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 "!$#&%('*)+!$,.-/'�0.'*1$'*24365�7�8:9&;:<(=?>?@A>*B�>�CED&)+DGFH'JI+K/)�'?LM#N!$,*!?-/O/P�)+!$#&%(K
x1 Q . . . Q xN QRHS ; S:T 84UV9EW+XY@+8:X&;�Z S B\[\]^>.;:< R > R B�>*_ S:T @A>*B\B\`�a Q B�>*Z T [\]bX T Q 9 T XY@6B\U�UcX&d(XEe

@6B\XNf:Bg84Uh;:XN]bZ\X T >.;*8 T 8i[4W+[j=JB�>?k\XNB\[\Xl[\BH@6X R 9 S fnm S BH@ S f S:oNSpT `qB R >grbs�= o XEe
B\X T >$W+<:B S:t 9 S f S:R 84Z\B S 9&;:[ S ;:_:[ T >*Uu; n =JB�>?k\XNB\[ t r^vwXN]�9J>*]b`q] Q S _ T >.=N8:X&;:9yx,.zb{.!|F+-/' S _*}�~N]^> n r���`q_ S:T\R >�_:`qf/>*X&;�P+!$,.%�!|F+)�'?L�[4W+[�{.DY0.P+!$,.%�!|F+)�'?L�fl=?>$ef:[\9N[\] S 9&;:[ S ;�; S:oNS f S =Jf T >.�(>*X&;:9yxnW+[�f:`q_ T >*B\B\` t�� W+XN]bXNBg;pf o XNB\X T >$W+<:Bg84U
9 S f S:R 84Z\B S 9&;:<\rA��>?@A>?k�>(=?> R W+U�k�>*X&;:9yxpf(; S ] Q kg; S _:`�Z S f:`q_ S:T\R X S Z T XY@6XEW+[g;:<9Nf S:t 9&;:f/> o XNB\X T >$W+<:B S:t 9 S f S:R 84Z\B S 9&;:[�r

�4XNB\X T >$W+<:Bg84U�9 S f S:R 84Z\B S 9&;:<i] S d�B S [\Bg;:XNZ T X&;:[ T\S f/>.;:< R > R 9EW�84k�> t Bg84U
f:XEW+[\k\[\Bg8

X Q RHS ; S:T >.xjZ T [\B\[\]^>*X&;M=JB�>?k\XNB\[gx x1 Q . . . Q xN 9�f:X T\S xg;:B S 9&;?x\]b[ QT >*f:B\`q]b[�@ S W+X"9 S:S ;:f:X&;:9&;:f*84Uu��X oNS =JB�>?k\XNB\[gx�r���>*Z T [\]bX T Q XN9EW+[p=JB�>?k\XNB\[\X x1f:9&; T XNk�>*X&;:9yx�f o XNB\X T >$W+<:B S:t 9 S f S:R 84Z\B S 9&;:[�@6f/>.d(@6` Q ; S P{X = x1} = 2/N
r

v	> R [\] S _ T >.= S ] Q 9Nm S:T ]	8?W+[ T\S f/>*B\B�>.x�f:`���Xu=?>?@A>?k�>�m S:T ]	8?W+[ T 8:X&;:9yx R > R B�>$ea S d(@6XNB\[\X�9Nf S:t 9&;:f�B\XN[g=Jf:XN9&;:B S:oNSMT >*9NZ T XY@6XEW+XNB\[gx�Z S f:`q_ S:T\R X S _*}�~N]^> n r��;.> RHS:t m S:T ]	8?W+[ T\S f R X�B\X([\]bXNX&;�=JB�>?k\XNB\[gx Q B\XN[g=Jf:XN9&;:B S X T >*9NZ T XY@6XEW+XNB\[\X�x\f.eW�x\X&;:9yxl@6[\9 R\T X&;:B\`q]�[4W+[�B\XNZ T X T `qf:B\`q]qr
��W�x o XNB\X T >$W+<:B S:t 9 S f S:R 84Z\B S 9&;:[���B\XN[g=Jf:XN9&;:B S:oNS�T >*9NZ T XY@6XEW+XNB\[gx+� S Z T XY@6XEe

W+XNB\`�9 T XY@6B\XNX���]^>.;:XN]^>.;:[\k\XN9 RHS X S d�[H@A>*B\[\X?�q[l@6[\9NZ\X T 9N[gx�r���_ S =JB�>?k\[\]�[4a µ[
σ2 r� B�>$W S:o [\k\B S�o XNB\X T >$W+<:B S:t 9 S f S:R 84Z\B S 9&;:[ S Z T XY@6XEW�x\X&;:9yx�9EW�84k�> t B�>.x�f:XEe

W+[\k\[\B�>
X∗ Q [\]bXNUu�(>.x T >*9NZ T XY@6XEW+XNB\[\X(f:`q_ S:T\R [�� P{X∗ = xk} = 1/n

r6 b9&;:XEe
9&;:f:XNB\B S =JB�>?k\XNB\[gx xk ] S:o 8H;�Z S f*; S:T xg;:<:9yx�r
¡�¢�£�¤*¥b¤/¦w¤H§�¨�¤p©�ª�« F6D&1$)+DNDq[l1$3+#&P+DGF6#&34L�f:`q_ S:T\R [ T >*f:B\`�]^>.;:XN]^>.;:[\k\XN9 RHS ]	8
S d�[H@A>*B\[\U�[�@6[\9NZ\X T 9N[\[�9EW�84k�> t B S:t f:XEW+[\k\[\B\` X∗

r\��_ S _*�(>.x � ; S(S Z T XY@6XEW+XEe
B\[\X Q Z S W�84k\[\] Q kg; S ] S ]bXNBg;�f:`q_ S:T\R [nZ S:T xH@ R > ν T >*f:XNBn9 S:S ;:f:X&;:9&;:f*84Uu��XN]	8] S ]bXNBg;*8�9EW�84k�> t B S:t f:XEW+[\k\[\B\` X∗

r
¡�¢�£�¤*¥b¤/¦w¤H§�¨�¤i¬�ª�­ O/)�-/®�34LlFH':#&P*F6D&1.D¯I6D&)�34L�,.zb{.!|F+-/3�° � ; S m
84B R\± [gx T >*9Ee
Z T XY@6XEW+XNB\[gxp9EW�84k�> t B S:t f:XEW+[\k\[\B\` X∗

r
² £�¨�³
¤H£´ª 7 T [
@6XN9yxg;:[�_ T\S 9J>*B\[gx4a�[ oNT >$W+<:B S:tlRHS 9&;:[�f:`qZ�>$W+[lk\[\9EW6>w� 3 Q 1 Q 2 Q
5 Q 2 Q 4 Q 1 Q 4 Q 3 Q 2

r\v S:o @A>(9EW�84k�> t B�>.x�f:XEW+[\k\[\B�> X∗ S Z T XY@6XEW�x\X&;:9yx�;.>*_.W+[ ± X t

