE g-QaKTOpHaa.
Omnpegenenue 2.7. Ilycte n = 0. HazoBeM g-aHanozom yenozo uucaa
n MHOTOWIEH
_ 1—q"
[l =1+q+..+q" ' = ﬁ.

Torza g-¢akmopuan uucia n onpezensaeTca o NpaBUIy
[Oo]' =1, [n]! = [n—1]!-[n].

OTMeTHM, YTO 3HAYEHUSA MHOTOWIEHOB [n] u [n]! B equHMIle paBHBI
n 1 n! COOTBETCTBEHHO.
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Yopaxxnenue 2.8. Jlokaxxute, 4TO

[m+n] _ [m+n]!
n “ [m]!-[n])”

Ykasanue. BocnosnbsyliTech peKyppeHTHBIM COOTHOIIEHUWEM U pa-
BeHCTBOM [m+n]=[m]+q™[n].

YTBep:kZeHue ynpakHeHUA 2.8 MOXKHO IepenucaTh B CAeAyolleM
1-¢*
1—q°

BU/Ie, 3aMEHUB KaKgoe U3 yucen [k] Ha
IMpeanoxenue 2.9.
|:m + n:| _a- ¢"MA=-g™h...d-¢""
m 1-gMA-q"H..A-q)
PaccMOTpeB HECKOJIBKO MPUMEPOB -OMHOMUANIBHBIX KO3ddUIIIEH-

TOB, MOKHO 3aMEeTUTh, YTO STU MHOTOWIEHBI ABJIIOTCS 8038PAMHbIMUL:
Habop uxX KOo3QOUIIMEHTOB eCcTh MaauHApOM. MHaye roBops, Koadpdu-

m+n k
[UEHT B MHOT'OYWIEHE m mpu q* paBHsAEeTCA KO3QOUIIMEHTY TpU

g™k, 310 CeayeT HaNpAMYIO U3 OIpeeNe N §-GHHOMHUATBHBIX KO-
bUILIMEeHTOB KaK IPOU3BOAAIMX GYHKUMM /i yncaa guarpamm HOHra:
Kaxgoln guarpamme FOHra n3 k KIeTOK MOXKHO COIIOCTABUThH €€ JOIOJ-
HeHUe /10 TPIMOYTOJIbHUKA M X N, KOTOpoe OyAeT COCTOATh M3 mn — k
KJIETOK.

OTMETHM ellle OZIHO MHTEPECHOE CBOMCTBO -OMHOMUAIBHBIX KO3(®-
GUIIMEHTOB: OHU SBJSIIOTCA YHUMOOQIbHbIMU (WU 8epemeH000pasHbl-
MUu) MHOTOWIEHAMU. DTO 3HAYUT, YTO IOCIEZOBATENBbHOCTb UX KO3d-
¢unmenTos (ay, ..., d,,,) AMeET eANHCTBEHHBIH JIOKAJIbHBIA MaKCUMYM:
IepBas IIOJIOBUHA 3TOU IOCIE0BATENbHOCTH SBIAETCS HECTPOrO BO3-
pacramomei, T.e. ¢; <a; Ipu 0<i<j < It CIITy CUMMETPUHU BTOpas
IIOJIOBUHA IIOCJIEOBATENBHOCTH KO3GUIIMEHTOB SBIAETCA HECTPOTO
ybbiBatoreii. KoM6uHaTOpHOE [I0Ka3aTelbCTBO 3TOTO daKTa OKa3bIBa-
eTcs Ha yAuBjIeHue HempocThiM. OHO 6bUTO TonydeHo KammuH O’Xapoii
B pabote [21]; cM. Takke 0630pHYI0 paboty /l. 3eapbeprepa [25] v He-
JaBHuii npenpuHrt U. [Taka u I. ITaHoBoii [22].

§ 2.3. IpousBoasaman PyHKIMs Jiljiepa KaK cjle/CTBHUE
dopmyssl 4151 -OMHOMHUATBHBIX KO3)PHUIIUEHTOB

Kax MBI TOIBKO YTO BBIACHWIH, IIpeAbIAyInas GopMysia 3a1aeT Ipou3-
BOZALTYIO GYHKIMIO U1 AuarpaMm IOHTa mipuHE He 607ee n 1 BBICOTEI
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He 6osee m. [lepelizieM K TpeZesy IPU N — ©0; MOIYIUM, ITO

lim [m+n] = L
n—w | m A-¢mA-g¢™H...0-¢q

m+n
(oTmMeTHM, YTO 3HaMeHaTeJb B BRIpAQXXEeHUH [JJIA [ m }, IIpuBeJ€EHHOM

B IpeaynokeHuu 2.9, oT n He 3aBuUcUT!). MBI NOIYYUIU ellle OAHO J0-
Ka3aTeJbCTBO MpeyioxkeHns 1.12 o mpousBogsiiel GyHKIMU [JIs YUcIa
Auarpamm FOHTra, AJIMHBI CTPOK KOTOPBIX He ITPEeBOCXOAAT M.

Kpome Toro, B 3TOM ’Ke IpeAIOKEHUU MOXKHO OBUIO OJHOBpPEMEH-
HO MEepexoJuTh K Mpefeny Ipu n — © U m — © (CKaxXeM, pacCMOTpeB
lim |:2n

n—=eln

1M IS YKciia BeexX pasbuenutt (cmeactaue 1.13).

] ) — B UTOT€ MONMYYUTCS SMIEPOBCKAst MPOM3BOAAIIAS GpyHK-

§2.4. g-6unoM HploTOHA

Y 6unoma Hetotona (1+x)" =} (})x* Tawke umerorcs g-anarorn.
OpviH U3 HUX Mbl cGOPMYIUPYEM U JOKaXKeM celyac; Apyroil mpuBezeH
B YIP&)KHEHUSIX B KOHIIE 3TOM JIEKLIHH.

Teopema 2.10 (q-6uHom HbioTOHA).

n
1+xq)(A+xg?...(1+xq") = Y. [Z] q@xk.
k=0

Kak u cienyeT oxuzjath, MOACTaHOBKA ¢ = 1 mpeBpaliaeT AaHHOE
PaBEHCTBO B OOBIYHBIN 6MHOM HbIOTOHA.

JlokazaTenbcTBO. PackpoeM CKOOKY B JIEBOM YaCTH U 3alIUIIEM pe-
3yJIbTaT KaK CyMMYy CTeMeHeH X, KO3QPUITMEHT TPU KaXKA0H M3 KOTOPHIX
SIBJISIETCS MHOTOWIEHOM OT

n
A+x0)(1+xgD...A+xq™ = > a,(@)x*.
k=0
3aechb a;(q) — aTo mpousBoAAmas GyHKIUA I YUcaa pa3bueHnd Ha
POBHO k pasuuHbiX cIaTaeMBbIX, KaKJ0€e 13 KOTOPBIX He ITPEBOCXOAUT M.
YTopsZ0YMM 3THU c1araeMble o YOBIBaHUIO (OHH OyZyT CTPOTo yOBIBATD,
TaK KaK OHU Pa3JWYHbl) ¥ BEIYTEM U3 MepBoro k, us Broporo k — 1, ...,

a M3 IIOCJIEAHETO €AVMHUITY. 310 6y,aeT COOTBETCTBOBATh AECJIEHUIO IIPO-

o T2+ 4k _ o HED
usBogsuel GpyHkuuu Ha ¢ 7T =q 2 . MBI NOIyYUM IPOU3BOZSI-

myio QYHKIMIO i pa3bueHuil yucia Ha He 6ojee 4eM k cilaraeMbIxX
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(Y)Ke, BO3MOXHO, O,Z[I/IHaKOBbIX), KaXXzg0€ 13 KOTOPBIX HE IIPEBOCXOAUT

. n
n—k. A aT0 U ecTb -OMHOMUANBHBIN KO3GOUIMEHT [k] [TosTomy
k(k+1)

a(@)=q 2

[Z] . Teopema goxasaHa. |

§2.5. ToxzaecTBO fIKOOM JJIsl TPOMHOTO MPOU3BEAEHUS

B sToM maparpade MBI IpY IIOMOIIY airebpandecKiX MaHUITY A
¢ g-6uHoMoM HbIOTOHA MOTyYUM PaBEHCTBO, HAa3bIBAEMOE TOXKJECTBOM
fIkobu A1 TPOMHOTO Ipou3BeeHusA. VI3 Hero, B 4aCTHOCTH, OyZeT cie-
J0BaTh [IeHTaroHajabHaa TeopeMa Jiiepa.

HauneM c Toro, 4To pacCMOTpUM cJlefiyioliiee IpoU3BeZieHNe:

m

[T Q+xd)=

i=—(m-1)
=(Q +xq_(m_1))(1 +xq_(m_2))...(1 +x)A+xq)...(1 +xg™),

r7ie X — HEKOTopas mepeMeHHas. [IpeZicTaBUM 3TO [IPOU3BEAEHUE B BH-

Jie CyMMBI. DTO HETPYAHO CAEIATh C IOMOIIbBI0 GOPMYIIBL A1 ¢-6ruHOMA.

JleicCTBUTENBbHO, cleJlaeM 3aMeHy MepeMeHHOu: y = xq . Torma aTo
IIpou3BeZieHNe IIepenrCchIBaeTcA B BUe

m . 2m . 2m .
[T Q+x¢)=T]A+x¢"™ =T +yg).
i=—(m-1) i=1 i=1
A 3TO He YTO MHOE, KaK g-6uHoM. [TosToMy
2m 2m
: om]| ken
[Ta+ygh =X [,T]q > yk
i=1 k=0
BepHeMcs K UCXOAHBIM 0003HAYEHUSAM: 3aMEHUB y Ha ¢ "X, MOAyIUM
pPaBEHCTBO

A4+x¢V7"™ A +x¢>2™)...A+x)A+xq)...(1 +xq™) =
_ 22'" |:2]I<‘I”L:|q"(k—2“)—mkxk'
k=0

310 PaBE€HCTBO MHO20UJIeHO8 JIopaHa OT g (T.e. MHOTI'O4YJIE€HOB, B KOTO-
pei€ g MOXET BXOAWUTb HE TOJIBKO B IIOJIOXKHUTEJbHBIX, HO U B OTpHUIia-
TEJbHBIX CTeHeHHX). PaCCMOTpI/IM Te COMHOXXUTEN B €TI0 JIEBOU 4JacTu,
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B KOTOpBIE ¢ BXOAUT B HYJEBOW WIM OTPHUIATEIbHOMN cTeleHU (TaKux
6yzeT poBHO m). BelHeceM M3 Ka)KIOTO M3 HUX ¢ B TAKOW OTPUIATENb-
HOM cTeneHu, YTOObI B CKOGKAX OCTAaJICS MHOTOWIEH OT IOJIOKUTENbHBIX
CTelleHel g, cTelleHb KOTOPOro 6buU1a 6 MUHUMAaIBHOM. VIHaYe ToBOpH,
I KaKZOro M3 COMHOXKUTeneln Buia 1 + xq‘j, rae j = 0, 3anumiemM,
uto 1+xq 7' =q 77 (x+¢)) =xq7/ (1+x"1q’) (u3 xaxz0i Takoit cKOOKH
MBI ellle BBIHECIU X, YTOOBI CBOOOAHBIN WiEH BBIPAXKEHUS B CKOOKax
pasasuica 1). Torza Hallle paBeHCTBO IIEPENUIIETCA B BUZE

xMqm @A m=D) (] 4y =1gm=1y(] 4 3~ 1gm=2) (14 x"1)x

2 2m 2m kk+D) _ k. Kk
X (14+x9)(1+xq?)...(A+xq™ = Y, [ k ]q—z mkyok
k=0

_ m(m-1)
Jlanee, mogenuB obe yacTH paBeHCTBa HA X'q~ 2 , MOMYIUM

A+x1q" DA +x71¢"2)...1+x DA+ xq) (1 +xgD...(1 +xg™) =
-3 [Zm] q
izo Lk

Ocrasnock cOBceM HEMHOrO: NPUAAAUM IIPAaBOM 4acTH Oosee CHMMET-
PUYHBIN BUJ, cAejaB 3aMeHy IepeMeHHOH j =k —m. [Ipu aTom j 6y-
JeT npoberaTh 3HaYeHUs OT —m JO m, a B IOKa3areje CcTeleHeHd y ¢

m(m—1)

5 — mk. B utore Hama ¢opMmysa CTaHET

HCYE3HET «JOBECOK»
BBITVIAAETH TaK:

uL o 2 JG+D
[TA+xgA+x"¢"H = X [ " .]qTx]
k=1 j=—m m+j
ITO KoHeuHas gopma moxncdecmaa Axobu 011 MpoliHOo20 NpoudsedeHUS.
Tenepp mepeiizleM K Ipeeny mpu m — . BUHOMUANIBHBIA KO3®-
¢dunreHT B mpaBoil yacTu OyzeT cTpeMUThCS K GYHKIMM Diiepa A
yucia pasbuennit P(q) = ]_[::1(1 — qk)_1 (11, B YaCTHOCTH, OH He OyJeT
3aBUCETh OT j, U €T0 MOXXHO OyZeT BBIHECTH 3a 3HAK CyMMHUPOBAHUI).
[MozenuB obe yacTH paBeHCTBA Ha P(q), MOAyYUM CIeAyIollee paBeH-
CTBO.
Teopema 2.11 (ToxxzecTBO SKOGU /1A TPOMHOTO MPOU3BEAEHUA).

0 “+o0 iG+1) .
[TA+xgYA+x¢Ha-¢= Y ¢ x.
k=1 j=—o
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/13 Hee HeCJI0XXHO BBIBECTH II€eHTarOHAJIbHYIO TeOpeMy Dujepa.

JlokasaTe/IbCTBO IIeHTaroHaJIbHOM TeopeMbl Jiiepa. Crenaem
3aMeHy IlepeMeHHO B Tox7ecTBe SIKOOH: MOJACTAaBUM (° BMECTO (.
[Tonyunm

l_[(1+xq3k)(1+x—lq3k 3)(1 q3k) _ Z q };}Xj.

Tenepb MoMoXuM x =—q . Toraa

r[(l P Ha-¢*Ha-¢%) = Z( 1)ig”

J——oo

A 3TO U ecTb MeHTaroHaJbHas TeopeMa ditiepa:

[0-¢9 =1+ 50 (05 +¢%2), s
k=1 j=1

3azauyun K JeKIuu 2

3azaya 2.1 (a1 3HAKOMBIX C OCHOBaMH JIMHEHHOM anre6per). [1ycThb
q = p™ — cTemneHb MPOCTOTO YHCIA. JIOKQKUTE, YTO YKUCIO K-MEPHBIX
BEKTOPHBIX IMOAPOCTPAHCTB N-MEPHOT'O BEKTOPHOTO MPOCTPAHCTBA HaJl

n
TOJIeM 3  37IeMEHTOB PaBHO |
[Moapo6Hee 0 CBA3U §-OMHOMHUAIbHBIX KO3GOUIIMEHTOB C TMHEHHON
anre6poi MOXKHO IIPOYUTATh B CTaThe [5].
3azaya 2.2 (eme oauH q-6uHOM HbioTOHA). IIyCTh MepeMeHHBIE X
U y He KOMMYTHPYIOT ., HO BMECTO 3TOTO y/IOBJIE€TBOPSIOT COOTHOMIEHHIO

¥x =qxy. Jokaxure, 4TO

x+y)" =3 [k]xky” k

k=0
B crezyromux 3azadyax IpUBOAUTCA €llle OHO JO0Ka3aTeIbCTBO TOX-
JecTtBa SIKoOU A1 TPOMHOTO TPOU3BEIEHUS, HE UCTIONb3YIolee q-01HO-
MHATbHBIX K03)PUITHEHTOB.
PaccMoTpyM 6eCcKOHEYHOE ITPOU3Be/IeHIe

o
k 1 k-1
f) =[T1A+x¢"+xg" ™.
k=1
1TaK0e COOTHOIIIE€HHE, KOHEYHO €, HEBO3MOXHO, €CJIM X U Yy ABJIAIOTCA YUC/IaMU.