X∗ 1 2 3 4 5
P 0.2 0.3 0.2 0.2 0.1

µ T XY@6B\XNX"f:`q_ S:T\R [ T >*f:B S 2.5
r
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��`q_ S:T\R X�9 S:S ;:f:X&;:9&;:f*8:X&;�Z S 9EW+XY@ S f/>.;:XEW+<:B S 9&;:<l9EW�84k�> t B\`�aMf:XEW+[\k\[\B X1 Q rNrNr Q
Xn Q [\]bXNUu��[4a�B\XN[g=Jf:XN9&;:B S X T >*9NZ T XY@6XEW+XNB\[\X X r\��9EW�84k�>*X
Z S f*; S:T B S:t f:`q_ S:T eR [�9EW�84k�> t B\`qX"f:XEW+[\k\[\B\` X1 Q rNrNr Q Xn

f*=?>*[\]bB S B\X&=?>*f:[\9N[\]b`
r
7�8:9&;:<

g()
°�Z T\S [g=Jf S W+<:B�>.x�m
84B R\± [gx n Z\X T XN]bXNB\B\`�aAr/v S:o @A> g(x1, . . . , xn)S Z T XY@6XEW�x\X&;�B\X RHS ; S:T 84U�À�'EFH'*-/%�DGF+3+#&%(3�-/O�f:`q_ S:T\R [�r$Áw>*9NZ T XY@6XEW+XNB\[\X�9EW�84k�> t e

B S:t f:XEW+[\k\[\B\` g(X1, . . . , Xn)
B�>.=J`qf/>*X&;:9yx�,.zb{.!|F6!?24)�z�Â�FH':#&P*F6D&1.D¯I6D&)�3+D¹ÂÃaH>$e

T > R ;:X T [\9&;:[ R [ g(x1, . . . , xn)
r

² £�¨�³
¤H£´ª µ T XY@6B\XNX"[�@6[\9NZ\X T 9N[gx�f:`q_ S:T\R [��

g(x1, . . . , xn) = x̄ = (x1 + . . .+ xn)/n,

g(x1, . . . , xn) = s2 =
1

n

∑
(xi − x̄)2.

��W�x S:± XNB S:R aH> T > R ;:X T [\9&;:[ R�o XNB\X T >$W+<:B S:t 9 S f S:R 84Z\B S 9&;:[j[\9NZ S W+<*=N84Uu;:9yx
T >.=&W+[\k\B\`qX(m
84B R\± [\[ g(x1, . . . , xn)

rA��>*Z T [\]bX T Q @�W�x S:± XNB R [M9 T XY@6B\X oNSlo XNB\XEeT >$W+<:B S:t 9 S f S:R 84Z\B S 9&;:[�] S d�B S f*=Nxg;:<�m
84B R\± [\U x̄
rHÄ S d�B S W+[�f*=Nxg;:<�@ T 8 o 84U

m
84B R\± [\UÅ@�W�x S:± XNB R [i9 T XY@6B\X oNS�o XNB\X T >$W+<:B S:t 9 S f S:R 84Z\B S 9&;:[^Æ��(>gr^Ä S d�B S
f*=Nxg;:<�W+U�_*84UÇm
84B R\± [\U Q B�>*Z T [\]bX T Q g(x1, . . . , xn) = x1

rA� S�� ;.>�m
84B R\± [gxMf
S ;JW+[\k\[\X S ;"Z T XY@6`´@+8H��X t Z T XY@69&;.>*f.W�x\X&;�9 S _ S:t Z4W S a484U S:± XNB R 8:rgvwXNZ\X T <"Z T [4e
��W S f T XN]	x S _:9&8J@6[g;:< Q kg; S ;.> RHS X�ÈÉa S:T\S �(>.x4Ê
[�È¯Z4W S aH>.x4Ê S:± XNB R [�r
¡�¢�£�¤*¥b¤/¦w¤H§�¨�¤iË�ª � ± XNB R > θ∗ = g(x1, . . . , xn)

B\X RHS ; S:T\S:oNS Z�> T >*]bX&; T > θ o XEeB\X T >$W+<:B S:t 9 S f S:R 84Z\B S 9&;:[�B�>.=J`qf/>*X&;:9yx�#N!$#&%�!&L�%�D¯I+K/)+!?Ì Q XN9EW+[�9EW�84k�> t B�>.xlf:XEeW+[\k\[\B�>
g(X1, . . . , Xn)

9|a S @6[g;:9yxMZ S f:X T\S xg;:B S 9&;:[ R θ �

P
{
|g(X1, . . . , Xn)− θ| < ε

}
→ 1

Z T [ n→∞ @�W�x�W+U�_ S:oNS ε > 0
r

Í ¤HÎ+£�¤H³
ÏÐ©�ª�Ñ ®+D&)�-/'
s2 = (1/n)

∑
(xi − x̄)2 L+,NIgL+D&%�#yL�#N!$#&%�!&L�%�D¯I+K/)+!?Ì65

Í ¤HÎ+£�¤H³
Ï�¬�ª  �OH#&%(K
x1 Ò . . . Ò xn Ó ,.zb{.!|F+-/'p3g0�FH':#&P*F6D&1.D¯I6D&)�34Li#N!�#GF6D&1$)�34Â

µ
3�1$3+#&P+DGF6#&3+D&Ì

σ2 5�Ô�!$CY1$'�!?®+D&)�-/' m = (1/n)
∑
xi
#GF6D&1$)+DNCE!n0.)�'*2gD&)�34L

µL+,NIgL+D&%�#yL�#N!$#&%�!&L�%�D¯I+K/)+!?Ì65
Õ�!?-/'$0.'*%�D¯I+KH#&%�,*!.5u��8Hd�B S Z S:R >.=?>.;:< Q kg; S

P

{∣∣∣∣
1

n

∑
Xi − µ

∣∣∣∣ < ε

}
→ 1 ∀ε > 0.

��@6B�> RHS�� ; S B\X T >*f:XNB\9&;:f S fu; S k\B S 9&;:[�x\f.W�x\X&;:9yx"=?> RHS B S ]p_ S W+<*��[\]pk\[\9NXEW"@�W�x
Z S 9EW+XY@ S f/>.;:XEW+<:B S 9&;:[�f*=?>*[\]bB S B\X&=?>*f:[\9N[\]b`�a�9EW�84k�> t B\`�ajf:XEW+[\k\[\Bj9 S @6[\B�>$e
RHS f:`q] T >*9NZ T XY@6XEW+XNB\[\XN]qr
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¡�¢�£�¤*¥b¤/¦w¤H§�¨�¤�á�ª � ± XNB R > g(x1, . . . , xn)

Z�> T >*]bX&; T > θ B\XN[g=Jf:XN9&;:B S:oNS"T >*9NZ T XEe@6XEW+XNB\[gxnB�>.=J`qf/>*X&;:9yxnB\XN9N]bX&��âXNB\B S:t Q XN9EW+[M]^>.;:XN]^>.;:[\k\XN9 RHS X S d�[H@A>*B\[\X"9 S:S ;.ef:X&;:9&;:f*84Uu��X t 9EW�84k�> t B S:t f:XEW+[\k\[\B\` g(X1, . . . , Xn) T >*f:B S θ �
ã (

g(X1, . . . , Xn)
)

= θ.

² £�¨�³
¤H£´ª � ± XNB R > m = (1/n)
∑
xi
9 T XY@6B\X oNS =JB�>?k\XNB\[gx µ B\XN[g=Jf:XN9&;:B S:oNS�T >*9EeZ T XY@6XEW+XNB\[gx�x\f.W�x\X&;:9yx�B\XN9N]bX&��âXNB\B S:t r\��X t 9&;:f:[g;:XEW+<:B S Q

ã ( 1

n

∑
Xi

)
=

1

n

∑ ã
Xi =

1

n
(nµ) = µ.

² £�¨�³
¤H£´ª �(>*B�>"f:`q_ S:T\R > x1 Q x2
B\XN[g=Jf:XN9&;:B S:oNS�T >*9NZ T XY@6XEW+XNB\[gx X rgÁw>*9N9N] S ;.eT [\]jf R >?k\XN9&;:f:X S:± XNB R [(@6[\9NZ\X T 9N[\[ σ2 m
84B R\± [\U s2 = 0.5(x1− x̄)2 +0.5(x2−

x̄)2 r+7 T\S f:X T [\]ix\f.W�x\X&;:9yxlW+[ � ;.> S:± XNB R >�B\XN9N]bX&��âXNB\B S:t rAs�;.> R Q

s2 = 0.5

(
x1 −

x1 + x2

2

)2

+ 0.5

(
x2 −

x1 + x2

2

)2

=

(
x1 − x2

2

)2

.

ä�; S _:`�Z T\S f:X T [g;:<�B\XN9N]bX&��âXNB\B S 9&;:< S:± XNB R [M; T XN_*8:X&;:9yxjZ\X T X t ;:[ R B\X&=?>*f:[\9N[4e
]b`q]å9EW�84k�> t B\`q]�f:XEW+[\k\[\B�>*] X1

[
X2 Q [\]bXNUu��[4apB\XN[g=Jf:XN9&;:B S X T >*9NZ T XY@6XEW+XEeB\[\X

X
r

ã (X1 −X2

2

)2

=

ã
X2

1 − 2
ã
X1
ã
X2 +

ã
X2

2

4
=

=

ã
X2 − (

ã
X)2

2
=

æ
X

2
6= æ

X.

�AB�>?k\[g; Q S:± XNB R >�B\X
x\f.W�x\X&;:9yx�B\XN9N]bX&��âXNB\B S:t r
Í ¤HÎ+£�¤H³
Ï�Ë�ª  �OH#&%(K

x1 Ò . . . Ò xn Ó ,.zb{.!|F+-/'l3g0�FH':#&P*F6D&1.D¯I6D&)�34L
X
#"1$3+#&P+DGF+ç

#&3+D&Ì
σ2 5uÔ�!$CY1$'�!?®+D&)�-/'

n

n− 1
s2 =

1

n− 1

∑
(xi − x̄)2

L+,NIgL+D&%�#yLn)+DN#¹Â�D&èjéD&)�)+!?ÌM!?®+D&)�-H!?ÌM1$3+#&P+DGF6#&3�365
Õ�!?-/'$0.'*%�D¯I+KH#&%�,*!.5 µ B�>?k�>$W6>
Z T X S _ T >.=N8:XN]�f:` T >.d(XNB\[\X�@�W�x s2 �
∑

(xi − x̄)2 =
∑

(x2
i − 2xix̄ + x̄2) =

∑
x2
i − 2x̄

∑
xi + nx̄2 =

=
∑

x2
i − 2x̄nx̄ + nx̄2 =

∑
x2
i − nx̄2.
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�i9 S:S ;:f:X&;:9&;:f:[\[l9 S Z T XY@6XEW+XNB\[\XN]j=?>*]bXNB\[\]�f:`q_ S:T\S k\B\`qX�=JB�>?k\XNB\[gx xi B�>�f*=?>$e[\]bB S B\X&=?>*f:[\9N[\]b`qX�9EW�84k�> t B\`qX�f:XEW+[\k\[\B\` Xi Q [\]bXNUu��[\X�B\XN[g=Jf:XN9&;:B S X T >*9EeZ T XY@6XEW+XNB\[\X X [�f:`qk\[\9EW+[\]�]^>.;:XN]^>.;:[\k\XN9 RHS X S d�[H@A>*B\[\Xu9EW�84k�> t B S:t f:XEW+[\k\[4e
B\` ∑

X2
i − n

(
(1/n)

∑
Xi

)2 �

ã (∑
X2
i − n

(
(1/n)

∑
Xi

)2
)

=
ã ∑

X2
i −

1

n

ã (∑
Xi

)2

=

=
ã ∑

X2
i −

1

n

( æ (∑
Xi

)
+
( ã (∑

Xi

))2
)
.