10 01
OZ[HaKO OHO, HalIlpuMep, UMeeT MECTO JJIA MaTpHULl X = (0 q) ny= (0 O) .
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Ero MOXXHO paccMaTpHUBaTh Kak psi0 Jlopana 1o x:

o0

fO) = 2 a,(@x",
n=—ow
K03¢OULIMEeHTH KOTOporo a,(q) cyTb dopMaibHble CTeleHHBIe PSAZBI
0T q.
3agaua 2.3. ITpoBepsTe, uTo f(xq) =x"1q ' f(x).
3agaua 2.4. [lokaxxuTe, 4TO IIpU N € Z UMEIOT MECTO PaBeHCTBa:

a) a, (g =an1(Q);
6) f(X) :ao(q) Z qn(n+1)/2xn.
nez

3azaua 2.5. Ilyctb b,, ecTb 4MCIIO CIOCOOOB MPEACTABUTD YUCTIO M B
BU/le CyMMbI HECKOJIBKUX Pa3IMYHBIX 3JIeMeHTOB MHOxXecTBa {1, 2, 3, ...}
Y TaKOTO e YKCJIa Pa3InYHbIX 37IeMeHTOB MHOKecTBa {0, 1, 2, ...}. Iloka-
&WTe, 9T0 dgy(q) = Y. bq™.

m=0

3azaya 2.6. [TocTporB OUEKITUIO MEXKAY MPECTABIEHUAMU U3 TIPEIbI-
Jyiel 3aja4u 1 guarpaMMamu FOHra, JokaxkuTe, 4yTo b, paBHO p(m), T.e.
YuCTy pa3bueHui Jucia m.

Ykaszanue. IIpoBezauTe B fuarpamme FOHra fuaroHanisb.

3azada 2.7. BeiBeuTe M3 MpeAbIAYIINX 3aZa4 TOXAECTBO AKo6u
JUI1 TPOMHOT'O TIPOU3BEZIEHUS.



Jlekiua 3

IL1ockue pa3zbuenusd u ¢popmyaa Makmarosa

§ 3.1. Ilnockue pa3oueHus

B mpezpigymux ABYX JIEKLIHAX MBI pacCMaTpPUBAIN «OZHOMEpHBIE»
pa3bueHuss W OTBedalolle UM AuarpamMmbl IOHTa. B 2To#l sekuuu
MBI PacCMOTPUM O00OOIIEHNE ITOTO TIOHATHSA Ha CIEAYIOUIYIO pa3Mep-
HOCTb — a UMEHHO, 3aiiMeMCs U3ydeHUEM NI0CKUX pa3bueHull, KOMIIO-
HEHTHI KOTOPHIX 3aHyMepOBaHbl HE OJHUM MHAEKCOM, a JBYMs, U KOTO-
PBEIM GyZyT COOTBETCTBOBATH MpexmepHsle 0uazpammsl FOHea.

Omnpeaenenue 3.1. Ilycte n — 1e710€ HEOTPULIATEIBHOE YUCIIO. ILn0C-
koe pasbuenue —>3TO HAOOP LEJBIX HEOTPULIATENbHBIX YHCEN A; j, TAe
i, j =1, Bcymme gamomux n (T.e. Z ki, = n) U yAOBJIETBOPAIOIINX Hepa-

i,j
BEHCTBaM A;; 2 A4 ; U A;; 2 A; j, TIPU BCeX 1, J.

VHaue ToBOps, IUIOCKOE pa3bueHue — 3TO Habop 4uces, 3amucaH-
HBIX B KJIeTKax 6eCKOHEeYHOH BIIpaBO U BHU3 TAOJIUIIEI, IPUYEM 3TH IHC-
Jla HECTPOTO yOBIBAIOT IO CTPOKAM U TIO CTOJIOI[aM, U JIUIIb KOHEYHOE X
YHCIO OTIMYHO OT HYJIA.

KakgoMy IJIOCKOMY pa3GUeHHI0 MOXXHO COTIOCTaBUTH MpPeXMepHYIo
Ouaepammy FOHea. JInsi 3TOr0 3aMeHHUM KaXK/[0€e YHCJIO Ha IUIOCKOCTH Ha
cTonbel] U3 KyOUKOB, BHICOTa KOTOPOTO paBHA 3TOMy uuciy. [lomydeH-
Has TpeXMepHas KOHCTPYKIIUA U3 KyOHWKOB M OyZIeT TpeXMepHOH Jua-
rpammoti FOHra.

IMpumep 3.2. Ha pric. 3.1 u3ob6pakeHo OHO U3 IUTOCKUX pa3bueHui
yucaa 12 u oTBevaromasa eMy TpexMepHasa guarpaMmma fOxra.

2[1]1]

’N[\Jw
—

Puc. 3.1. [Inockoe pa3bueHue u ero TpexmMepHas guarpamma FOura

[Tnockoe pa3bueHue MOXXHO pacCMaTpHBaTh Kak Habop HECKOIBKUX
BJIOXKEHHBIX ZIPYT B pyTa Auarpamm FOHTa U € s € ... € uy. [IycTh Ana-
rpaMma (i, COCTOUT U3 BCEX TAKUX KIETOK (i, j), 9To Ay; —A;; <m—1.
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[Momy4aeTcs, 4To W, OYAET COCTaBIATh M-H «3Tax» COOTBETCTBYIOIIEH
TpexMepHoU Auarpammel KOHra (eciy cuuTaTh 3TAXKU CBEPXY BHU3).

Ipumep 3.3. [Ins TIOCKOTO pa3breHusa 13 IpeAbIAyINero mpruMepa
TosTy4aeM I0C/IeJoBaTeTbHOCTD InarpaMm

| [
L

Hama 6mpkaiiinas 1ejib COCTOUT B TOM, YTOOBI BBIYMCIUTD KOJIMYE-
CTBO TpexXMepHBIX Auarpamm HOHTra, jexkalux BHYTPU MPSMOYTOJbHO-
ro mapamenenunena %(a, b, c) (T.e. AnuHa, MUPUHA U BBICOTA KOTO-
PBIX HE TPEBOCXOJAT d, b U ¢ COOTBETCTBEHHO), a TaKKe MPOU3BOZS-
myio QYHKIMIO ZJIA YMCIa TaKuX AuarpamMM. [lepelzs K mpeaeny mpu
a, b, c — oo, MBI TOIyYUM aHaJIOT NTPOU3BOAAIIEHN PyHKIMU Diiepa s
YHCIa BCeX TPEXMEPHBIX AuarpamM KOHra (3TOT pe3y/nbTaT ObUT MOMTyYeH
B Havajie XX B. MaiopoM GpUTaHCKOI apMuu B oTcTaBKe [lepcu Asek-
ca"gpoM MakMaroHom).

§3.2. INoacyeT umncia IWIOCKUX AUarpaMM BbICOTHI 2

Haunem c mpocToro ciaydas: IOCYMTaeM KOJIWYECTBO TPEXMEPHBIX
auarpamm IOHra B napamienemnumeze pasmepa % (a, b, 2). 3To sKBUBa-
JIEHTHO TIoZicueTy yucaa nap (U, U,) Auarpamm KOHra, yZ0BIETBOPSIIO-
WX YCJIOBUIO Uq C Uy C (a X b).

B mpomutoii JeKuun yxe roBOPWIOCh, YTo Auarpammy IOHra B mips-
MOYTONBHUKE d X b MOXXHO MHTepPIPEeTUPOBATh KaK IIyTh HA peIleTKe,
uaymuii u3 Touku A; = (0, a) B Touky B; = (b, 0) (ycioBHUMCSA, 9TO OCh
OpZWHAT Ha Halllel pelleTKe HanpasieHa BHU3). TakuM o6pasom, mapa
BJIOXKEHHBIX AUarpaMM — 3TO Tapa nyTeii U3 A; B B;, OZUH U3 KOTOPHIX
MIPOXOJUT He BBIIIIE JPyToTO.

U3 aTo¥ maphl myTell MOXXHO H3TOTOBUTH /[Ba HellepeceKaroIInuXcs
IIyTU: CABUHEM HIKHUU ITyTh Ha BekTop (1, 1). MBI monyduM HOBBIHM
ImyTh U3 TOYKU A, = (1,a+ 1) B Touky B, = (b + 1, 1), KOTOpEII1 yKe He
OyZeT TepeceKaThCs C BEPXHUM IyTeM (cM. puc. 3.2).

VTak, 4ucio TpexXMepHBIX AuarpaMm FOHra BEICOTHL He Gosee 2 paB-
HO YHCJTy TTap HellepeceKaroIuXCs MyTel, KOTOpoe MBI 0603HAYNM Yepe3
P,.(A; — By, Ay — B,) (CUMBOJBI «nc» 03HAYAIOT «NON-Crossing», T.e.
«HeTlepeceKalolecs»).
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111 T

“ B

Puc. 3.2. Pa3zBuranue myrei

Ay

HeTpyaHO HaWTH 4MC/IO NMap BCEBO3MOXHBIX ITyTeH, COeAUHAIONIIUX
A; ¢ By, a A, ¢ B,: oHo paBaiaetrca P(A; — B;) - P(A, — B,), T.e.

2
a+b
( b ) . TakuMm ob6pasoM, Hallla 3aZaua SKBHMBaJeHTHa 3ajadye O Ha-

XOXKEHUU YMciIa TIap nepecekaroujuxcsi myret us A; B B; uus A, B B,.

WTak, mycTh U, U U, — /iBa IlepeceKaronuxca IMyTH Ha pelleTke,
TepBBIM U3 KOTOPHIX coeAuHseT A; ¢ B;, a BTopoii — A, ¢ B,. IlycTb
C — nepBas U3 TOUEK IlepeceyeHus 3TUX IyTel. [locTpouM HOBYIO apy
myTed, ¢ () u t(u,), o creayromeMy npaBuiy: ¢ (u,) OyzeT coBmagaTh
C W Ha oTpe3ke oT A; 0o C U ¢ u, Ha oTpe3ke oT C g0 B,. Takum
obpasoMm, oH 6yzeT coeauHATh A; ¢ B,. Hamporus, t(u,) 6yzaeT coenu-
HATh A, ¥ By; OH OyZeT coBmazaTh C U, OT A, o C u ¢ 4y oT C 10 B,
(cM. puc. 3.3).

Jlerko yBHZETb, UTO BCSAKAs Mapa IyTed, coeAuHAIINX A; ¢ B,
a A, ¢ B;, nepecekaeTcs; B YaCTHOCTH, OHa IIOMy4daeTcsd KaK pe3y/b-
TaT ONMMCAHHOM BBIIE Ollepalyy, TPUMEHEeHHON K KaKOM-TO mape ne-
pecexaroujuxcs myTen u,: A; — B; u u,: A, — B,. TloaToMy 4ucio nap
nepecekaromuxcsa myreit us A; B B; u us A, B B, paBHO uuciay nap
8CE803MOMNCHBIX TIyTel, COeANHAIONINX HadalbHble U KOHEUYHble TOYKHU

B, B,

T I,
J

A A
! C ! C

Ay Ay

Puc. 3.3. OTobpaskeHue L Ha TepeCEKAIOIUXC My TAX
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B «HEIIpaBUJIBbHOM>» IIOPAAKE. A oHO PaBHAETCA

P(A; — By)-P(A; = By) = (ZII;) ’ (gf?)

BBIYTS YMC/IO Tap IepeceKalomuxcs IMyTed u3 oflnero 4wcia map
IIyTel, Iomy4yaeM cilefyolee IpejjoxXeHue.
IIpepnoxenue 3.4.

P(Al i Bl) P(Al i Bz)

—P(A; — B,)P(A, — By) = P(A, — B)) P(A, — B,)

CnegcrBue 3.5. Yucno mpexmepHuix ouazpamm FOHeza, 8nucamHbix
2
8 napannenenuned % (a,b, 2), pasHo (a—;—b) — (gt?) (gil{)

MBI BUAMM, YTO UCKOMOE YHCJIO TIap HellepeceKalolnuXcsa IyTel oka-
3aJI0Cch TpeJCTaBIeHo B Buze ompefenutens 2 X 2. Oxka3bpiBaeTcs, s
HaboOpOB M3 n HelepeceKaloMuXcs MyTeH /e0 06CTOUT aHaTOTHYHBIM
ob6pasom.

§3.3. erepmunanTHasa ¢popmysna
JInagacrpéma—Ieccens—BbeHHO

Ternepp pelIvM HUCXOAHYIO 3aady: HalleM 4ncIo TpeXMepHBIX Jua-
rpamm IOHra B mpsamMoyronbHOM napaienenumesne % (a, b, c). Kaxzayio
TaKyl0 TPeXMEPHYIO JuarpaMMy MOXXHO paccMaTpHUBaTh Kak I10C/IeZOo-
BaTeJIbHOCTD U3 C BJIOXKEHHBIX ZIPYT B ApyTa OOBIYHEIX AuarpaMm HOHra.
OTU AUarpaMMbl, B CBOIO o4Yepeslb, COOTBETCTBYIOT IyTAM Ha pelleTKe
u3 Touku A = (0, a) B Touky B = (b, 0). KaXblil C/IEYIONINH U3 3TUX
IyTel JIEXXUT HeCTPOTo HIKe Ipeplayiero. Kak u B mpeAblAyIIeM Ciy-
4ae, c/lellaeM UX HellepeceKalol[UMUCA: I 3TOTO CABUHEM k- IyTh
Ha BekTop (k — 1,k —1). Ilpu atom k-i yTh OyZET COEAUHATb TOUKU
Ai=k—-1l,a+k—1)uB,=0b+k—-1,k-1).

[Tycts w € S,, — pou3BoONbHAA NTePeCTaHOBKA. byzleM roBOpUTb, YTO
Habop u3 ¢ myTel (BO3MOXKHO, TepeCEKaIOIINXCsA) ¢ HadyaJaMu B TOYKax
(A4, ..., A) u xoHIIaMU B Toukax (B, ..., B)) omeeuaem nepecmanos-
Ke W, eciu IyTh, HAYWHAIOIINICA B TOUKE Aj, 3aKaHIMBAETCA B TOUKE
By, (k- SIcHO, 4TO BCAKMI HAOOD HenepecekaroujUXcs IMyTel MOXET OTBe-
YaTh JIMIIb TOXK/JECTBEHHOU IIepecTaHOBKe.

Jlerko IOCYMTATH YHCJIO BCEBO3MOXKHBIX HAOOPOB IIyTeli, OTBEYao-
mux nepecrtaHoBke w. OHO 6GyZeT paBHO NMPOU3BEAEHUIO OMHOMUAID-
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HBIX K03$OUIINEeHTOB:

(o
[P — B,ay) =
k=1

C C
= [1P((k-1,a+k-1) = (b+w(k) -1, wk)-1)) =[] (b+“+b_ )

k=1 i1 bW~k

Terepp 06061IMM IIpHEM, YK€ TIPUMeHEeHHBIN I CTydas ABYX ITy-
Tel: paccMOTPUMM Ha Habopax nepecekarowjuxcsi ITyTeH, OTBeYaIOI[UX
BCEBO3MOXKHBIM II€PeCTAHOBKAM, NHBOIOLUIO L, ONPeJeeHHYIO CIIey-
omuM obpasomM. PaccMoTpyM B Habope U3 IepeceKarouuxcs IyTel U
MyTh |4; C HANMEHBIIUM HOMEPOM i, TIepeceKauuica ¢ KaKUM-TO Zpy-
UM IyTeM. Bo3bMeM IIEpBYIO TOYKY IlepecedeHUs 3TOrO MyTH C Jpy-
rUMU IyTAMU. VI3 myTeli, mepeceKarolIUX (4; B 3TOM TOYKe, BO3bMEM
IyTh C HANMEHBIINM HOMEPOM; 0G03HAYMM €T0 Yepes (4;. 3aMEHUM y4a-
CTOK IYTH U;, CIeAYIOUINH 3a TOUKOU IlepecedyeHMs, Ha YYacTOK IIyTH
Uj, ¥ HA00OPOT. [TosyIrM HOBBIM HAOOP MEePeCceKAIMUXCA MyTew ¢ (u).
OH yXe OTBeYaeT Jpyroi epecTaHOBKe; KaKasg MMEHHO IIepeCTaHOBKA
MIOJIyIUTCS, HaM ceifiyac HeBa)XHO, OJHAKO BaKHO, YTO IepeCcTaHOBKHU,
oTBevaromye U U (1), IMEIOT pa3INYHYIo YeTHOCTh. KpoMe ToTO, SICHO,
YTO 3TO OTOOpaKeHHe WHBOJIOTUBHO: €CJIU MPUMEHUTH €ro K Habopy
MyTel 1Ba pa3a, MOMYyIUTCS UCXOAHBIA HabOp MyTei.