Ä�>.;:XN]^>.;:[\k\XN9 RHS X S d�[H@A>*B\[\X´9&84]b]b`�9EW�84k�> t B\`�a(f:XEW+[\k\[\B T >*f:B S 9&84]b]bX�]^>.;:XEe
]^>.;:[\k\XN9 R [4a S d�[H@A>*B\[ t r � B�>$W S:o [\k\B S X
8H;:f:X T d(@6XNB\[\X�9NZ T >*f:XY@�W+[\f S @�W�x�@6[\9Ee
Z\X T 9N[ t f*=?>*[\]bB S B\X&=?>*f:[\9N[\]b`�a�9EW�84k�> t B\`�a�f:XEW+[\k\[\B�r µ W+XY@ S f/>.;:XEW+<:B S Q
ã (∑

X2
i − n

(
(1/n)

∑
Xi

)2
)

= n
ã
X2 − 1

n

(
n
æ
X + (n

ã
X)2

)
=

= n
(
σ2 + µ2

)
− 1

n

(
nσ2 + n2µ2) = (n− 1)σ2.

² £�¨�³
¤H£´ª ��`q_ S:T\R > x1 Q . . . Q xn Z T XY@6B�>.=JB�>?k\XNB�>�@�W�x S:± XNB R [nf:X T\S xg;:B S 9&;:[ pf:`qZ�>?@6XNB\[gx�XY@6[\B\[ ± `iZ T [(_ T\S 9J>*B\[\[ RHS 9&;:[�r/Áw>*9N9N] S ; T [\] S:± XNB R 8 p∗ Z�> T >*]bX&;.eT > p Q T >*f:Bg84U�@ S W+X�;:XEal=JB�>?k\XNB\[ t f:`q_ S:T\R [ Q @�W�x RHS ; S:T `�a xi = 1
rg7 S:R >.d(XN] Qkg; SlS:± XNB R > p∗ B\XN9N]bX&��âXNB\B�>.x�r���9 S:S ;:f:X&;:9&;:f:[\[�9 S Z T XY@6XEW+XNB\[\XN]�Bg8Hd�B S�T >*9Ee9N] S ; T X&;:<lZ S 9EW+XY@ S f/>.;:XEW+<:B S 9&;:<lf*=?>*[\]bB S B\X&=?>*f:[\9N[\]b`�a�9EW�84k�> t B\`�apf:XEW+[\k\[\B

X1 Q . . . Q Xn Q [\]bXNUu��[4a S @6[\B�> RHS f S X T >*9NZ T XY@6XEW+XNB\[\X P{Xi = 1} = p Q S Z T XY@6XEeW+[g;:<
B S f*84UÐ9EW�84k�> t Bg84Uåf:XEW+[\k\[\Bg8 Y R > R @ S W+U Xi Q Z T [\B\[\]^>*Uu��[4a"=JB�>?k\XNB\[\X
1 Q [�Z T\S f:X T [g;:< T >*f:XNB\9&;:f S ã Y = p

r
7 S W S d�[\] Yi = 1 Q XN9EW+[ Xi = 1

[
Yi = 0 Q XN9EW+[ Xi 6= 1

r\v S:o @A>
ã Yi = p
[

Y =
1

n

(
Y1 + . . .+ Yn

)
.

7 S 9Nf S:t 9&;:f/>*]�]^>.;:XN]^>.;:[\k\XN9 RHS:oNS�S d�[H@A>*B\[gx�ã Y = (1/n)(np) = p
r

·^¸ìë í�î�î�¼�¾�ï�¿�ðb½�ñ�¼�àb»�¼�½�¾�¿
² £�¨�³
¤H£´ª Áw>*9N9N] S ; T [\]hf:`q_ S:T\R 8 x1 Q x2

B\XN[g=Jf:XN9&;:B S:oNS�T >*9NZ T XY@6XEW+XNB\[gx X
r

7�8:9&;:<
m1 = 0.2x1 + 0.8x2

[
m2 = 0.4x1 + 0.6x2

°h@6f:X S:± XNB R [�]^>.;:XN]^>.;:[4e
k\XN9 RHS:oNS
S d�[H@A>*B\[gx µ T >*9NZ T XY@6XEW+XNB\[gx X rgò�X oNRHS Z T\S f:X T [g;:< Q kg; S�S _:X S:± XNB R [x\f.W�x\Uu;:9yx�B\XN9N]bX&��âXNB\B\`q]b[�rbä�; S _:` S Z T XY@6XEW+[g;:< Q R > R >.x�[g= S:± XNB S:R ÈÉW�84kg��XEÊ Qf:`qk\[\9EW+[\]�[4a�@6[\9NZ\X T 9N[\[��

æ (
0.2X1 + 0.8X2

)
= 0.22σ2 + 0.82σ2 = 0.68σ2.
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� B�>$W S:o [\k\B S
æ (

0.4X1 + 0.6X2

)
= 0.52σ2.