MBI moTyqriy OUEKIHI0 Ha MHOXKECTBE HaGOPOB MePECEKAIONIXCS Y-
Teii. OHa COMOCTaBJIAeT HAbOPY IyTel, OTBEYAIOIIUX YETHOM TIepECTaHOB-
Ke, HAabOp TyTell, OTBEUAIONMX HEYETHOMN MEpeCcTaHOBKe, M Ha000POT.

IMpumep 3.6. Ha puc. 3.4 mokasaH Habop IyTel, K KOTOPOMY IIprMe-
HsIeTCsl MHBOJIIOIMA | COIVIACHO YKa3aHHOMY IpaBWIy: B TOuke (2,2) —
MEePBOM TOYKE IMepecevyeHrs MEPBOrO MyTU C KaKUM-TU6O ellle IMyTeM

B, B,
®
J 5
! = 4
_Ir— - : ®B; ®B;

Alg—Ji » Alg—Ji -ms
AzT - AzT -
’ '

Aj Aj

4

Puc. 3.4. VHBOMIONMA HA MHOXECTBE IIyTei
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(B aHHOM CJIy4ae C TpeTbHUM) — NocIeAytoye GpparMeHThl STUX ITyTel

3aMEeHSIOTCS ApyT Ha Apyra. [lepBrlii HAOOpP COOTBETCTBYET HEYETHOM
123 o o 123

IepecTaHoOBKe (1 3 2), a BTOpO — 4eTHOI! TepecTaHOBKe (2 3 1).

Tenepb IIPpOCYMMUDPYEM KOJIUYECTBO BCEBO3MOXHBIX HYTeﬁ, OTBEYa-
IOIMNX BCEBO3MOXXHBIM II€PECTAHOBKaM W, CO 3HaKOM:

BW(C))) = Z (SgnW) l_[ P(Ak d Bw(k))

wes, k=1

> P((Ay, ...,

weS,

A) = By -

Bce ciaraemble B 3TOI cymMMe, OTBevarollre MepeceKarouMcs My TaM,
Pa300bIOTCA Ha Maphl, MPUYEM B KaXKAOU mape 6yAeT OJHO MOMOKUTENb-
HOe U OJHO OTpuIlaTenbHoe ciaraemoe. I103ToMy cyMMapHHIN BKJIas,
KOTOPHIH IlepeceKalomuecs IyTH BHECYT B 9Ty CyMMY, OyZeT paBeH Hy-
Jr0. 3HAYWT, 3Ta CyMMa U OyZieT paBHa MCKOMOMY YUCILY Henepecekaro-
wuxcsa myteut P,.((Aq, ..., A.) = (By, ..., B.)).

C Zpyro# CTOPOHBI, B MPEABIAYIIEM BEIPRKEHUN HETPYAHO YBUJETH
bopMyy Ay OTIpeieIUTE ST MAaTPUIIH, B i-H CTPOKe U j-M CTOJOIE KO-
TOPO¥ CTOMT YMCJIO IyTE€N U3 TOYKU A; B TOUKY B;. MBI ONyIMIn Clie-
Jylolllee paBeHCTBO:

HC((Alﬁ ceey AC) nd (Blﬁ ..

[MoacTaBisAs B 3TO paBeHCTBO YUCIOBble 3HaYeHus ansa P(A; — B j), mo-
JlydaeM Takoe NpeAsoKeHue.

Teopema 3.7. Yucno naockux duazpamm PP(a, b, ¢) 8 napainenenu-
nede %(a, b, c) pasHsemcs onpedenumento Mampuysl u3 GUHOMUANILHBIX

. B)) = det (P(A; = B));_, -

a+b
b+j—

ko3 puyuenmos:
Cc
D,
i,j=1

PP(a,b,c) = det((

a+b a+b a+b
) L) ()
— (b—l ( (b+c)
(s fifl) (bfﬁz (3’

HpI/IeM, HCIIOIb30BAHHBLIA HAMU [ULA TIoACYEeTa YKrcja HelepeceKaro-

MUXCs MyTel Ha pellleTKe, MOMYYWI HIMPOKYIO M3BECTHOCTh OGyarogaps
pabotam B.Jluaactpéma [19] u B ocobenHocTu U. Teccens u Kc. BbeHHO
[14], B KOTOPBIX OH OBUI MPUMEHWIH K PEIIeHUI0 HEKOTOPHIX BaYKHBIX



§3.3. llerepmunanTHaA popmyia JIuHacTpéma—Iecceni—BbeHHO 33

3a/lay UCYUCIUTENBHON KOMOMHATOPUKY (B YaCTHOCTH, O IUIOCKUX pas-
6ueHuUsAX). BriepBhle ke OH, O-BUAMMOMY, MOSABWICA B KOHIle 1950-X IT.
B paborax C. Kapimuua u /l)x. Makrperopa 1o Teopuu BepositHocTeit [15],
[16]. BTOT MeTO/ IOTYCKAET Maccy pa3jIuYHbIX 060061eHUH. [ToApOOHbII
paccka3 o MeToZie OTPaKeHUH U ero BO3HUKHOBEHUH B Pa3HBIX 33/a4ax
YyTaTe b MOXKET HalTH B pabore [1].

Hama crexyroman 3azaua — BBHIUUCIUTE OIpeJeNUTeNb, MONy4deH-
HBIN B TIpeAbIAyIIEM MIPeAIOKEHUN. DTOMY OyAeT mocsameH § 3.5. Jlnsa
yno6CcTBa BBIYMC/IEHUA MBI CHavyala IIeperulleM STOT OINpeeluTelb
B HECKOJIBKO IPYyTOM BU/JE.

CneactBue 3.8. Yucno mpexmepHslx duazpamm FOHza 8 napanniene-
nunede % (a, b, c) pagHsemcs

[
_ a+b+i—-1
PP(a, b, c) —det(( b+j—1 )) 3

i,j=1

a+b (a+b a+b )

b b+1 b+c-1

b b b
ey ey e g
() () (R

Joka3arenbcTBO. [IpuBe/ieM KOMOMHATOPHOE 0KA3aTEMbCTBO TO-
ro daxra. 3uauenue PP(a, b, c) paBHO KOJIMYECTBy HAaGOPOB Helepe-
cekamoIuxcsa myTeit Mexay Toukamu Ay = (k—1l,a+k—1) u B, =
=b+k—1,k—1), rae 1 <k <c. JlaBaiiTe yAJIUHUM BCE IyTH, KPOME
MOCJIEJHETO, TaK, YTOOBI MX HOBBIE KOHIIBI B;{ JIeXKaJu Ha OJHOU Bep-
TUKaJbHOMN IIPAMON, — a UMEHHO, B/k =0b+c—1,k—1) (cm. puc.3.5).

B _J * i B,
_J @ ! )8
’HBg B3
A, 4 A M
EEuN AL
Py A3

Puc. 3.5. YaiuHeHre Ha60pOB myTeit
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fIcHO, 4YTO HemepeceKarolyecs HAOOPHI YIUIMHEHHBIX IyTell OHMEKTUBHO
COOTBETCTBYIOT HAO0paM HCXOJHBIX HellepeceKaromuyxcs myTeid. [Toatomy

PP(a,b,c) = det(P(A; — B;))szl.
Ho
a+b+c—i
P(A; —» B) = .
(4 J) b+c—j

[ToacTaBUB 3TU 3HaYeHMA B OIpeeNUTENb U TPAHCIIOHMPOBAB MaTPHUILY
OTHOCHTEIFHO MMOOOYHOM JUAaroHasH, ToTyd4aeM TpebyeMmoe. O
Ynpaxuenue 3.9. JlokaxuTe paBeHCTBO OIpefieIUTeNel U3 Teope-
MBI 3.7 u cnefnctBusa 3.8 anrebpanyecky, CBeAs OAWH OIPEETUTEND

K IpyTOMYy 3JIeMeHTapHBIMU IIpeo6pa3oBaHUAMH CTPOK U CTONOIIOB.
DTOT ONpeAeUTeNb Mbl BEIYUCIUM B § 3.5. /Iy 5Toro Ham motpeby-
IOTCSI HEKOTOPHBIE CBeZIEHUs 00 ONpeiesTUTeNsaX BaHaepMoH/1a, KOTOPhIM

OyZeT TOCBAIIEH CIeAYIOMM maparpad.

§3.4. Onpeaenurens BaHaepMoHza

HamoMHUM cieZlyIouii pe3y/ibTaT U3 CTaHAapTHOTO Kypca aareophl.
IIpeanoxenue 3.10 (ompezenurens BanzepmoHza).

2 n—1

1 x x7 ... xq
-1
1 x, x? x
2 cen

2 2‘ :l_[(xl_x])
oo . : i>]

2 n—1
1 x, x; ... Xx;

HaGpocok sjoka3aTeJbCcTBa. Y 5TOTO YTBEPXK/EHUA €CTh JBa pas-
JIUYHBIX J0KA3aTeNbCTBA, MPEAIOKEHHBIX HE3aBUCUMO U TTOYTH OHO-
BpeMeHHO. [lepBoe J0Ka3aTeabCTBO, IpUHAZJIeXxKallee BaHzepMoHZY,
HCIIOIb3yeT WHAYKITHIO Mo n. [IpousBeZieM Haj MaTpulleil sleMeHTap-
HbIe MPeoOpa30BaHUA CTONOIIOB: BEIUTEM U3 KAXKAOT0 CTONOIA HAYMHAS
CO BTOPOTO TIpeABIAYIINEH, YMHOXEHHBIN Ha X;. [lolydum, 4TO B Iep-
BOU CTPOKE BCe 3/IEMEHTHI, KPOME MEPBOT0, OKAKYTCA PABHBIMHU HYJIIO.
BBIUTA 3Ty CTPOKY M30 BCEX OCTAJbHBIX, CAeNaeM B KaXKIOH CTPOKe
HayWHas CO BTOPOU MePBHIN 3/eMEHT HyJIeBbIM. OCTaeTCs BBIHECTH U3
ka0 (k-i1) CTpOKM 0BIITUIH MHOXKUTEND X), — X1, U [IEJI0 OYZIET CBeIeHO
K BBIYHCJIEHUIO OMNpeAenuTeIs BaHIepMOHIAa Ha €AWHUIy MEHBIIETO
MOpSiZIKA.
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Bropoe fjoka3aTenpCcTBO, HomydeHHoe Ko, 6071ee KOHIIENTYaIbHO.
OHO COCTOUT B CJIeZyIOIIEM. 3aMETHM, YTO ONPEAETUTEND B JIEBOM YacTH
paBeHCTBa MeHSET 3HAK MPU [TePECTAHOBKE JIIOOBIX ABYX TIEPEMEHHBIX X;
U X;. DTO 3HAYUT, YTO OH JIEJIUTCA HA X; — X ;. [I03TOMY OH IPONOPIHOHA-
JIeH ¥ TIPOU3BE/IEHUI0 BCEBO3MOXHBIX ZIByWIEHOB BU/A X; — X; (TaK Kak
OHU BCe ITONAapHO B3aUMHO pocThl). OJHAKO U JieBas, U MpaBas 4acTh
UMeIOT cTeneHb n(n — 1) /2, mosTomMy kK03bGUIMEHT IPOTIOPLIUOHATBHO-
CTH SIBJISIETCS KOHCTAHTOM. BEIYMCINB KO3GPUIIMEHT TIPU KAKOM-HUGYIb
MOHOMe (HarpyMep, TP X,X5...X" ') B 1€BOi 1 PaBoii YacTAX, MOIy-
YJaeM, YTO Ta KOHCTAHTa PaBHAETCS eAUHUIIE. O

Hawm moTpebyeTcs HekoTopas MoaubHUKaIys onpeaeauTens Bauaep-
MOH/Ia, UCIIOIb3YIolas yobiearoujue cmeneHu.

Omnpegenenue 3.11. IlycTb n € Z. Byzem Ha3bBaTh n-ii ybuieaio-
well cmeneHbl0 X YUCIO

M=x(x—=1)...(x—n+1)

(B IpOM3BEIEHNH YYACTBYET N CAAaraeMbIX; KaK ¥ /jIf OOBIYHBIX CTere-
Heii, cauraeM, uto x'°=1).

AcHo, uto n'" =n!, a x*@F™ = xI"(x —n)!I™. Kpome Toro, GuHOMU-
anbHBIe K03GUIMEHTHI CYTh OTHOLIEHU yOLIBAIOINX CTeNeHel:

n) _n¥ _ nk

k)] kik T k-
OxasbIBaeTcs, OIpeeTUTeNb BaHepMoH/ia i yObIBAIONIUX CTeIe-
Hell cuMTaeTcs MO Tou ke Qopmyse, YTO U OOBIYHBIN ONpeAeTUTETh

Banzepmonza.
IIpepnoxenune 3.12.

1 x; x{z x{n_l
12 ln—1
1 x, x3° ... X5 — l_[(xi _ Xj)-
. . . . l>]
1 x, x ... xin!

Yopaxnenue 3.13. Jlokaxxute 3To.

Ykazanue. Ompezenutenb BaHzepMoHJa /jid yOBIBAIOUIUX CTEIle-
Hell CBOAUTCA K OOBIYHOMY OTIpeZenuTeNto BaHaepMoHza aneMeHTap-
HBIMU NTPe06Pa30BAHUIMHU CTOMOIIOB.
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§ 3.5. BplumncjeHue yncia IVIOCKUX pa3oueHuit
B IIapaJuresienuiese

B § 3.3 6bUT0 MTOKA3aHO, YTO YMCJIO IUIOCKUX pa3bWeHUll B mapajuie-
nenvnezne %A (a, b, c) 3azjaeTca JeTepMUHAHTHOU GOPMYJIOH

(a+b (a+b a+b )
b b+1 b+c—1
. (a+b+1) a+b+1 (a+b+1)
PP(a,b,c) = b b+1 b+c+1 =
() () (R

[
+b+i—-1
:det((a . )) .
b+j—-1 =1

3amuieM KaKAbliH OMHOMUAIBHBIN K03)QUITMEHT KaK OTHOIIEHUE ABYX
yOBIBaIOIINX cTemeHel. [Tocie aToro us Kaxkaoro (j-ro) cronbiia MaTpu-
I[bI MOKHO OyZieT BBIHECTH 00t MHOxuTesb 1/(b+ j — 1)!. Ilomyuum,
YTO

[
PP(a, b, ¢) = (qm)-det((a—i—b—ki Py
i

Bocronb3yeMcs Telepb CBOHCTBOM yOBIBaIOIIEl CTEIIEHN:
(a+b+i— ¥V =(@+b+i—D¥ (a+i—1DY!

U BbIHEceM MHOxuUTenb (a+b+1i— 1)“’ U3 Kaxzoi (i-i1) CTpoKH orpe-
JeIUTEeNA:

[+ @a+b+j—-DP -1
PP(a,b,c) = (EW det((a+l— 1) )1] 1-
[MocneHUI COMHOXKUTENb €CTh B TOYHOCTHU OTPEZeNTUTENh BaHaepMOH-
J1a i yObIBAIONIUX CTeMeHel; oH paBeH 1!-2!-...: (¢ —1)!. [logcTaBuM
€ro 3HaYeHUe B IPEABIAYINYI0 GOPMYIIY:
n! ¢ (a+b+j-DY
_1)ib I _ ~ 1) 7
PP(a,b,c) = Jl_ll(a+b+] 1) l_[(b+1 ! )l:[1 (b+j—1k

3aMeHUM yOBbIBAIONIYIO CTEMEHb 3HAKOM ITPOU3BEAECHUA:

a+i+
PP(a,b,c) = ]_[]_[ H_i
i=1j=1 J
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Msr mosyumnu GopMysTy [JI 9ucia IUIOCKUX pa3bueHuil B mapasuiese-
numezie. Y Hee eCTb OJUH HEZOCTATOK: OHA HECUMMETPHYHA 110 d, b U ¢
(x0T b ¥ ¢ BXOZAT B HEE€ CUMMETPUYHO). VicIipaBuUM 3TO CIeAyIOUUM
06pa3oM: 3aMeTHUM, YTO
at+i+j—1 a+i+j—1 a+i+j—2 i+j
i+j—1 —a+i+j-2 a+i+j-3 " itj-1"

3aMeHHMB KOK/yI0 U3 Apobeid Mo/ 3HaKOM JIBOMHOTO MPOU3BeeHUS Ha
mpousBeZieHre a Apobel, MoayYrM CUMMETPUYHYIO 10 a, b U ¢ 3amuch
TOM ke GOpMYJBI yKe B BUJE TPOMHOTO MPOU3BEAEHUSA. DTO U €CThb
OCHOBHOH pe3yJIbTaT 3TOTO maparpada, KOTOPhIA Ha3bIBaETCA hopmyotl
Maxmazona.

Teopema 3.14 (dopmyna Makmarona). Jucio mpexmepHslx oua-
epamm FOHza eHympu npamoyzonsHoz0 napainenenuneda % (a, b, c) pas-
Hslemcs . .

i+j+k—1
PP(a,b,c) = 1—1_1111_[11<l_lll+1+k 5

OTO yTBepKeHNe MOXXHO HHTEePIIPETUPOBATD CIEAYIOIUM 06pa3oM.
PaccmoTpuMm kiieTKy 1) (371eMeHT TpexMepHOH AuarpamMMsl FOHra) ¢ Ko-
opauHatam (i, j, k). HazoBeM ee gbicomotl unciao htn =i+ j+k — 2.
Tak, yrioBas KjlIeTKa MMeeT BBICOTY OAMH, TPU IpHMBIKAIOIIUe K Hel
(o TpaHU) KJIETKU UMEIT BRICOTY 2 U T. 4. Torga ¢popmyna MakmaroHa
MpHUOOpEeTaeT CIAEAYIOIUA KPAaCUBBIA 1 JIETKO 3aTIOMUHAIOITUHCS BU.

CnepcrBue 3.15 (popmyna Makmarona). Yucio mpexmepHuix oua-
epamm FOHza sHympu npsamoyzonvHoeo napainenenuneda % (a, b, c) pas-
Hsemcs

PP(a,b,c) =

)

l_[ htn+1
neB(a,b,c) ht?’)
20e npoussedeHue bepemcsi N0 8cem KAemKam 1), NPUHAOIeHCAWUM na-
pannenenunedy %B(a, b, c).

3aMmedaHue 3.16. 3aMeTUM, YTO XOPOIIO U3BECTHOE BBIpAKEHUE /I
urc1a OOBIMHBIX (IBYMEpPHBIX) AuarpamMM FOHra Toxxe MOXeT OBITh Iepe-
MHACAHO B aHAJIOTMYHOM BHU7E: YUCJIO TOAAUATPAMM B IPSAMOYTOMbHUKE
pa3mepa a X b paBHseTCA

a+b) _ (@+D(@a+2)..(a+b) ra+j b it
( a )_ 1-2-...-b —l_[ nnlﬂ—l’

j=1 ] i=1j=1
T. €. HAXOZAUTCA 110 OYKBaJIBHO TOH XXe popMyJie, eCIH MOTOXKUTD BBICOTY
KieTku (i, j) paBHOMU i+ j — 1. OfHaKO eciu OIpefeuTh AUarpaMMbl
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FOHra B pasmepHOCTH YeThlpe U BHIIIE, TO aHAJIOTMYHAsA dopMysa Ajd
4yypcia MojAuarpaMM B Hapajulesielliilesie yKe OKa3hbIBaeTCsl HeBepHa.
Kak B 3TOM ciTyyae BEIYHMCIUTD KOJIMYECTBO MOAAMarpaMM, aBTOpYy HEU3-
BeCTHO (U, TIO-BUJMMOMY, YeJI0BEYeCTBY TOXKE).

§ 3.6. IIpousBoasamnue ¢pyHknuu u popmysna Makmarosna

B aToMm maparpacde Mbl HaliieM npousBogAiyo dyHkuumio PP, (a, b, ¢)
JUI 9UCjIa IUIOCKUX pa3OreHui, JeXallux BHYTPH Hapaliesenunesna
AB(a,b,c):

PP, (a,b,0) = D] g
AC %AB(a,b,c)
Kak u 1151 OOBIYHBIX pa3OMeHuii, Bec |A| IIoCKoro paséueHus A — 3To
CyMMa BCEX CJIaraeMBbIX, T. €. 00I1lee KOTUIECTBO KYOUKOB B COOTBETCTBY-
rotei fuarpamme HOHra.

CHavana pa3bepeM TpPUBHUAIbHBIN ciy4ail: mycTs ¢ = 1. Torzaa uc-
KOMasi IpoU3BoAANIas GYHKIUSA — 3TO MPOCTO MPOU3BOAAIIAS GYHKIIUSA
Jutst fuarpaMu FOHTa B IpsAMOYTONBbHUKE a X b. Kak MbI 3HaeM 13 BTOPOit
JIEKITWH, 3TO MPOCTO q-OMHOMUATBHBIN KO3PPUITUEHT:

PP,(a,b, 1) = [“;’b]q.

[MpugaguM q-6MHOMUATEHOMY KO3GQUIMEHTY UHTEPIIPETALUIO B TEP-
MUHax IyTell Ha pemeTke. PaccTaBUM Ha pebpax pelleTKH Beca CIIeAyIo-
myM o6pasoM. KakZjoMy ropu3oHTalIbHOMY pebpy, HaxoAsameMycs Ha k-M
ypOBHe, 6yzeT pUIcaH Bec ¢¢ (HyMepamys ypoBHeil HauMHAeTCA C Hy-
ns1). KakioMy BepTHUKaIbHOMY pebpy mpumuiieM Bec 1. Becow nymu P
Ha30BeM NPOU3BeZieHre Wt P BecoB BceX pebep, COCTaBIAIONUINX MyTh P.

Jlerko BUJETD, YTO e P — myTh 13 Touku (0, a) B Touky (b, 0), TO
Bec aToro myTu paseH ¢!, rae |A| — konuyecTBO KIETOK B AMAarpaMme
FOHra, orpannyeHHou nyteM P (cM. puc. 3.6). [ToaToMy q-6MHOMUAIb-

HBIN KO3 dUIMeHT [a—gb] MOXXHO WHTEPIIPETUPOBATh KaK CyMMYy No
nymsm:
[a Z b] = Y  wtP.
P: (0,0)—(b,0)

[Npu nozcTaHOBKe q = 1 BeC KayK/JOro IIyTH CTAHOBUTCSA PAaBEH eAUHMUIIE,
TaK YTO MBI MTOJIyYaeM y:Ke 3HAaKOMYIO HaM MHTEPIIPETAINI0 OOBIYHOTO
OGMHOMHAIBHOTO KO3bOUIIMEeHTa KaK YUCIA MyTeH, COeANHSIONINX JBE
3a/laHHbIe TOYKH PEIIeTKH.
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Puc. 3.6. PaccraHoBKa BECOB Ha pebpax pelieTku

IIpumep 3.17. Ha puc. 3.6 uzobpaxen myth u3 Touku (0, 5) B TOY-
ky (5, 0), umeromuii Bec g% - q* - q=q°. OH orpaHMYMBaeT AUArPAMMY
IOHra us 9 KieTok.

Tenepp pasbepemcsi, KaK OOCTOUT €0 C HECKOIbKUMU ITyTSMH.
PaccMoTpuM IUTOCKOE pa3bueHre BBHICOTH ¢. EMy COOTBETCTByeT Habop
U3 C IyTel, U3 KOTOPBIX KaKJABIN C/IeAYIOIIUM JIeXXUT HEeCTPOTO HIKe
npezpiaymero. IIpousBeieHre BeCOB BCeX IIyTel M3 3TOro Habopa pas-
uaerca q~, rae N — oblee KOIMYECTBO KJIETOK B COOTBETCTBYIOIIEH
TpexMepHoOU Auarpamme FOHTa.

ByzeMm gelicTBOBaTh aHAJIOTUYHO TOMY, KaK MBI fieficTBOBaiu B § 3.3.
A vMeHHO, ciBUHeM k-i myTh Ha BekTop (k — 1,k — 1); mpu aTOM ero
Bec yBemuntes B ¢°%D pas, T. e. cymMmapHBbIil Bec Bcero Habopa myTeit
pospacteT B P2+ (=D = gbe(c=1/2 pa5

Janee, HalileM CyMMy BECOB BCEBO3MOXXHBIX HAabOpOB IyTeli, Be-
Aymux u3 Touku A; = (i —1,a+i— 1) B TOUKy Bj:(b+j—1,j —1).
IIpu j =1 oTBeToM OyZeT MPOCTO ¢-OMHOMHATBHBIA KO3)PUITMEHT

[b Ciﬁi]] . IIpu Apyrux sHaueHUsAX j mepes 3TUM §-OMHOMHUAIbHBIM
Ko3QdunrieHTOM 6yZeT BO3HMKATh MHOXXUTETh § B HEKOTOPOH cTerle-
HU; OHA paBHA 4uCay j — 1, yMHOXKEHHOMY Ha YHCJIO MOPU3OHTATBHBIX
pebep mytu U3 A; B Bj, T.e. Ha b —i+ j. OTO COOTBETCTBYET CABUTY j-TO
MyTH Ha j — 1 cTpoKy BHU3. MBI Mosy4aeM TakKyto GOpMyJy AJis TIPOU3-
BOZALIEH QYHKIIUHY IS YMCIa IUIOCKUX pa3brueHuil B apasuleienumese:

— C g [
PP,(a,b,¢) = ¢**5 det (q(b—lﬂ)(J—l)[ a+b D

b—i+j])i 0
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Temepb BEIHECEM M3 KaXKA0TO0 (j-r0) cTon611a OBIIMIT MHOXKHUTEND qb(f -,
be(c—1)
B pesynbTaTe U3 Bcero onpezenanTesisd BbIHECETCS MHOXKUTENb 2, KO-

TOPBIM COKPATUTCS C MHOXKUTEIEM, CTOSIIMM IT€Pe/] BCEM BBIPAXKEHUEM.
MBI OMYYWIH CIIEAYIOIIYIO TEOPEMY.

Teopema 3.18. IIpoussodsawas gyHKyUSA 0N HUCAA NIOCKUX pa3bue-
Hull 8 napannenenunede %B(a, b, ¢) umeem sud

c

_ (-bG-n| a+b )
PP,(a, b, c) = det (q [b—i+j]

Yopaxxknenue 3.19. JlokaxuTe, 4TO 3Ty XK€ IPOU3BOAALIYIO (YHK-
IIUI0 MOXKHO 3aIKcaTh B CJIeAYIOeM CHMMETPHUYHOM IIO [ U j BUJE:

4

(4224 41D —-D(-n| a+b )
qu(a:byc)_q det(q |:b—l+]

Kak mbI Buzienu B § 3.3, A1 BeIUMC/IeHUS yaobHee He Takas ¢popMa
oIpefieUTeNA, a SKBUBAJIE€HTHadA, IpHUBeJieHHadA B cieacTBuu 3.8. Oxa-
3bIBaeTCs, U Yy TaKoi GpopMbI eCcTh g-aHajor. IIpuBeseM €ro, OCTaBUB
JTIOKA3aTeIbCTBO SKBUBAJIEHTHOCTU YUTATENIO B Ka4eCTBe (HETPUBUAID-
HOTO) yIpakHeHus. Kak ¥ B mpezpiAylieM maparpade, y HET0 MOTYT
OBITH /[Ba pEIIeHNS — KOMOWMHATOPHOE U aarebpanvecKoe, UCIOMb3yTo-
IIee CBOMCTBA q-6MHOMUANTBHBIX K03 PUIINEHTOB.

CineactBue 3.20. I[Ipousgodsawas ¢gyHKyus 01 HUCAd NAOCKUX paAs-
6uenutl 8 napanenenunede %B(a, b, c) umeem sud

([a+b+i—1] )C
b+j-1 q/ i j=1

OTOT ompezAenuTeb MOKHO BBIYMCIUTb TOYHO TaK JKe, Kak ompeje-
JIUTEJTb ¢ OOBIYHBIMU OMHOMUATBHBIMU KodbduiimeHTaMu. B pesynbrarte
MBI IpUZIeM K popMysie (Takke MpUHAAIexKaleir MakMaroHy), moay4va-
€MOH U3 «KJIaCCUYECKOM» 3aMeHOM BceX BXOAIIUX B Hee I[eJIbIX YHCEeT
Ha WX ¢-aHaJIOTH.

Teopema 3.21. TIpoussodsawas GyHKYUS O UUCAA NAOCKUX pa3bue-
Huil 8 napawnenenunede %B(a, b, c) pasHsemcs npousgedeHu0

_ el
PP;(a,b,c) =q a

[a+i+j— [i+j+k—1],

W n“nm

i=1j=1k=1

PP(abc)—l_[]_[

i=1j=1

YnpaxuaeHnue 3.22. JJokaXXUTe 3Ty TeOpeMy.
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3ameuanue 3.23. Y ¢opmysnbl MakMaroHa uMeeTcs HECKOIBKO pas-
JINYHBIX Jl0Ka3aTenbcTB. Hampumep, ee elle MOXXHO J0OKa3bIBaTh 110 KH-
ZAYKIIMU II0 AJIMHAM CTOPOH NapasulesienuiieZia; 3TO J0Ka3aTelbCTBO U3-
JoxxeHo B paszesne 11.2 kuuru /Ix. Suzpioca [10]. Eme B psize mokasa-
TeJIbCTB TaK WIN MHaYe UCIIONb3yeTCs TeOpUsa CUMMeTpUdecKux QpyHK-
IIUH; 06 3TOM CM., Hapumep, [8, r.1, paszen 5].

§3.7. IlpegenbHasa ¢popma popmynsl MakmaroHa

B mpeapiay1iet IeKIMY MBI BUJEH, 9TO, TIePeX0/is B BRIPAKEHUH /11
6 m+n
g-6uHOMUANTBbHOTO K03bdUIIEeHTa n K TIpeZiesly MpU m, n — o,

MOXXHO TIOJIyYUTh IPOU3BOAALIYIO GYHKIIMIO Diiepa A 4nucia pa3ou-
eHU:

o

[Ta-¢o" = lim [m“].

k=1 mn—ee | 1M
B srom maparpade MbI BBHIBEAEM aHAJOTHYHYIO GOpMysIy A1 ducia
IUIOCKUX pa3OreHuH.

3ammreM GpopMyITy 1 YrcIa IUIOCKUX Pa3breHuii B ITapaulesielTiie-

ne AB(a, b, c) u nepetizeM K npezeny npu a, b — oo, Iomryanres Gopmysna
JUIS YUCIIa TUIOCKUX pa36HeHHI?I, BBICOTA KOTOPBIX HE TIPEBHILIAET C:

[l+]+c 1]
PP (o) = .