��[\9NZ\X T 9N[gx S:± XNB R [ m2
]bXNB\<*��X"@6[\9NZ\X T 9N[\[ m1 Q [Mf � ; S 9N]b`q9EW+X S:± XNB R > m2ÈÉW�84kg��XEÊYr

� S _*��XN]i9EW�84k�>*X�]b`åa S ;:[\]�B�>.=Jf/>.;:< S:± XNB R 8�ô&õ�õ^D&-/%(3+,.)+!?Ì Q XN9EW+[�B�>(B\X tT XJ>$W+[g=N8:X&;:9yxMB�>*[\]bXNB\<*�(>.x�@6[\9NZ\X T 9N[gxp9 T XY@6[�f:9NXEa�f S =J] S d�B\`�a S:± XNB S:R r
ö S:T ]^>$W+<:B S X S Z T XY@6XEW+XNB\[\X*r�� ± XNB R > α∗ = g(x1, . . . , xn)

Z�> T >*]bX&; T > α B�>$e=J`qf/>*X&;:9yx � m�m�X R ;:[\f:B S:t Q XN9EW+[�@6[\9NZ\X T 9N[gx�æ
(
g(X1, . . . , Xn)

) B�>*[\]bXNB\<*�(>.x
9 T XY@6[l@6[\9NZ\X T 9N[ t Z T\S [g=Jf S W+<:B\`�a S:± XNB S:R æ (h(X1, . . . , Xn)

) r
7 T [\f:XY@6XNB\B S X S Z T XY@6XEW+XNB\[\X"9EW S d�B S Z T\S f:X T xg;:<
B�>(Z T > R ;:[ R X*rg��W�x�Z T > R e

;:[\k\XN9 RHS:oNS�S Z T XY@6XEW+XNB\[gx � m�m�X R ;:[\f:B S 9&;:[�Z S ; T XN_*84Uu;:9yxM@6f:X(9EW+XY@+84Uu��[\X
;:XEe
S:T XN]b`
r
Í ¤HÎ+£�¤H³
Ïná�ª  �OH#&%(K

α Ó !?®+D&)�3+,.':D¹Â
zbÌ�P�'EFH'?Â�D&%�F�FH':#&P*F6D&1.D¯I6D&)�34L
X Ò 34Â�D&ç÷ è�DNCE!�PHI6!?%()+!$#&%(K f(x, α)

5�Ô�!$CY1$'

æ 2
(
g(X1, . . . , Xn)

)
> 1

n
∫∞
−∞
(
∂ ln f
∂α

)2
f(x, α)dx

.
� � �

Í ¤HÎ+£�¤H³
Ï�ø�ª�Ñ ®+D&)�-/'�ô&õ�õ^D&-/%(3+,.)�'�%�!$CY1$'l3M%�!yI+K/-H!�%�!$CY1$' Ò -H!$CY1$'�)+DGFH':,*D&)�ç#&%�,*!�ù¯úEû�#&%('*)+!$,.3�%�#yL
FH':,*D&)+#&%�,*!YÂ�5
ü '?Â�D&24'*)�3+DJ5^�
X T >*f:XNB\9&;:f S � � ��] S d�B S 8H; S k\B\[g;:<	�

ã (
g(X1, . . . , Xn)− α

)2 > 1

n
∫∞
−∞
(
∂ ln f
∂α

)2
f(x, α)dx

,

o @6X α °h[\9&;:[\B\B S X"B\XN[g=Jf:XN9&;:B S X"=JB�>?k\XNB\[\X"Z�> T >*]bX&; T >grA��;:9NU´@A>�9EW+XY@+8:X&; Q kg; S; S W+< RHS B\XN9N]bX&��âXNB\B\`qX S:± XNB R [ � m�m�X R ;:[\f:B\`
r
² £�¨�³
¤H£´ª 7 S:R >.d(XN] Q kg; S
S:± XNB R >�9 T XY@6B\X oNS B S:T ]^>$W+<:B S:oNS
T >*9NZ T XY@6XEW+XNB\[gx

x̄ =
x1 + . . .+ xn

nx\f.W�x\X&;:9yx � m�m�X R ;:[\f:B S:t r���X t 9&;:f:[g;:XEW+<:B S Q Z4W S ;:B S 9&;:<lB S:T ]^>$W+<:B S:oNS�T >*9NZ T XEe@6XEW+XNB\[gx S Z T XY@6XEW�x\X&;:9yxpm S:T ]	8?W S:t

f(x, µ) =
1√
2πσ

e−
(x−µ)2

2σ2 .

v S:o @A> ln f =
(

ln 1√
2πσ

)
− (x−µ)2

2σ2

r���`qk\[\9EW+[\]�Z T\S [g=Jf S @6Bg84U��

∂ ln f

∂µ
= −x− µ

σ2
.
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7 S W+<*=N8*x\9N<�Z S W�84k\XNB\B\`q]Åf:` T >.d(XNB\[\XN] Q B�> t @�âXN]c=JB�>*]bXNB�>.;:XEW+<�B\X T >*f:XNB\9&;:f/>
� � �Er

∫ ∞

−∞

(
∂ ln f

∂µ

)2

fdx =

∫ ∞

−∞

(
x− µ
σ2

)2

fdx =
1

σ2
.

7 S 9EW+XY@6B\XNX T >*f:XNB\9&;:f S @ S:R >.=?>*B S Z T [lf:`qf S @6X
m S:T ]	8?W+`Ð@6[\9NZ\X T 9N[\[�@�W�xlB S:T e
]^>$W+<:B S:oNS
T >*9NZ T XY@6XEW+XNB\[gx�r

s�;.> R Q B\X T >*f:XNB\9&;:f S � � ��8H;:f:X T d(@A>*X&; Q kg; S @�W�xpW+U�_ S:tnS:± XNB R [ µ∗ f:`qZ S W\eB\XNB S æ 2(µ∗) > σ2/n
r´��@6B�> RHS f:`qk\[\9EW+XNB\[gxÐZ S:R >.=J`qf/>*Uu; Q kg; S @�W�x S:± XNB R [

x̄
@6[\9NZ\X T 9N[gx�f�; S k\B S 9&;:[ T >*f:B�> (1/n2)

∑ æ
Xi = σ2/n Q kg; S [n@ S:R >.=J`qf/>*X&;� m�m�X R ;:[\f:B S 9&;:< S:± XNB R [�f
9 S:S ;:f:X&;:9&;:f:[\[p9
;:X S:T XN] S:t ó r