Teneps czpenaem 3ameny: £ =i+ j — 1. 3amMeTHM, YTO I KAXKAOTO 3HA-
yeHus { B IpeZbIAyllee MPOU3BEAEHNE BXOAUT POBHO £ COMHOXKUTEEMH

[£+c]
[£]

BHUJA . [loaTomy dopmysa mprobpeTaeT BUZ

AT ® 1_qz+cf
PPq(C):elj[l( [E]C) :l_[( l)

=1\ 14

Ecsu mepeliTH K Ipeeny IpU ¢ — ©, YUCTUTENb KaXX/J0H U3 3TUX Apobeit
yCTpeMUTCA K 1, ¥ TIOMYy4IUTCA IPpOousBoAsAIIas GYHKIUA I YHUC/Ia BCEX
IUIOCKUX pa3breHut.

Teopema 3.24 (MakmaroH). IIpous3godsawias ¢yHkyUs st HUCaa 8cex
niockux pasbueHutl 3adaemest opmynot

PP(@) =[](1—¢H"
=1
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3ameuanue 3.25. Ty xe GopMy/Iy MOXHO IOTYyYUTD, TIEPEA K IIpe-
JleTy HETOCPEICTBEHHO B GopMyJIie JJIs OTIpeAeTUTENS U3 TeopeMbl 3.18.
[Moapo6HOCTH YMTaTENMb MOXKET HaliTu B paboTe [1].

3ajadH K JeKIuu 3

3aaada 3.1. Ilycte A, =(n—1,...,2, 1) — cmynenuamas guarpam-
Ma IOHra. Jlokaxkure, yTo yncio nogauarpamMm KOHra B Hell paBHAeTCS

n-my uucny Kamanara C, =~ j_ 7 "

3azava 3.2 (yucna Karamana—IaHkensa). JIoKakuTe, YTO YMCJIO
IUIOCKUX pa3OueHuH, JIeXKaluX BHYTPY MPU3MBI C OCHOBAHUEM A, U BbI-
COTOH h, paBHAETCS ONPEAETUTETIO

C'n Cn+1 Cn+h—1

h C.n-+—1 Cn+2 C'n+h
det(Cn+i+j_2)i)j:1 = det . .

Cn+h—1 Cn+h Cn+2h—2

3agaua 3.3. JlokaxxuTe, 4TO ONpeAENUTENb U3 IPeAbIAYIIel 3a/jauu

paBeH
! i+j+2h

1<i<j<n-1 i+j

3agaua 3.4. [IpejcTtaBbTe B BUJE ONpPEAEIUTENd YUCIO MOAAMNA-
rpamM IOHra BHyTpU IpOM3BOIBHOM (AByMepHOM) AnarpamMmel IOHra A.

YkasaHnue. YCTaHOBUTE B3aHMHO OZHO3HAYHOE COOTBETCTBHE MEXK-
[y ToAAuarpaMMaMi 1 HabopaMu HellepeceKaroIuxcs MyTel OT Touek
(0,0), (0,1), ..., (0,n—1) o Touek (A, +n—1,1), (A, +n—-2,1), ...,
(A, ), TIe 1 — KOJIMYeCTBO CTPOK B JUarpaMme.



Jlexuusa 4

3Hakouepeyouecs MaTPUIlbl ¥ UX CBA3b
C IUVIOCKUMHU pa30ueHUus MU

§4.1. ToxxgecTBo JlecHaHO—SKOOU

B 3TOM JIEKITUHU MbI OOCYZAUM THUIIOTE3Y O 3HAKOYEPEAYIONTUXCA MaT-
pHllax — 3aia4y, KOTopasi, HeCMOTpsA Ha 3JIeMeHTapHYyI0 GOpMYIUPOB-
Ky, OCTaBajiach HepelieHHOU okono 20 jer (¢ koHna 1970-x TT. 1O
1995 rr.). «<Hymeposorus», BO3HUKaoON[as B 3TOM 3a/ade, OKa3bIBaeTcAa
CBSI3aHHOI C Teopuell IIOCKUX pa3bueHuil, KOTOPOi MbI 3aHUMAaJIHCh
B IIPOIILION JIEKIIHU, — OZHAKO 3Ta CBA3b OCTAETCA He /0 KOHIIA ITOHAT-
HOU U MO cel AeHb. A HaYHEM MBI C TOT'O, YTO U3JIOKUM HEKOTOpoe
VTBEPXKJEHUE U3 JMHEHHOUW anre6phl, KOTOPOE MOYEMY-TO TOYTH HU-
KOT7Zla He BKJIIOYAIOT B CTaHAApPTHBIE KypCHI.

[TycTb A — MaTpulla opsAgka n X n, M — ee onpegenutenb. O603Ha-
4uM Yepe3 M;; ee MUHOD MOpsAKA n — 1, MONyYEeHHBIN BBIYEPKUBAHU-
eM i-i CTPOKM | j-ro cTonbua. Iycts Taxke My, 1, — MUHOP TIOps/Ka
n — 2, MoJy4eHHbIN BEIYEPKUBAHWEM U3 MATPULIBI IEPBOH U Moc/iefHeN
CTPOKHU U TIEPBOTO U MOCIeAHEro cTonbua. OKas3elBaeTCss, UMEET MECTO
cllefiytolllee COOTHOIIEHNE.

Teopema 4.1 (ToxzaecTBo JlecHaHO—AKO6M).

M'Mln,ln = My My, — My, - Mp;.

MbI TpUBeZIEM ZIBA I0KA3aTENbCTBA 3TOU GOPMYJIBI: UCXOAHOE ajreb-
pauvecKoe OKa3aTeabCTBO IKOOU 1 OMEeKTUBHO-KOMOWHATOPHOE, TIPU-
Haznexailee 3enpbeprepy (mociaesHee OMyOJIUKOBAHO B BOCXUTHUTENh-
HOU — KaK II0 KpacoTe J0Ka3aTeNbCTBa, TaK U IO CTUJIIO U3JI0KEHUT —
pabore [27]).

Anre6Gpandeckoe JOKa3aTeJabCTBO TOXxecTBa JecHaHO—AKOOH.
[Iycte A= (aij) — ucxofHaa Mmarpuna, M — ee omnpegenurensb. Hamom-
HUM, 4YTO anzebpauueckum 0OnoHeHueM K JEMEHTY d;; HAa3bIBAETCA MU-
HOp M;;, B3ATHIN co 3HaKoM (—1)'*/. U3 kypca anreGpsi (cM., HanpuMep,
[3, §2.4]) usBecTHa TeopeMa O Pa3JIOKEHUU OTIPEETUTENSA 110 CTPOKE:

a My —apMpp+ ...+ (-1 a, M, = M.
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Kpome Toro, umeeTcs yTBep:KJeHUe, MHOIZIA HAa3bIBaeMoOe «TeOpeMOM
0 GaNbIINBOM PA3I0KEeHUHU OIIPeJIeTUTENsI»: & UMEHHO, IIPH j # { BHIIIOJ-
HAIOTCA PaBEeHCTBa

ailel - aizsz +...+ (_1)n+1ainMjn =0.

Kaxzoe 13 3TUX paBeHCTB MOXXHO MHTEpIIPETHPOBATh KaK CKaJAp-
HOe NpOU3BeJieHre CTPOKHU MaTpULlbl M Ha cTon6er] MaTpULIbl

A" = (=DM,

MOTyYEeHHOW M3 MAaTpHIBl anrebpandecKyx JOMOTHEHUH IPY MOMOIIU
TPaHCIIOHMPOBAHUA. 3aMeTHUM, YTO OTCIOZA MOMyIaeTCs MaTPUYHOE pa-
BEHCTBO, TAaKXKe XOPOIIIO U3BECTHOE U3 JIMHEWHOUN anreOph:

A-A*=M-E.

OHO 03HavYaeT, YTO, OJEIUB A* Ha OIpeZieUuTeNb M MCXOAHOM MaTpu-
I[bI, MBI TTOJIYYUM MaTpHUILy, 06paTHYIO K A.

Temepb HECKOMBbKO MOAUGUIIMPYeM MaTpUIy A*: 3aMeHUM B HEll Bce
CTONGIIB, KPOME TIEPBOTO U IMOCJAEJHETO, Ha CTOMOIBI U3 €JUHUYHOMN
MaTpHIIBL. [10MydeHHyI0 MATPUI HAa30BeM A:

My, 00 ..0 (-D)"'M,
-M;;, 10 ...0 (=DM,
M, 01 ..0 (—D)"M,

-D"'M;, 00 ... 0 M,
[MepemHOXUM MaTpuIlbl A 1 A. VI3 TeopeM 0 HacToAIEeM U GaabIIiBOM
Pa3oKeHUU CJIeAyeT, YTO B TIEPBOM U MOCJIEAHEM CTONOIE HA MEPBOM
U TIoCJIe[HEM MeCTax COOTBETCTBEHHO OyZeT CTOSTh M, a B OCTaNbHBIX
MecTaxX — Te K€ caMble JIeMEeHTH], YTO U B MaTpulle A:

M aj, ... a3, O

. 0 ay ... a1 O
A-A=

0 ay ... a0y M

[ToaTomy
det(A-A) = M- My, 10,

rae My, 1, — OTIPEZIeIUTEb TOAMATPHUIIBI, TTOMYYEHHON U3 A BBIYEPKU-
BaHMEM IIEPBBIX U IIOCJIEIHUX CTPOKU U CTONOIA.
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OTC}O,ZLa 3aK/Iro4aeM, 4TO
detA = M- My, ;.
Ho OIIpEACIINTEb AV MOXXHO BBIYUCJINTD U HEIIOCPEACTBEHHO!
detA = My, -M,, — My, - M,;.

ToxkzaecTBo JlecHaHO—AKOOHM JOKa3aHO. O

§4.2. KomOrMHaTOpHOE A0KA3aTeJIbCTBO TOXK/IECTBA
JlecHaHoO—$fK0O0OH

JlJIA TIOMTHOTHI U3JIOXKEHUS MTPUBEAEM TaKXKe APYroe A0Ka3aTeIbCTBO
ToxkaecTBa JlecHaHo—SKo6u, mpuHaAmexailee JJopoHy 3enbbeprepy
U ommybIMKOBaHHOE B paboTe «/loka3aTeNbCTBO MpaBwia JloaKcoHa A
BBIYMCJIEHUS OTPEJENUTeNed TP MTOMOIIY HEBEPHBIX MYXKEU U KEeH»
([271). Ms1 coxpaHsieM TepMUHOJIOTHIO, IPUHATYIO B ZAHHOH paboTe.

Urak, nycts A = (a;) — MaTpua nopsgka n. PaccMoTpuM n Myx-
unH 1,2, ...,n u nxenmun 1,2/, ..., n’. Cosepuennbim napocouemanu-
eM Ha3BIBaeTCs Cocob moobpaTh KeHY KaKJOMY M3 MY>KYUH — UHa4e
rosops, 6uexuua n: {1,...,n} — {1/, ...,n’}, Ipu KOTOPOI My>KUMHa i
OKa3bIBAeTCs >KeHaT Ha »KeHIuHe 71(i). Becom Takoro mapocodyeTaHus
Ha30BEM BEUYUHY

n
wtw =sgn7 [ [ a;.q-
i=1

[IpeanoIoKuM, 4TO Y KaXKI0TO U3 MY)KYHH, KpoMe 1-TO U n-ro, ecTh
m060BHMIIA (POBHO OZIHA), a y KaXKAOM M3 >KeHIWH, Kpome 1’ u n’, —
mo60BHUK. Takad CUTyaIys  omUcHBaeTCsa COBEPIIEHHEIM ITapOCOYeTa-
HueM 0: {2, ...,n—1}—{2’, ..., (n—1)’}, rae xenmuHa o (i) okas3bBa-
eTcs M0OOBHUIIEH MYKYMHEI i. BecOM Takoro mapocodyeTaHUs HasbiBa-
eTcs BeJIMYMHa

n—1

wto =sgno | [ aiq-
i=2

11\/[};1 AOITyCKaeM, XOTA 3TO HECKOJIbKO HEPEaTMCTUYHO, YTO K€Ha AZAHHOT'O MYXYHUHBL
MOXET ABJIATHCA €ro J'IIO60BHI/ILI€ﬁ, a TaKKe 4TO MY>KEM U JI060BHUKOM JKEHIIMHBI MOXKET
OBITD O/IMH U TOT K€ YeJIOBEK.
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[Tycte A(n) — MHOXeCTBO BCEBO3MOXKHBIX nap (7, o). Becom Takoi
Mapbl HA30BEM ITPOU3BE/IEHUE BECOB T U T

wt(m, o) = wtm-wto.

Torga neBas 4acTh ToxkzaecTBa JlecHaHO—SIKOGH paBHa CyMMe BECOB
BCEX JIEMEHTOB U3 A.
Janee, myctb B(n) — MHOXXeCTBO Takux mnap (7, o), 4TO

mn:{l,..,n=1}y—={1,...,(n=1)} u o:{2,...,ny—={2,...,n"}

(T.e. n u n’ He cocTOAT B 6paKe, HO UMEIOT JTIOGOBHUKOB). OIpeseanm
BeC TaKoU mapsl (7T, 0) aHAJIOTUYHBIM 0Opa3oM.

Haxkowert, mycth C(n) — MHOXKeECTBO Takux mnap (71, o), 4To, Hao6o-
poT,

n:{2,..,n}—={2,..,n"y u o:{1,...,n=-1}—={1,...,(n—=1)'}.

34ech ompeennM Bec Mapkl (7T, o) Kak wt(m, o) =—wtm-wto.

Torga mpaBasi 4acTh TOXKAecTBa JlecHaHO—SIKOOUM eCTh CyMMa BECOB
Bcex anmeMmeHToB 13 B(n) UC(n).

Omnpenenum oTobpakeHUEe

T:A(n) - B(n)ucC(n)

crenytoM obpasoM. ITycTh 3a1aHa mapa repecTaHoBoOK (7T, 0) € A(n).
PaccMOTpUM cieAyIoNyto II0cIe[0BaTeIbHOCTb MYXXKINH U KeHITUH (m;
1 W; COOTBETCTBEHHO): m; =n, w; = 1t(m;), my=0 "1 (w,), wy = m(m,)
U T. A. Takum 06pa3oM, ONpeAesuM w; KaK XKeHy MY>KIMHBL m; U M; . KaK
J0OOBHUKA JKEHITUHEL W;. DTa IIOC/IE[0BATEIBHOCTh 000PBETC Ha HEKO-
TOPOMH KEHIIUHE W,, Y KOTOPOM HET 060BHUKA, T.e. w, =1’ wiu n’.

Teneps B ociegoBaTenbHOCTU (M4, W), (Mg, W), ..., (M, w,) TOMe-
HfIeM BCE THUIIBI OTHOIIIEHUM: TyCTh M; U W; U3 CYIPYTOB CTaHYT JII0O0B-
HUKaMH, a W; U m;, CTaHyT My>XeM U >keHoH. [Tonyunm KoHGUryparuio
T ((r, 0)) u3 B(n) UC(n). OueBUIHO, 3TO OTOOpaKEHHE COXPAHIET BEC
koHbuUrypauuu. Takke o4eBUAHO, YTO T — B1oXeHUe (T. €. pa3Hble KOH-
duUrypanuu mepexosiisaT B pasHbIE).

IMpumep 4.2. Ha puc.4.1 usobpaxken mpumep npu n = 5. Cympy-
T'Y COeTMHEHBI CIUIONIHBIMU OTPE3KaMHU, JIOOOBHUKU — MyHKTHPHBIMHU.
Orobpaxenue T mpeBpamaer cynpyros (ms,w,) u (ms, ws) B JIOOOB-
HUKOB, a JIIOG0BHUKOB (M3, W) — B CynpyroB. OCTaJbHBIE OTHOIIEHUA
ocTaroTcs 6e3 U3MEeHEHUH.
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m; mp Mz My s my mp; Mz My "‘5

W, oW, Wy W, Ws w W, Wy W, Ws

Puc. 4.1. [lefictBue otobpaxkenus T

Eciu 661 T OBUIO HaJOXKEHWEM, TO Bce OBLUIO OBI JoKasaHo. OZHAKO
3TO HEe TaK: CyIIecTBYIOT KoH¢urypauuu us B(n) U C(n), He mpuHaj-
nexamue obpasy T(A(n)). HazoBem Takue KOHOUTYpAIUM NJIOXUMLU.
YTBep:KAAETCsA, YTO MEXAY TUIOXUMU KoHOuUrypaiusamu u3 B(n) u C(n)
cylecTByeT 6ueknusa S, A kotopoit wtS((nt, o)) = —wt(m, o).

Yupaxkaenue 4.3. ITocTpoiiTe Takylo OHEKIUIO U JOKAXKHUTE, YTO
OHa MeHseT BeC KOHOUTYpaIi Ha TTPOTHUBOIIONOXKHBIH.

TeM caMbIM CyMMapHBIH BKJIaJ] BCEX TUIOXUX KOHQUTYpAIUM B IIpa-
BYIO 4acTh TOXZecTBa JlecHaHO—SIKOOM paBeH HYJIO, YTO 3aBepliaeT
JI0Ka3aTelbCTBO. a

§4.3. «<KongeHcanus onpezennTesieii» o JomKCoHy

B 1866 r. okcdopackuit maTremaTuk Yapiaba JloTBumK Jomxcon (60-
Jlee M3BECTHBIM KakK mucaTenb Jlptoruc Kappomr) omybiukoBan paboty
[13], B KOTOpO# OBUT OIMCAH HOBBIA METOJ BBIUMCIEHUS OIpPeAeTUTe-
JIeli, OCHOBaHHBIN Ha ToxecTBe JecHaHo—AKoOH.

MeTo/ 3aKJIIOYaeTCs Ha CJAEAYIOIIEM MPOCTOM HAOMIOJIEHUU: €C/d
My 1, 70, TOXIECTBO JlecHaHO—SKOGH MOXET ObITh TIEPEMMCaHO B Ta-
KOM BUJeE:

1

M =
Mln,ln

(Mlann - MlnMnl) .

TeMm camMbIM OHO BBIpaXKaeT olnpezenuTenb M mopsjka n depes ompee-
nurenu My nopsiaka n— 1 u onpegenureinb My, ;, opsaka n — 2.

OTO AaeT crmocob BEIMMCIEHUS OIpe/ieiuTeNeil. A UMEHHO, Ha TTeEpBOM
11are Mbl MOXXeM CBECTH BBIYMCIIEHUE OIpeZeTUTeN MOPsAKa n K BbIYKC-
JIEHUIO YeThIpeX ero MUHOPOB IopsAgka n — 1 ¥ ofHOTO MHUHOpPA TOpAAKaA
n — 2 (Takyro mporleaypy Jo/KCoH Ha3bIBaeT «KOHAeHcaluel»). Kaxaprit
U3 3TUX MUHOPOB, B CBOIO O4Yepe/ib, MOKHO TOXe «CKOH/IEHCUPOBaTh»,
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CBEZIAI €0 TOACYET K BBIYMCIEHUI0 MUHOPOB MEHBIIETO TOpPSAKA, U TaK
Jlajiee, TIOKA MBI He IOMIEM /0 omipeZiesTesiel mopsiaka 2 u 1.

B kauecTBe mpHMepa BBIYUCINM TaKUM CIIOCOO0OM OIpeeTHuTENb
MaTpuIs 3 X 3:

1
Q1 dzp Gdos

(459
az; dzp dss

a1 Az di3
(a21 Q| A3z d3z| |d2 da3z| |d31 d32

;. dypf (A2 Goz| _ |d12 di3| (do1 d22 ) —

1
= a_zz ((a11a22 —ap1a312) (Ag2a33 —a33a35) —

—(a12023 —a13037) (a1233 —A2a31)) =
= @37102p033+0A12053031 T A13021 32 —A13095031 —A1103032 —A12021d33-
PazymeeTcs, TaKol MeToZ He paboTaeT, eciii KaKOU-TU60 U3 MUHO-
POB, Ha KOTOPHIE HAZIO ZIeJIUTD B IIpoliecce BEIYMC/IEHUH, paBeH Hyto. (B
HallleM CJIy4ae 3TO 3HAYWIO Obl, YTO a4y =0.) B Takol cutyaruu npej-
JlaraeTcsi IPOU3BECTHU HaJl MaTpUIlel kakoe-mubo mpeobpa3oBaHue, CO-
XpaHAIIee ONpeeUTeNb, — CKOKEM, MEPEYIOPAA0IYUTb CTPOKU WU
CTOMGITH — U MTPOU3BECTY BHIUUCIEHUS 3aHOBO.
3ameuanue 4.4. B ymuTeparype ToxzecTBo JlecHaHo—SIKoOH 3a4a-
CTYI0 YIIOMHHAeTCs Kak «ToXxzJecTBO JIbtowca Kappomra» (the Lewis
Carroll identity). OgHako Takoe Ha3BaHUe He BIIOJIHE BEPHO. B cirydae
Matpur] opsigka 3 oHo 6suUT0 Homy4yeHo ee JK.-JI. Jlarpamxem B 1773 1.;
B 1819 r. /lecHaHO mpoBepwI ero Ajsd MaTpull, MOPAJOK KOTOPBIX He
npeBocxoauT 6. ObIree 0Ka3aTeNbCTBO OBUIO MoMydeHo ko6u B 1833 1.,
korga Yapiwsy JlioTBumky Jomxcony 61 omuH roa. Cam JIomXKCOH
B cBoel paborte [13] He ymoMuHaeT dko6u, HO IIPU ATOM CChUIAETCA Ha
3TOT PaKT KaK Ha «M3BECTHYIO TEOPEMY 00 ONPEJETUTENIX.

§4.4. A-onpezenuTenu U 3HaKOYepeAyloUecs
MaTpHUILbI

AJITOPUTM, TIPEeJJIOKEHHBIH JIOMKCOHOM, TO3BOJISIET CBOJUTH BBIUKC-
JIeHVe OIIpeZieTTeNs JII0O0ro MOPAAKA K BEYUCIEHUIO ONpejennuTeneil
2 x 2. B pabore Ywibsima Mwuica, JI3Buga Po66uHca u T'oBapga Pam-
cu 6bUTO TIPeIoKEHO OHATHE A-ONpeAenuTend (34ech A — napamerp).
A ¥UMeHHO, A-OTNpeieTuTe b MAaTPUILEL 2 X 2 onpezenseTcs Gopmynon

Z = ad + Abc.

A

det 7LA =
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[Ipu A =—1 mosny4yaeTcs OOBIUHBIHN OMPEAETUTENb.

Teniepb OyZleM BBIYUCIATH A-OTPEAETUTENb MATPHUI] OOMBIIETO TO-
pAZAKa TPU TOMOIIH «A-IehOpMUPOBAHHON KOH/IEHCALIUK OTpeeITe-
JIef»: a IMEHHO, ITyCcTh A — MaTPHUILIA IIOPsIZAKA N, U ITYCTh MBI 3HAEM, YTO
TaKoe A-OlIpeZiesINTeNN MaTpUL IopsAgka He 6onee n — 1. Torzga

IIpumep 4.5. BerauciuM A-onpezenuTens MaTPULE 3 X 3:
i 12 di3

dpy dgp dp3| =
a3; dszz dsz3|,

_ 1 (|91 2] A2 do3 2 A2 Q3| (do1 d22 —
Aoz \ |d21 d22|, |32 d33|, Aoy Qo3|, |d31 d32],
= a_zz((auazz + A31012) (22033 + Aayzasy) +

+ Ala12a93 + Aa1302,) (a15a35 + Aagyas,)) =
_ 2 2
= 31A52033 + Aa11A530a35 + Ad15051A33 + A7A15a93a51 + A°A13091a35 +
3 2 1
+ 27130592031 + A% (1 + A7) a10a21023031/Ass.

OTOT mpuMep TMOKAa3bIBaeT CpPa3y HECKONbKO OTIUYUN A-OIlpeieiu-
TeJlell OT OOGBIYHBIX: BO-TIEPBBIX, A-OIpPEAETUTEND YiKe OyZeT He TOMHU-
HOMOM, a PallMOHAIbHON QYHKIIMEH OT 37IeMEeHTOB MaTPUIILl — TeM He
MeHee, 3Ta QYHKIMS TO-TIpeXXKHeMY 6yZeT OTHOPOAHOU CTETIEHH N.

Bo-BTOpBIX, B HEro OyZeT BXOAWUTH n! claraeMbIX, KOTOPble OYAYT
MOHOMaMH OT A W Q;j; OHW, KaK U CjlaraeMble B OINpe/enuTesne, OyayT
oTBeuats IepecTaHoBKaM, T.e. umeTs Bug AP [T, ai, (). Cremens
BXOXKZAeHUs A 6yzneT paBHAThCS £ (0) — O/iuHe TIepeCTaHOBKHY, T. €. YHCITY
MHBepcuii. fcHo, 4To mpH moAcTaHoBKe A = —1 MEOXuTenb A %) cTaner
paBHBEIM (—1)7, T.e. KaXXJ0e Takoe cjaraeMoe OyzeT oTBedyaTh ciiarae-
MOMY B IIPUBBIYHOM GopMysie A «OObIKHOBEHHOT0» OTIpeeTUTES.

Kpowme Toro, B pasjiokeHue A-OIpeAeTUTEN BXOAUT €Ille OAHO CJia-
raemoe: A%(1+ A™1)ay9a5,a53a3,/ay,. TIpyu nogcTaHoBKE A = —1 OHO
obpaiaetcss B Hy/Ib, ¥ HUKAKOUN IIePECTAHOBKE OHO YK€ HE COOTBET-
ctByeT. OfHAKO yZaeTcs ONpe/eUTh OTBEYalOLNi TAKOMY CIaraeMoOMy
00BEKT, KOTOPHBIH 00006IIAET OHATHE TIEPECTAHOBKH, — 3TO 3HAKOUepe-
dyrwascs mampuuyd.

HauHeM ¢ OOBIYHBIX ITepeCTAHOBOK. KaXKJo¥ mepecTaHOBKe O € S,
COOTBETCTBYET €€ MaTpHIla IEPECTAHOBKY — 3TO TaKas MaTpHIla IOPs/-
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Ka n, B i-M CTOJIOIe KOTOPOM UMeeTCs OJ/HA eANHUIIA, cTosImast B o (i)-H
CTPOKe, a OCTaJibHbIe JIeMEeHTHl PaBHBI Hy/i0. VHade roBops, cymMma
BCEX JIEMEHTOB B KaXKJOU CTPOKE M B KAXKJOM CTOJOIEe paBHA €UHU-
1le, a KaXKABIH 31eMeHT paBeH 6o 0, 1160 1. MaTpullbl IepecTaHOBOK
coziepxkarcs B 6ojiee MIMPOKOM KJIacCce MaTPHUI[— B MHOXKECTBE 3HAKO-
yepeAyoUUxcs MaTPUII.
Omnpezenenue 4.6. 3nakouepedyroujasics mampuya (M0O-aHIIUICKU
alternating sign matrix) — 3T0 MaTpuIla opsAAKa n, AJad KOTOPOU
* BCe 3/IeMeHTHI paBHHI 1, —1 wiu 0;
* CcyMMa 2JIEMEHTOB B KaXK/OU CTPOKE U B KaXKAOM cTOn6Ile paBHa 1;
* HeHyJIEBBIE IEMEHTHI B KaXK/JOM CTPOKe U B KaXK/IOM CTOJIOIIE Yepe-
JYIOTCA: 3a eIMHUIIEH CIeZlyeT MUHYC eIMHULIA, U HAa0OOPOT.
fcHo, uTO KaXxZas MaTpHlla IeEpeCcTAHOBKU SIBJIAETCSA 3HAKOYEpeay-
tfoieiica. OfHaKO MU MHOKECTBO 3HaKO4epeAyIoIUXCs MaTpHL] He Uc-
YepIbIBAETCH.
ITpumep 4.7. CyliecTByeT ceMb 3HAKOYePeAyIOIIUXCA MaTpHUl] I0-
psAZka 3: ecTb MaTpUI] IIEpeCTAaHOBKYU U MaTpuUlia

0 160
1-11
0 10

IMEHHO OHA COOTBETCTBYET «CTPAHHOMY» CIaraeMOMY
2 -1
AS(1+ A7) ag5axa23a31/as,

B dopMysie A A-ollpesieTUTeN MopsagKa 3.

YnpaxueHue 4.8. [lokaxxuTe, 4TO B IIepPBOi CTPOKe 3HAKOUYepeyIo-
IIelicsa MaTpULBl BCTpeyaeTcsl pOBHO OfHA eANHUIA (M HeT MUHYC eu-
HUIL).

Brllie MBI y2Ke BUZENH, YTO /JI BEIYMCJIEHUA ONpeeUTeN BaXKHO
3HATh JAJIMHY IIePECTAHOBKY, T. €. ee YHCJIO UHBepCcHil. B TepMuHax Mar-
PHILBI IIEPECTAaHOBKU JJIMHY MOXKHO ONpeZAeIUTh KaK YMCIO TaKUX Iap
HEHYJIEBBIX NIEMEHTOB (a;;, dy;), YTO OZMH U3 HUX JIE)KUT TIPABee U BBILIE
apyroro (T.e.i>ku j<l).

Jlns 3HaKouyepezyouleica MaTPULIBI TOXKe MOXKHO OTIPeJeUTh YUCIIO
VHBEpPCUH: I 3TOrO TAaKKe HAZO B3ATh BCE TaKHe Iaphl HEHYJIEBBIX
8/1eMEHTOB (a;;, gy), YTO 1>k ¥ j <[, ¥ OCYUTATh KAXKOE U3 HUX C KO-
sdpduumentom a;ay (T.e. 1, ecrm 3T ABa YMCIa UMEIOT OJUHAKOBBIA
3HaK, Win —1 nHade). Yncio MHBEPCUM 3HaKoYepeAyouecsa MaTpUIIBI
B 6yzem ob6o3Hadath [(B). KpoMme TOro, YMC/IO MUHYC €IUHUII] B TaKOH
Matpuiie o6o3HayuM yepe3 N (B).
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IMpumep 4.9. IlycTsb

0 1 000
0 0 100
B=|1-1 001
0 1-110
0 0 100

Toraa N(B) =2, a I(B) =5: uMmeeTcs 7 nap HeHY/NIEBBIX 3HaUeHUHN, CUU-
TAIOIIUXCSA CO 3HAKOM «ILTIOC», U ZIB€ — CO 3HAKOM «MUHYC» (IIpOBEpPBTE
aTo!).

[Tocie cepun KOMITBIOTEPHBIX SKCIIEPHMEHTOB C A-OIpe/eUTesNAM
Mwuic, Po66uHc u Pamcu chopMyIUpOBaIu U JOKA3aIU CIEAYIONIYIO
TeopeMmy.

Teopema 4.10. /lna A-onpedenumens mampuybt A= (a;) npedcmas-
Jisilemcs 8 gude

det,A= Y A®A+AHY®[]q,
BEASM (n) i,j
20e cymma bepemcs no ecem B, npuHadnexcawum mHoxcecmgy ASM (n)
3HaKouepedyWUXCA MAMPUL, NOPAOKA M.