ü '?Â�D&24'*)�3+DJ5��
XN9N]bX&��âXNB\B�>.x S:± XNB R >j@6[\9NZ\X T 9N[\[�B S:T ]^>$W+<:B S:t 9 S f S:R 84Z\B S 9&;:[
s2 = (1/(n−1))

∑
(xi− x̄)2 B\X�x\f.W�x\X&;:9yx � m�m�X R ;:[\f:B S:t Q f�; S f T XN]	x R > R Z T [[g=Jf:XN9&;:B S ]V]^>.;:XN]^>.;:[\k\XN9 RHS ] S d�[H@A>*B\[\[ µ S:± XNB R > s2

0 = (1/n)
∑

(xi − m)2

S:R >.=J`qf/>*X&;:9yx � m�m�X R ;:[\f:B S:t r

·^¸�þ ÿ�ñ��^à���à���½�Þ	ß���à���ß
7�8:9&;:<

x1 Q . . . Q xn °cf:`q_ S:T\R >�[g=�@6[\9 R\T X&;:B S:oNS(T >*9NZ T XY@6XEW+XNB\[gx X rHv T XN_*8:X&;:9yxS:± XNB\[g;:<lf:X T\S xg;:B S 9&;:< p = P{X ∈ I} Q o @6X I ° B\X RHS ; S:T ` t [\Bg;:X T f/>$W�=JB�>?k\XEe
B\[ t 9EW�84k�> t B S:t f:XEW+[\k\[\B\` X

r���>*Z T [\]bX T Q ; T XN_*8:X&;:9yx S:± XNB\[g;:<�f:X T\S xg;:B S 9&;:<f:`qZ�>?@6XNB\[gx�XY@6[\B\[ ± `å[(@6f S:t\R [
Z T [�_ T\S 9J>*B\[\[�[ oNT >$W+<:B S:t�RHS 9&;:[�r\ b9&;:XN9&;:f:XNB4e
B�>.x�; S k\XNk\B�>.x S:± XNB R > p∗ Z�> T >*]bX&; T > p 9 S 9&; S [g;
f�f:`qk\[\9EW+XNB\[\[�@ S W+["=JB�>?k\XNB\[ tf:`q_ S:T\R [ Q Z T [\B\[\]^>*Uu��X t =JB�>?k\XNB\[gx�[g="[\Bg;:X T f/>$W6> I rÁw>*9N9N] S ; T [\]�Z S 9EW+XY@ S f/>.;:XEW+<:B S 9&;:<�f*=?>*[\]bB S B\X&=?>*f:[\9N[\]b`�a(9EW�84k�> t B\`�a�f:XEe
W+[\k\[\B

X1 Q . . . Q Xn Q [\]bXNUu��[4a(B\XN[g=Jf:XN9&;:B S X T >*9NZ T XY@6XEW+XNB\[\X X r*��>.= S fgâXN]�8:9NZ\XEea S ]�9 S _:`�;:[\Xl=?> R W+U�k�>*Uu��XNXN9yxÐfp; S ] Q kg; S =JB�>?k\XNB\[\X�9EW�84k�> t B S:t f:XEW+[\k\[\B\`
Xi
W+X&d�[g;lB�>�[\Bg;:X T f/>$W+X I r�7�8:9&;:< Sn ° S _*��XNX RHS W+[\k\XN9&;:f S 8:9NZ\XEa S f\r�v S:o @A>

T >*9NZ T XY@6XEW+XNB\[\XN]�f:`q_ S:T\S k\B S:t @ S W+[(x\f.W�x\X&;:9yx T >*9NZ T XY@6XEW+XNB\[\Xu9EW�84k�> t B S:t f:XEe
W+[\k\[\B\`

Sn/n
r\ò�X oNRHS Z T\S f:X T [g;:< Q kg; S

� r
P{|(Sn/n)−p| < ε} → 1

��9EW+XY@+8:X&;�[g=´=?> RHS B�>�_ S W+<*��[4a"k\[\9NXEWA� Q Z S:� ; S ]	8; S k\XNk\B�>.x S:± XNB R > p∗ 9 S 9&; S xg;:XEW+<:B�>.x
	
¶ r�ã

(Sn/n) = p Q Z S:� ; S ]	8 S:± XNB R > p∗ B\XN9N]bX&��âXNB\B�>.x
	
Ö r�æ

(Sn/n) = p(1 − p)/n Q Z S:� ; S ]	8 S:± XNB R > p∗ >*9N[\]bZg; S ;:[\k\XN9 R [ � m�m�X R e;:[\f:B�>.xj� S _.W6>?@A>*X&;
B�>*[\]bXNB\<*��X t @6[\9NZ\X T 9N[\X t Z T [ n→∞ �Er
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·^¸
� ��½�ïw¼���ð^Þ����b½�Þ	ßhàb»�¼�½�¾qÞ
�
XNBg; T >$W+<:B�>.x�Z T XY@6XEW+<:B�>.x�;:X S:T XN]^>�8H;:f:X T d(@A>*X&; Q kg; S

P

{∣∣∣∣
Sn
n
− p
∣∣∣∣ <

εσ√
n

}
→ 2Φ(ε),

o @6X Φ(ε) =
∫ ε

0
1√
2π
e−

x2

2 dx
r6 b9EW+[�@6[\9NZ\X T 9N[gx σ [g=Jf:XN9&;:B�> Q ; S [\Bg;:X T f/>$W
[
p∗ − εσ√

n
, p∗ +

εσ√
n

]

x\f.W�x\X&;:9yx
@ S f:X T [g;:XEW+<:B\`q]j@�W�x p 9uB�>?@�âX&d�B S 9&;:<:U 2Φ(ε)
r4 b9EW+[
@6[\9NZ\X T 9N[gx σ2B\XN[g=Jf:XN9&;:B�> Q ; S Bg8Hd�B S
S:± XNB\[g;:< σ S:± XNB RHS:t

σ∗ =
√
p∗(1− p∗).

v S:o @A>�@ S f:X T [g;:XEW+<:B\`q]�[\Bg;:X T f/>$W S ]å@�W�x p 9(B�>?@�âX&d�B S 9&;:<:U 2Φ(ε) S:R >.=J`qf/>$eX&;:9yx�[\Bg;:X T f/>$W
[
p∗ − ε

√
p∗(1− p∗)

n
, p∗ + ε

√
p∗(1− p∗)

n

]
.