3aech ]_[l.’ j ag‘j O3HAYAET TPOM3BE/JEHNE BCEX HIEMEHTOB MAaTPHULIBI dj,
BO3BE/IEHHBIX B CTEIEeHb, PABHYIO COOTBETCTBYIOIIEMY S/IEMEHTY Bj; 3Ha-
Kouepezymolieiica Marpunpl B. Tak, HanpuMmep, ecyii B — MaTpulia nepe-
CTaHOBKH O, TO 9TO IIPOU3Be/EHNe PABHO | [, aiy (). A A MATPHLIBL U3
MPeABIAYIETO IPUMePA OHO PABHAETCA d15dg3d31A35049044053/ A30043-

§4.5. TunoTre3a o 3HaKOYepPeAYIOIMXCSA MaTPULIAX

Bo3HuKaeT BOIIpoc: CKOJIbKO BCEro CyIecTByeT 3HaKOoUepeAyIoIHXCA
Matpui] nopszaka n? O603HaYMM 3TO YUCIO Yepe3 A,. MbI y)xe 3HaeM,
uTo Ay, =2, a A3 =7. CieAyoliye HeCKOIbKO 3Ha4eHUH A, MOKHO BBI-
YHCJIUTH IIPYU IIOMOIIM KOMIIBIOTEpa; IIPYU N < 7 3TU 3Ha4YeHUs IIpUBeJe-
HBI B CJIEZYIONIEN TabuIle.

nf1]2]3] 4 | s | 6 | 7
A ll1]2]7] 42 429 7436 218348
1{2(7|2-3-7(3-11-13[2%-11-13%|22-13%-17-19

[Tpu B3MIAZE Ha 3Ty TabJIMIy MOXXHO 3aMETHUTD CJIeAyollee 0OCTOATENb-
CTBO: XOTS CaMU 4HCJIa A, PaCcTyT o4eHb OBICTPO, OHU BCET/ZA OKA3bIBA-
IOTCS IIPOM3BEEHUAMH JOCTATOYHO MAJbIX IIPOCTBIX COMHOXKUTETEH.
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B mpexpiaymiem maparpade 6bUIO OTMEYEHO, YTO B IIEPBOI CTPO-
Ke 3HaKoYepeAyIolleics MaTPUIBI MOXKET OBITh TOTHKO OFZHA eJWHUILIA.
O6osHauuM vepes A, ; IUCI0 3HAKOYEPEAYIONUXCs MaTPHUIL TIOPAZKA 11,
V KOTOPBIX €ZVHUIIA B IIePBOI CTPOKE CTOUT Ha k-M MecTe. fICHO, ITO
A1 t+A s +...+ A, =A, 19TO IOCIEA0BATENBHOCTD A, | CHMMETPHUY-
Ha: An,k = An,n—k+1'

Yopaxkaenwue 4.11. Y6ezutech, uTo A, =A, , =A;_1.

Yuicna A, MOXKHO 3amucarh B BU/E TPEYTOJbHUKA, IMOXOKEro Ha
TpeyroabHuk Ilackana:

1
1 1
2 3 2
7 14 14 7
42 105 135 105 42
429 1287 2002 2002 1287 429

C mepBOro B3MIsi[a HUKAKOW 3aKOHOMEPHOCTH B PACIONOXKEHUM 3TUX
Yuces He ycMaTpuBaeTcs (KpoMe y:ke OTMeUYeHHO! BHIIIe: TIepBOe U T0-
CJIe[HEeE YUCIIO B KAXKAOM CTPOKE PAaBHAIOTCA CYMME BCEX YHCE B IPEJBI-
AyLIen).

Tem He MeHee, OKa3bIBaeTCs, CYIIECTBYET IPOCTO dopMyaupyemasi
3aKOHOMEPHOCTb, CBA3BIBAIOIAS KAXKIYIO CJIEAYIONIYI0 CTPOYKY 3TOTO
TpeyroMbHUKA C TpeAbiAyiieil. YTo6sl B 3TOM y6eAUTHCA, B KaXKJOM
CTPOKe MEXK/IY KaKABIMU JBYMs YMCIaMU BBIIUIIEM HUX OMHOUlEHUE —
B BUZle ApoOU, TIpUyYeM, BO3MOXKHO, COKpaTuMoi. Eciu yaauHo mozo-
6paTh MpeZACTaBIECHHE A KOKAOU APOOU, MOXKHO MOMYYUTD CIEAYIO-
mee:

1
1 2
2 2 3 2
7 2 14 2 o % g
42 2 105 % 135 3 105 2 42
420 2 1287 2 2002 12 3002 2% 1287 & 429

Ternepb CBA3b MEXAY APOOSIMHU B IBYX COCETHUX CTPOYKAX CTAHOBUT-
cs1 OYEBUAHOW: YMCJIUTENh U 3HAMEHAaTeNb KaXKJ0W ApOOU paBHAIOTCA
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COOTBETCTBEHHO CyMMe YMCJIWTeNIel U CyMMe 3HaMeHaTeslell TeX ABYX
npobeli, KOTOphle CTOAT HaJl HEH B IpeAbIAyIel cTpoke. Hampumep,

Asy 2 Asy 7

Tl S et
a IpoOb, croAlIasd MO STUMHU ABYMA JpoOAMHU B IIIeCTOM CTPOKe, PaBHA-
erca
Boz _ 245 _ 9
Ag, 719 147
Kpome Toro, 1o s1eBoii 1 IpaBoi rpaHULIAM 3TOr'O «TpeyroabHUKa [lac-
KaJIsl» CTOSAT 4Mcia 2/n U n/2 cOOTBETCTBEHHO.

WTak, ¥ YMCITUTENH, U 3HAMeHaTeIU OTHOMeHUH A, /A, x1 BeayT
cebs Kak a1eMeHTHI OOBIYHOIO TpeyronbHuKa ITackand. Eciu BeImucaTsh
YUCIUTENN OTAENbHO, HeTPYJHO 3aMEeTUTh, UYTO KaKJbI M3 HUX ABJA-
eTcsA CyMMOH BYX OMHOMUAIBHBIX KO3QQUIINEHTOB, T. €. TPEYTOIBHUK,
COCTOAIINH U3 YMCIUTeNeH, IoTy4YaeTcs KaK CyMMa ABYX TPEYTOIbHUKOB
[Tackasa, ofVH U3 KOTOPBIX CABUHYT OTHOCUTEIBHO JPYTOro:

1+1
1+1 1+2
1+1 2+3 1+3
1+1 3+4 3+6 1+4
1+1 4+5 6+10 4410 1+5

AHayloTuYHO BeAyT cebs U 3HaMeHaTenu. TakuM 06pasoM, ToIydaeTcs
cIIeiytoIias TUIoTe3a.

T'umotesa 4.12.
n—2 n—1
An,k _ (k—1)+(k—1)

Ak n—2 n n-1 1Y)
n—k—1 n—k—1

OTcroZia HETPYJAHO TOMYIUTh TUIIOTETUYECKYIO GopMyity st oblie-
ro YucjIa 3HAKOYEPEAYIOUIUXCS MAaTpUIl. ITO M €CTh 3HAMEHUTas 2u-
nomesa o 3Hakouepedylwuxcs mampuuax, wim alternating sign matrix
conjecture.

l'unotesa 4.13 (runoresa o 3HaKOYEPEAYIOMINXCA MaTPUIIAX).

n—1 .
@i+ D 114171 - (B3n—2)!
A”_E) m+H! ~— nl-(a+D!-...-@n-1!"

YopaxueHnue 4.14. BriBeauTe 3Ty TUIOTe3y U3 IpeAbLAyIIel.
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Mwic, Po66uHc 1 PaMcu He CMOIVIM JOKa3aTb ST T'HMIIOTE3Bl —
3TO OBUIO cAenaHo ToabKo B 1995 1. [I. 3enpbeprepom, a ele rof CIIy-
CTS TIOSIBUIOCH GoJlee KOPOTKOE M KOHIIENTyaabHOE J0Ka3aTelbCTBO,
npuHagiexaiiee I'. Kymep6epry (cm. [26], [18]). OgHako elle B Haya-
Je 1980-x rr. Puyapg CTeHIu 3aMeTwI, YTO IOC/IEeA0BaTENbHOCTh A, —
1,2,7,42,429, ... — TakKe MOSABJIAETCA B CBA3M C IUIOCKUMHU pa3bueH!-
AMH.

§4.6. ILtockue pa3dbueHUs ¢ JOMOJIHUTETbHBIMU
CUMMEeTPUAMU

BepHeMcs K IUTOCKUM pa3bueHusaM. Kak Mbl yOeaUIUCh B TIPeAbIAY-
meit sekuuy, popmyna MakmaroHa mmo3BossieT BEIYUCIUTh KOTUIECTBO
IUIOCKMX pa3bueHuil B MPsSIMOYTOJAbHOM TMapaiienenunene %(a,b, c)
pasMepa a X b X ¢, a TakKe BBIINCATDH JJI1 HUX IIPOU3BOAAIIYIO QYHK-
nuio. HamoMHuM, 4TO MOCIeAHAS BEIUUCIAETCA 10 GopMyrie

[htn+1]
I1

PP,(a, b,c) = “Thenl

neRB(a,b,c)

KOTOpas IpHU IOACTAHOBKe g = 1 mpeBparnaercs B GOpMyIIy A YHCIa
pasbueHuit

htn+1
PPa,b,c = l_[ htn
neB(a,b,c)

(mammoMHUM, 4TO BBICOTOH ht 1) KIeTKu 1) ¢ koopauHaTamu (i, j, k) Hasbl-
BaeTcs yucio i+ j+k —2).

DTy 3aauy MOXKHO 06006IINUTh: MOKHO pacCMaTpUBaTh He BCe ILIOC-
Kue pa3bueHus, a TOMbKO T€ U3 HUX, KOTOpBIe 00J1a/Ial0T AOMOTHUTEb-
HBIMU cCUMMeTpusaMU. [lepBoe Takoe 0600611eHYe TPUHAIIEKUT CAMOMY
MakMaroHy: oH MpEeZAJIOXKII paccMaTpUBaTh pa3bueHUs B IMapajuiese-
MUIesie ¢ keadpamHbimM OCHOBaHWEM B (a, a, c), CAMMETPUYHbIE OTHO-
CUTENIBHO TIOCKOCTH X + ¥ =0, T.e. pa3bueHus, HEMOABIKHBIE OTHO-
CUTEJIbHO JIeNCTBUSA TPYIIIHI Z,, IepecTaBIsolel 1Be KOOPAUHATEL U3
TpEX.

MakMaroH npeioxmwt GOpMYJTy IS TPOU3BOAAIIENH QYHKIINH, CUU-
Taollel YMCI0 TaKux pasbuenuii. OHAKO Z0Ka3aTh 3Ty GOPMYyIy OH
He CMOT; 3Ta TUIoTe3a Obla JoKa3aHa He3aBUCUMO DHZAPIOCOM B 1978 1.
u MakzgoHanbaoM B 1979 r. OKa3bIBaeTcsl, OTBET BBIIVISAUT O4eHb II0XO-
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ke Ha 00bIYHyI0 hopmysy MakmaroHa:

[Inlthtn+1)]
l_[ LA it S

SPPq(a, a,c) = [lhen]

neB(a,a,c)/Z,
(O6o3naueHue SPP MpOUCXOAUT OT CJIOB «symmetric plane partitions».)
dTa Gopmysa TpebyeT HEKOTOPHIX MOSCHEHUN. BO-TTepBhIX, CyMMHU-
poBaHue B Hell BeZleTcs He IO BceM KJIeTKaM Iapasuleenuresa, a mo
opbumam neicTeus Z, Ha 3TUX KJIeTKaX. Bo-BTOPHIX, Yyepes |1| 0603Ha-
YaeTcss MOLIHOCTb OPOUTHI: TaK, |7)| paBHsAeTcs 1, eciu KJIETKA 1) JTEXKUT
Ha AWaroHaH, U 2 B IPOTUBHOM CJydae.
PasymeeTcs, npu HOACTAHOBKe q = 1 MBI moiydaeM GOpMyTy A
Yucsia TaKUX IUIOCKUX pa3oueHui:

[ |lnlGetd hen+1

SPP(a,a,c) = =
neB(a,a,c)/Z,y |77| htn neB(a,a,c)/Z, htn

Jlanee, MOXXHO paccMaTpuBaTh U [pyrrie CUMMeTPUM IUIOCKUX pas-
6uenuii. Hampumep, wiockue pa3bueHus BHYTPU Kyba a X a X a MOX-
HO BpamaTth Ha 120° wiu 240° OTHOCUTEIBHO ITIaBHOU AWAroHaIU Ky-
6a. CKOJIBKO CYIIECTBYET YUKAUUECKU CUMMEMPUUHBLX NAOCKUX pa3bu-
eHull, T. e. TUIOCKUX pa3bueHuH, 06/1aatoluX IIOBOPOTHOM CUMMETPH-
el mopsgka 3 — MHa4Ye roBOps, IePeXOoAInuX B ceOsa MpU MOBOPOTax
Ky0a OTHOCUTEJIBHO IVIaBHOU AuaroHanu? O6G03HAYUM HX YUCIO Yepe3
CSPP(a, a,a), a COOTBETCTBYIOIIYIO IPOU3BOAAIIYIO GYHKITHIO — Yepe3
CSPP,(a, a, a) (ot anrmuiickoro «cyclically symmetric plane partitions»).

[Moyemy-To MakMaroH B cBOMX paboTax He pacCMaTPUBAJ ITUKIAYE-
CKU CUMMETpPUYHBIE IUIOCKUE pa3bueHusa (XOTsa HaXoAWICd OYKBaJIbHO
B IIare OT 3ToH 3ajauu). ['mmoreTndeckas ¢opMyna [y IUCIA TAaKUX
IJIOCKMX pa3bueHuii 6blIa ONATh-TaKM MoaydeHa MeHoM MakzoHaIb-
oM B KoHIle 1970-X I'T.; OHaA BBIIVIAAUT ITOYTH Tak ke, Kak U popmyna
IUIsA 9uciia Z,-CUMMEeTPUYHBIX IUIOCKUX pa30ueHui.

T'unore3a 4.15 (runoresa MakzoHanbpaa).

[In|thtn+1)]

CSPP (a,a,a) = [Inlhtn]

neB(a,a,a)/Zs

3mech 4epes || omATb-TaKK 0603HaAYAETCS MOIHOCTb OPOUTHI, KOTO-

pasi paBHseTcs 1, eCiu KIeTKa JIEXKUT Ha IVIaBHOM IaroHasy, U 3 HHave.
[MogcTraHoBKa q =1 IaeT YUCJIO TAaKUX Pa3OUeHMUI:

l—[ [nlthtn+1) htn+1

CSPPq (a,a,a) = = htn

neBaaayz, M neB(0,0,0)/Z
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06 sToii Tunorese MakgoHanbaa Puuapa Crerwiu B 1981 . mucat:

«Ecyu 6bI MHE HY>KHO OBLIO Ha3BaThb OAHY CaMYI0 MHTEPECHYIO
OTKPBITYIO TIPO6JIEMY BO BCeli TIepeYUCTUTENBHON KOMOUHATOPUKE,
3TO O6BUIA OBI OHA».

B 1982 r. ee nokasarenbCcTBO ObUIO MOMydeHO MiviicoMm, Pob6uHCOM
¥ Pamcy TIpU TIOMOIIY TEOPUM TUIIEPTEOMETPUYECKUX PAJOB. 3aUHTeE-
PECOBAHHBIN YNUTaTeNTb MOXKET HAUTH 3TO JOKA3aTENbCTBO B IVI. 5 KHUTH
J.Bpeccy [12].

Jayee, MOXXHO paccMaTpUBaTh IUIOCKHE pa3bueHusa B Kybe, y KOTO-
PBIX €CThb OJHOBPEMEHHO U TIOBOPOTHASA CUMMETPUS MOPsAKA 3, U CUM-
MeTpus HOPSAKA 2 OTHOCHUTETbHO KAXKAOHW M3 OGUCCEKTOPHBIX IUIOC-
KOCTel, — MHa4Ye roBops, Te pa3bueHMs, rpylna CUMMETPHUU KOTO-
PBIX €CTh CUMMeTpHUecKas rpymma Ss. Takue pa3bueHUs Ha3bIBAIOT-
csl 8nosiHe cummempuuHsimu (To-aHIIMHCKU totally symmetric plane
partitions, TSPP).

Kazasmoch Obl, pezpiayiiee oOCyXJeHre IOKAa3bIBaeT, KaK JOMKHA
BHIIVIIZIETh MPOU3BOZAIIAs GYHKIMSA /IS YHC/IA BIIOJTHE CUMMETPUYHBIX
IUIOCKUX pa3bueHuii. EcTeCTBEHHO OBUTO ObI IPETIONOXKHUTD, YTO

[nlthtn+1)]
l_[ S av -7

?
TSPP, =
SPPy(a,a, ) (nThen]

neB(a,a,a)/Ss
IJie TPOU3Be/iIeHHEe Halo OpaTh MO OpOUTaM IPYIIIIHL S;.
Ho 3TOT OTBET OKa3wplBaeTcsA HelmpaBWIbHBIM! OZHAKO YAUBUTENb-
HBIM 06pa3oM IIpU MOACTAHOBKE = 1 OH IpeBpalllaeTcsi B IPaBUIbHYIO
dbopmyity A YucIa TaKUX pa3bueHui:

In|(htn+1)
l_[ Ny 7

TSPP(a,a,a) =
ne$B(a,a,a)/Ss |n| ht?’)

B 1979 r. MakzoHaibZ NPEANONOXKII, KaK AOLKEH BBIIVIAZETh IIpa-
BWIBbHBIN ¢-aHajor 3Tol ¢opmysbl. OKa3bIBaeTCA, OH YCTPOEH He Tak,
KaK GOPMYJIbL A Zy- U Z5-CUMMETPUYHBIX pa3bueHuii, a B HEKOTOPOM
CMBICJIE TIPOIIE: B ¢-aHAJIOT YUCIUTENT U 3HAMEHATEN KaKI0U Apobu
HEe BXOAUT BeJIWYMHA |7)|, a BXOAUT TOJBKO BBICOTA COOTBETCTBYIOIIEH
KJIETKH, KaK B KJIacCUYeCKo# ¢popmyne Makmarosa:

[htn+1]
l_[ =1 -

TSPPq (a,a,a) = Tht ]

n€RB(a,a,a)/S;

Ora rumore3a ObUIa JoKazaHa TOABKO B 1995 r. /hxoHom CremOpu-
IxeM [24].
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Kpome Toro, MOXHO paccMaTpUBATh MHOTO APYTHX THUIIOB CIMMET-
pUii IIockux pas3buenuii. B ctathbe Puvapaa Crennum 1986 r. [23] pac-
cMaTpuBatoTcs 10 pasJMYHBIX TUIIOB CUMMETPUI IUIOCKUX pa3bueHuit
Y TIPUBOAATCA GOPMYJIBL JI YMCIa pa3bueHni ¢ JaHHOW CUMMeTpHUei
(dacTb oTHUX GOPMYN HA TOT MOMEHT OBLTH TUIIOTeTUYECKUMHU). [Toces-
HAS U3 ZecaTy GOpMyJ JJid Yncia pa3bueHuii 6buta JokasaHa B 1994 r.
I'perom Kynep6eprom; B ero pabote [17] B TOM Urciie IPUBOAUTCS 0630D
ITUX PE3YIbTAaTOB.

Ognnaxko Hac 6yzieT HHTepecoBaTh TOJIBKO O/IVH U3 OCTABIINXCS TUIIOB
IUIOCKUX Pa3bueHuil ¢ OMOTHUTENbHBIMU CUMMETPHUIAMU, TOCKOIBKY
MMEeHHO OH OKa3bIBAETCs CBSI3aH CO 3HAKOUEPEAYIOIMMUCSA MaTPULIAMH.

§4.7. BnosiHe cuMMeTpUYHbIE CAMO/OIOJTHUTETbHbIE
IUIOCKHE pa30oueHus

PaccmoTpuM IUTOCKOe pas3bueHue B mapautenenunene % (a, b, c).
Bo3bMeM Z0TIONHEHNE K HEMY — T. €. BCe KJIeTKU Ky0a, He IpUHaAJIexa-
II¥e 3TOMY IUIOCKOMY pa3bueHuio. ITo Toxke OyZeT IIocKoe pa3brueHue,
TOJIBKO «PacTyIllee» U3 IIPOTHUBOIOIOKHOTO YIVIa Iapaslieenuesa u B
IIPOTHBOIOJIOXKHBIX HaIlpaBlIeHUAX. VIHade roBops, eCclId IPUMEHUTH
K 3TOMY JIOTIOJTHEHUIO IEHTPATbHYIO CHMMETPUIO OTHOCUTENBHO IEHTPA
Macc napaiesielumnesa, MOIydnuTcs yKe HacTosllee IUIOCKoe pasbue-
Hue. ByzeM Ha3bIBaTh ero 0onoiHumensHbM (complementary) K UCXOZ-
HOMY. SICHO, UTO ZIOTIOTHUTETHbHOE pa3breHue 3aBUCUT OT BhIOOpa a, b, ¢,
T. €. CTOPOH «KOPOOKHU», B KOTOPOM COAEPKUTCSA UCXOAHOE pa3bueHue.

[Tnockoe pa3bueHre, JONIOIHUTENBHOE K caMOMy cebe, Ha3bIBaeT-
cs1 camodononHumesnvHovim (self-complementary). [ToHSATHO, YTO camo-
JIOTIOJTHUTENbHOE pa3bueHne MOXKeT OBITh TOMBKO B Mapajulesenumese,
y KOTOPOTO XOTs1 ObI OHA U3 CTOPOH UMeeT YeTHYIO JJINHY.

Yupaxkaenue 4.16. HapucyliTe Bce caMOJONOMHUTENbHbBIE pa3bue-
HUA B napauienenunenax B(2,2,2) u A(2, 2, 3).

Onpeaenenuie 4.17. BnonHe cummempuuHoe caMOOONONHUMENbHOE
niockoe pasbuerue (totally symmetric self-complementary plane partition,
TSSCPP) — 3T0 1UIOCKOE pa3bueHue B KyOe ¢ pe6pOM YeTHOU JJIUHEI,
KOTOpOe OZHOBPEMEHHO SBJISETCSA BIIOJIHE CUMMETPUYHBIM (T.e. CUM-
MEeTPUYHBIM OTHOCUTEIBHO BCEBO3MOXKHBIX ITepECTAaHOBOK KOOpAWHAT-
HBIX OCel) U CaMOZOIOJHUTENbHBIM. JIUHY pebpa Kyba 6yzeM Ha3bI-
BaTh NOPA0KOM TaKOTO pa3OUeHU.
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Yonpaxuenue 4.18. HapucyiiTe Bce BIOJHE CUMMETPUYHBIE CAMO-
JOTIONTHUTENIbHbIEe pa3bueHys mopsagka 2 u 4.
OTBeT Ha 3TO yIIpa)XKHeHUe IpUBeZieH Ha puc. 4.2.

Puc. 4.2. BriojiHe CHMMeTpHUYHbIe CAMOZOIIOHUTEIbHbIE pa36reHus nopsagka 2 u 4

BrimucaTh Bce BIIOJIHE CUMMETPUYHBIE CAMOJOIIOTHUTENbHBIE Pa3-
O6ueHUs Mopsizika 6 — 3TO HECKOJIBKO HoJiee TpyZoeMKasi, OTHAKO BIIOTHE
mocuIbHas (faxke 6e3 TIOMOIIY KOMITbIoTepa) 3aza4ya. OHU N300 parkeHb
Ha puc. 4.3; UX OKa3blBaeTCs CEMb.

Utak, BOT IlepBbIe TPU WieHa IocjaefoBaTeJbHOCTU: 1, 2, 7, ... OfHa-
KO 3TH YHUCJa MBI y’Ke BU/IeJI PaHbllle B 3TOU JIEKIMU: 3TO KOJIMYECTBO

Puc. 4.3. BiosiHe CUMMeTPHUYHBIE CAMOZJOIIOHUTEIbHEIE pa30UeHHs opsaKa 6
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3HAKOUepeAyIOMMXCcS MaTpHIl mopsiaka 1, 2 u 3! DTo 6bUIO TOAMEUYEHO
JsBuzsom Po6OUHCOM.

T'umoresa 4.19 (runore3a Po66utca). Jucio 8nosiHe cummempuu-
HbLX CAMOOONONHUMENbHBIX pa3bueHUll nopsaoka 2n pasHsemcs

114171 -(3n—2)!
n-(n+1!...-Cn-1""

TSSCPP(2n) =

OTa rumoTe3a ObUIa JOKa3aHa B pe3y/bTaT€ COBMECTHBIX YCHUIHUU
MHOTHX MaTEMaTUKOB Ha MpoTskeHuu 6omee 10 jeT. OAHUM U3 KO-
YeBBIX IIAaTOB ee J0Ka3aTeJbCTBA OKAa3aJ0Ch CBeZieHNe TofcueTa Yucia
TaKUX pa3bueHU K MOoACYETy HEKOTOPOTo Habopa HemepeceKaruxcs
MyTeH, KOTOPHIN OKa3aJIcs MpeACTaBUM B BUle HeKoToporo ndadduana.
JlokazaTenbcTBO OBUTO 3aBepIleHO B 1994 r. JlxxopmkeM DHzaprocoM [11].

biarogapsa pesynbTaTy JDHApIOCa TUIIOTE3a O 3HAKOUePeAYIOIINXCA
MaTpuliax (Ha TOT MOMEHT ellle He JOKa3aHHas) OKa3ajachb J3KBUBA-
JIECHTHOU CJIeIyIOIIeMY YTBEPKAEHUIO: YUCJIO BIIOJTHE CUMMETPUYHBIX
CaMO/IOTIOTHUTENbHBIX pa36HeHUH MOPSAAKA 21n PaBHIETCSA YUCTY 3HAKO-
YepeAyIIUXC MaTPUI] TIOpsAAKa n. VIMEHHO B TaKOM BHjle OHAa U ObI-
Jla AokasaHa 3enbbeprepom [26]. DTo J0Ka3aTeTbCTBO OBUIO MU3TI0XKEHO
Ha 85 cTpaHuIax; IpoBepKa ero KOPpeKTHOCTU 3aHsIa HECKOJIBKO JIET
U MoTpeboBajia COBMECTHBIX YCHINH 88 pelleH3eHTOB!

YAUBUTEBHO, YTO VIS 3TOTO YTBEPXK/IEHYS HEM3BECTHO OUEKTUBHOE
ZI0Ka3aTeIbCTBO: HECMOTPSI Ha TO 4YTO BIOJTHE CHUMMETPHYHBIX CaMO-
JIOTIOTHUTENbHBIX IIOCKUX Pa30MEHU U 3HAKOUEPEAYIOIIUXCA MATPUII
PaBHOE YHCJI0, MEXKY HUMH He yIaeTCsl TOCTPOUTh HUKAKOUM eCTeCTBEH-
HOIT 6ueKInY. Bce M3BeCTHbIE HA CETOJHS COOTBETCTBHUA MEXKAY STUMH
JIByMsI MHOKECTBAMH — B TOM YHCJIE T€, YTO ObLTU MCIIONIb30BAHBI 3€JIb-
6eprepoM B €ro JIoKa3aTelbCTBe, — OKa3bIBAIOTCS 3HAYMTENBHO CIIOXK-
Hee, YeM XOTeJIOCh OFHI.

YuTareJio, XKeJaleMy y3HaTh 06 3ToM 60JIbIile, MBI peKOMeHIyeM
06paTUThCA K 3aMevaTeIbHOM BO BCEX OTHOIIEHUsIX KHUre J[oBra bpec-
cy «Proofs and confirmations» [12], rze oueHb MOAPOGHO U MOMYIAPHO
M3JIOKEHBI KaK MHOTOYMC/IEHHbIE Pe3y/JAbTaThl O IUIOCKMX pa3bUeHUAx
U UX JI0Ka3aTelbCTBa, TaK ¥ UCTOPHsA BOSHUKHOBEHUS STHUX pe3y/bTa-
ToB. K coxxaneHuro, sta KHUTa (II0Ka?) He MepeBe/ieHa Ha PYCCKUM SI3BIK
¥ MOXET OBITh TPYAHOAOCTYIIHA; XOTS, KaXKeTCs, IMMPOKOE PacIpocTpa-
HEHUe DIEeKTPOHHBIX 6HMOIHOTEK Y)Ke CBEIO Ha HET IOCIEAHIO TPY-
HOCTb.
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U3-3a He6omb1IOr0 06'beMa OPOIIIOPhl MBI BHIHYXKAE€HBI OCTaBUTD 3a
ee paMKaMU paccKa3 0 HeCKOIbKUX BaXKHBIX CIOJKeTaX, B KOTOPBIX BO3HU-
KaloT 3HAaKo4YepeAYIONUUecs MaTPUIIbl, OTPAHUYUBIIUCH JIUITh KPATKUM
yInoMUHaHUeM. B mepByio ouepeb ciefyeT ckazaTb O TOM, YTO JIOKa-
3aTeJbCTBO THUIIOTE3BI O 3HAKOUEPEAYIOIIUXCS MaTpPUIAxX, MOJydeHHOe
I. Kynepbeprom, 6bI0 OCHOBAaHO Ha OOHAPY>KEHHOW MM CBSI3U 3TOU T'H-
TIOTe3HI C OAHOM (K TOMYy MOMEHTY JaBHO U3ydaBIlecs) 3aZadeil cTaTu-
CTUYECKOU (U3WKU: TaK HA3bIBAEMOW IIECTHUBEPIIUHHON pelreToYHOMN
MOZIeJNIbI0, WM MOZENbI0 KBaZIpATHOTO JibJla. A UMEHHO, KaK OKa3aJoch,
COCTOSTHUS 3TOW MOJIEIM OIMCHIBAIOTCA KAaK pa3 3HAKOUYePEeAYIOIINMUCS
MaTpuilaMu. BecbMa MOAPOOHBIN U JOCTYIIHBINA pacckas 06 3TOM MOX-
HO HAWTU B IOcCjeAHel iaBe Toii ke kuuru /. Bpeccy. 3ameuarenbHO,
4yTO OGHApYKeHHAas CBSA3b MEXKAY TEOPUEH 3HAKOUEPEAYIOMIUXCA MATPHI]
U CTAaTUCTUYECKOU GUBUKOUN NpUBEJa K YPE3BBIYANMHO IUIOZOTBOPHOMY
B3aUMOJIENCTBHIO U OYpHOMY Pa3BUTHIO 3TUX 00JIacTel.

Kpowme aToro, 3a rociesHue /Ba fecsTKa JIeT TOSBUIOCh MHOTO JIpy-
TUX UHTEPECHBIX PE3Y/IbTATOB O 3HAKOYEPEAYIOIUXCS MaTPUIlaxX U TIOC-
KuX pa3bueHusax. Cpey Mpovyero yrioMssHEM B3BeIlIeHHbIE aHAJIOTH HOp-
Mysbl MakMaroHa, TeOpeEMBI O MpPEeAETbHOM ITOBEAEHUU TPEXMEPHBIX
auarpaMum IOHTra (TOmMy/MApHBIN paccka3 o MOC/IeHEM CIOXKeTe MOXKHO
MIPOYECTh B cTaThe [4]), ¥ HOBblE KOMOMHATOPHBIE PE3YIBTATHI O 3HAKO-
yepeAyoUUXcsa MaTPUIlaXx — B YaCTHOCTH, runore3y PazymoBa—CTpo-
ra’Hosa, AokasaHHyloo B 2011 r. Kantunu u Cnopteesio. Ho aTo yxe
COBCEM /IpyTas UCTOPHUS.
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