� ¶ �

² £�¨�³
¤H£´ª µ T XY@6[j;:`q9yx\k\[�@6X&;.>$W+X t Q S ; S _ T >*B\B\`�aj[g= o XNB\X T >$W+<:B S:t 9 S f S:R 84Z4eB S 9&;:[ Q S:R >.=?>$W S 9N< 10
_ T > RHS f/>*B\B\`�a�@6X&;.>$W+X t rA��8Hd�B S B�> t ;:[l@ S f:X T [g;:XEW+<:B\` t

[\Bg;:X T f/>$W�@ S W+[�_ T > RHS f/>*B\B\`�an@6X&;.>$W+X t f o XNB\X T >$W+<:B S:t 9 S f S:R 84Z\B S 9&;:[�9�B�>$e
@6~&d�B S 9&;:<:U 0.99

r
7 S m S:T ]	8?W+X�� ¶ �

P

{
|p∗ − 0.01| 6 ε

√
0.01 · 0.99

1000

}
≈ 2Φ(ε) = 0.99.

7 S ;.>*_.W+[ ± X�m
84B R\± [\[ Φ(ε)
B�>$a S @6[\] Q kg; S ε ≈ 2.6

r\v S:o @A>

|p∗ − 0.01| 6 2.6

√
0.01 · 0.99

1000
≈ 0.0035.

µ W+XY@ S f/>.;:XEW+<:B S Q 0.0065 6 p∗ 6 0.0135
r

·^¸�� �Ã¿�Ú���¼���Ú6¿uß ð^ñ��^à���à���½�à�����à���¿ÇÚ���¼���½�¼��6à��^¼�Ú���à^ðbïwà����
½�à�� ð^ñ��^à���¾�¿

 �XN9NZ S f*; S:T B�>.x�f:`q_ S:T\R > x1 Q . . . Q xn Z S Z T X&d�B\XN]	8 T >*9N9N]^>.; T [\f/>*X&;:9yx R > R =JB�>$ek\XNB\[gxj9EW�84k�> t B\`�ajf:XEW+[\k\[\B X1 Q . . . Q Xn
rw��@6B�> RHS 9EW�84k�> t B\`qX�f:XEW+[\k\[\B\`VB\X



���������	�
���	���
��� !

x\f.W�x\Uu;:9yxiB\X&=?>*f:[\9N[\]b`q]b[�r´�c9N[4W�8�9N[\]b]bX&; T [\[ T >*9NZ T XY@6XEW+XNB\[gxÐ9EW�84k�> t B\`�a
f:XEW+[\k\[\B S @6[\B�> RHS f:`
r � f:`qk\[\9EW+[g;:< T >*9NZ T XY@6XEW+XNB\[\X�Z T\S ��Xlf:9NX oNS @�W�x�9EW�8/e
k�> t B S:t f:XEW+[\k\[\B\` X1

r�7�8:9&;:<
ξ1 Q . . . Q ξk ° T >.=&W+[\k\B\`qX(=JB�>?k\XNB\[gx o XNB\X T >$W+<.e

B S:t 9 S f S:R 84Z\B S 9&;:[�r�7 S W S d�[\] Ni
° RHS W+[\k\XN9&;:f S =JB�>?k\XNB\[ t ξi

f�f:`q_ S:T\R X Q
N = N1 + . . .+Nk

r�v S:o @A> T >*9NZ T XY@6XEW+XNB\[\X X1
S Z T XY@6XEW�x\X&;:9yx�;.>*_.W+[ ± X t

X ξ1 ξ2 . . . ξk
P N1/N N2/N . . . Nk/N

Áw>*9N9N] S ; T [\] S:± XNB R 8�9 T XY@6B\X oNS �

m = g(x1, . . . , xn) =
x1 + . . .+ xn

n
.

Ä�>.;:XN]^>.;:[\k\XN9 RHS X S d�[H@A>*B\[\X�9 S:S ;:f:X&;:9&;:f*84Uu��X t f:`q_ S:T\S k\B S:t aH> T > R ;:X T [\9&;:[4e
R [

ã
g(X1, . . . , Xn) =

1

n

( ã
X1 + . . .+

ã
Xn

)
=
ã
X = µ.

µ W+XY@ S f/>.;:XEW+<:B S Q S:± XNB R >�x\f.W�x\X&;:9yx�B\XN9N]bX&��âXNB\B S:t r��`qk\[\9EW+[\]�@6[\9NZ\X T 9N[\U g(X1, . . . , Xn) Q Z S W+<*=N8*x\9N<�m S:T ]	8?W S:t @6[\9NZ\X T 9N[\[9&84]b]b`�9EW�84k�> t B\`�a�f:XEW+[\k\[\B��

æ
g(X1, . . . , Xn) =

1

n2
(n
æ
X + n(n− 1) "$#&% (X1, X2)) .

��B S f:<�[g=&eÉ=?>�9N[\]b]bX&; T [\[�9 S f:]bXN9&;:B S X T >*9NZ T XY@6XEW+XNB\[\XnW+U�_:`�a�Z�> T (Xi, Xj)S @6[\B�> RHS f S X*r6��B S =?>?@A>4âX&;:9yx�m S:T ]	8?W S:t �

P
{
X1 = ξi, X2 = ξj

}
=





Ni

N

Nj

N − 1
,

XN9EW+[
i 6= j

Ni

N

Ni − 1

N − 1
,
XN9EW+[

i = j.

7 T X S _ T >.=N8*x�f*; S:T 84UÃ9&; T\S k R 8 S Z T XY@6XEW+XNB\[gx Q Z S W�84k\[\]

P
{
X1 = ξi, X2 = ξj

}
=





Ni

N

Nj

N − 1
,

XN9EW+[
i 6= j

N2
i

N(N − 1)
− Ni

N(N − 1)
,
XN9EW+[

i = j.

��>*Z S ]bB\[\] Q kg; S
RHS f/> T [�> ± [gx S Z T XY@6XEW�x\X&;:9yxp9 S:S ;:B S ��XNB\[\XN](� "$#&% (X1, X2) =ã (
X1X2

)
− ã X1

ã
X2
r\v	> R�R > R ã X1 =

ã
X2 =

∑
ξiNi/N Q ; S

ã
X1
ã
X2 =

(∑
ξi
Ni

N

)(∑
ξj
Nj

N

)
=
∑

ξiξj
NiNj

N2
.

� Ö �
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��W�x�f:`qk\[\9EW+XNB\[gx�]^>.;:XN]^>.;:[\k\XN9 RHS:oNS�S d�[H@A>*B\[gx�Z T\S [g=Jf:XY@6XNB\[gx�9EW�84k�> t B\`�a
f:XEW+[\k\[\B

X1
[
X2

f S 9NZ S W+<*=N8:XN]b9yx�m S:T ]	8?W S:t [4a�9 S f:]bXN9&;:B S:oNSnT >*9NZ T XY@6XEW+XEe
B\[gx��

ã
(X1X2) =

n∑

i,j=1

P
{
X1 = ξi, X2 = ξj

}
ξiξj =

=
∑

ξiξj
NiNj

N(N − 1)
−
∑

i

ξ2
i

Ni

N(N − 1)
.

� S f*; S:T\S:t 9&84]b]bX 1/(N − 1)
] S d�B S f:`qB\XN9&;:[i=?>p=JB�> R 9&84]b]b`
rbv S:o @A>MZ S @

=JB�> RHS ]�9&84]b]b` S 9&;.>*~&;:9yx�]^>.;:XN]^>.;:[\k\XN9 RHS X S d�[H@A>*B\[\X(ã X2 r�7 S @69&;.>*f:[\f�Z S eW�84k\XNB\B\`qX"f:` T >.d(XNB\[gx�f�m S:T ]	8?W�8
@�W�x RHS f/> T [�> ± [\[ Q Z S W�84k\[\](�

"$#&% (X1, X2) =
∑

ξiξj
NiNj

N

(
1

N − 1
− 1

N

)
− 1

N − 1

ã
X2.

�
XNZ S 9 T XY@69&;:f:XNB\B\`qX�f:`qk\[\9EW+XNB\[gxp[�m S:T ]	8?W6>�� Ö ��Z S:R >.=J`qf/>*Uu; Q kg; S

"$#&% (X1, X2) =
∑

ξiξj
NiNj

N2

1

N − 1
− 1

N − 1

ã
X2 =

=
1

N − 1
(
ã
X)2 − 1

N − 1

ã
X2 = − σ2

N − 1
.

v S:o @A>
æ (

g(X1, . . . , Xn)
)

=
1

n

(
σ2 − n− 1

N − 1
σ2

)
=
N − n
N − 1

σ2

n
.

( àb½�ï)��à����b½�ñ�¼�ð^à��*��à^ÚAñ
©�ª ��_*}�x\9NB\[g;:X Q kg; S ;.> RHS X o XNB\X T >$W+<:B�>.x�9 S f S:R 84Z\B S 9&;:< Q Z S f*; S:T B�>.xn[n_:XN9NZ S ef*; S:T B�>.x�f:`q_ S:T\R >gr
¬�ª �(> t ;:X S Z T XY@6XEW+XNB\[\X�9 T XY@6B\X oNS Q @6[\9NZ\X T 9N[\[lf:`q_ S:T\R [�[
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84B R e± [\[ T >*9NZ T XY@6XEW+XNB\[gx�rg��`qk\[\9EW+[g;:X�[4a�@�W�x
f:`q_ S:T\R [�� 2 Q 5 Q 2 Q 1 Q 2 r.�(> t ;:X S Z T XEe@6XEW+XNB\[\X�] S ]bXNBg; S flZ S:T xH@ R > ν r���>*Z\[g��[g;:X(m S:T ]	8?W�8 RHS:� m�m�[ ± [\XNBg; S f�>*9N9N[4e]bX&; T [\[j[ �NR 9 ± XN9N9J>grb��_*}�x\9NB\[g;:X
9�Z S ] S ��<:U oNT >*m�[ R > Q kg; S�S =JB�>?k�>*X&;pZ S W S ed�[g;:XEW+<:B\` t�RHS:� m�m�[ ± [\XNBg;l>*9N9N[\]bX&; T [\[�r
Ë�ª�+ > R f:f S @+xg;:9yx S 9NB S f:B\`qXqaH> T > R ;:X T [\9&;:[ R [lf:`q_ S:T\R [��/9 T XY@6B\XNX Q @6[\9NZ\X T 9N[gx Q± XNBg; T >$W+<:B\`qX�] S ]bXNBg;:` f:`q9&��[4a�Z S:T xH@ RHS f Q RHS:� m�m�[ ± [\XNBg;:` >*9N9N[\]bX&; T [\[i[
�NR 9 ± XN9N9J>�Æ + > R [\X
[g=�Z\X T XNk\[\9EW+XNB\B\`�a�aH> T > R ;:X T [\9&;:[ RMS 9&;.>*Uu;:9yx�B\XN[g=J]bXNB\B\`�e
]b[�Z T [lW+[\B\X t B\`�a�Z T X S _ T >.= S f/>*B\[gx4a x→ ax + b

Æ
á�ª � S:R >.d�[g;:X Q kg; S�S:± XNB R > m = (1/n)

∑
xi
9 T XY@6B\X oNS =JB�>?k\XNB\[gx µ B\XN[g=Jf:XN9&;.eB S:oNS
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f.W�x\Uu;:9yx�W+[ � ;:[ S:± XNB R [B\XN9N]bX&��âXNB\B\`q]b[^Æ21 R > RHS:t [g= S:± XNB S:R ]bXNB\<*��X�@6[\9NZ T XN9N[gx^Æ
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