Linear response and periodic points

Mark Pollicott, Warwick and Polina Vytnova, QMUL

Abstract

Given an expanding map of the interval we can associate an absolutely continuous
measure. Given an Anosov transformation on a two torus we can associate a Sinai—
Ruelle-Bowen measure. In this note we consider first and second derivatives of the
change in the average of a reference function. We present an explicit convergent series
for these derivatives. In particular, this gives a relatively simple method of computa-
tion.

1 Introduction

Linear response can often be used to describe how physically relevant quantities respond
to external stimuli. We recall the following informal description of Ruelle [ |:
“Linear response theory deals with the way a physical system reacts to a small change
in the applied forces or the control parameters. The system starts in an equilibrium or
a steady state p, and is subjected to a small perturbation x, which may depend on time.
In first approximation, the change Ap of p is assumed to be linear in the perturbation
x”. A more mathematical formulation is the following. Let f : M — M be a smooth
discrete time dynamical system (on a compact Riemann manifold M) admitting a
unique SRB measure . Assume that A — fy is a smooth path through f = fy and
that there exists a large enough set A, containing 0 as an accumulation point, so that
f admits an SRB measure ) for each A € A. One asks how smooth the map A — iy
at 0, in particular whether it is differentiable (see [ D).

Ruelle presented explicit formulae for the first derivative (using the susceptibility
function) in [ |. For example, if we associate a vector field X so that fy =
fo+AX o f+ o(\) then one can hope to write

g < / dm) = 2 / (X, grad(g o f§))dp. (1)

However, to make sense of this expression one needs, for example, that the right hand
side of (1) converges in a suitable sense.
An approach suggested by Ruelle, was to consider the susceptibility function

W) =Y [ (Xograd(g o £ @)
n=0

which reduces to (1) when z = 1.
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In an incomplete manuscript of Sondergaard and Cvitanovié¢, the authors propose
the idea of studying this problem using a different approach involving a complex func-
tion defined using periodic orbits [ ]. We want to develop further these
ideas in the context of C* expanding maps and Anosov diffeomorphisms, a key point
being the use of a somewhat different complex function. (A related problem was posed
by Baladi in §5 in her survey [ |, where she asked about the relationship of
periodic points and linear response.) In particular, we present an alternative convergent
series for the Right Hand Side of (1), which has the merit of being easily computed.

The problem of computing the first derivative of the integral was studied by Bah-
soun and Galatolo [ ]-

We consider the problem in the settings of expanding maps of the circle and Anosov
diffeomorphisms of the torus. Our results are as follows.

1.1 Expanding maps of the circle

The simplest possible setting in which to study these problems is expanding maps of
the circle.

Let us take a family of C* expanding maps T) : T* — T!, X\ € (—¢,¢), on the unit
circle K = R/Z. We denote by

duy = pa(z)dzx
the associated absolutely continuous invariant measure, with density p € C*(T*)
[ ]. Given a C* function g : T! — C we can consider the average

[ gduy, which has an analytic dependence on A € (—¢,¢), and find an expression in
terms of periodic orbits for the derivatives.

A= /d ’ ond B = 0 /d ’ (3)
O IHN ) 1\2o ON2 IHN ) 2o

In particular, this would lead to a series expansion

B
/gd,u,\ = /gduo + A+ /\25 +0(\?). (4)

The following theorem is our main result on expanding maps and gives both the de-
sired expression for the coefficients in (3) in terms of periodic points and convergence
estimates which will be useful later for computations.

Theorem 1.1. Let Ty be a family of C¥ expanding maps of the circle, let uy be the
absolutely continuous invariant probability measure and let g be a C¥ test function.
Then

1. The first and the second coefficients A and B may be written as explicit convergent

series A= > Ay and B= ) By;

2. The kth term of the series is defined in terms of periodic points of period < k;

3. The partial sums Sp(A) = > Ar and S,(B) = Y. By of the first n terms in
k=1 k=1

each series converge faster than any exponential to A and B, respectively, i.e.,
1S,(A)] < avexp(—fn?) and |S,(B)| < aexp(—pn?) for some a, 8 > 0.
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For clarity of exposition, we have formulated the result for expanding maps of the
circle, but an extension to expanding maps in higher dimensions also holds.
Contributions to the study of this and related problems have been made by Ru-
elle [ ] and [2003], Baladi and Smania [ ],
I, [2010]; Dolgopyat [2004],
Liverani and Butterley [ .
The connection with periodic points is not unfamiliar, we recall

Lemma 1.2. The average of a test function is related to periodic orbits by the formula

/ J o Ztga = 9@/ T@)]
gdux = lim
n—+00 ZT;‘zA::@\ 1/‘T)/\(CL‘)\)‘

The rate of convergence in this lemma is typically only exponential, which is the
same as the growth rate of the number of the periodic points needed to compute the
terms.

However, our goal is to give an explicit convergent power series in A, where the
coefficients can be efficiently computed in terms of periodic points, as in Theorem 1.1.

1.2 Anosov diffeomorphisms

We recall that a diffeomorphism f : M — M on a compact manifold is Anosov if

1. there exists a continuous (in the manifold) D f-invariant splitting TM = E*&® E*
and constants C' > 0 and 0 < A < 1 such that [|[Df"|gs|| < CA" and | Df~"|gu|| <
CA\" for n > 0.

2. f is transitive, i.e. there exists a dense orbit.

Let us consider a family of C* Anosov diffeomorphisms fy : M — M, X € (—¢,¢). Let
1y be the associated Sinai-Ruelle-Bowen measures.

Given a C* function g : M — R we can consider the average [ gduy, which has an
analytic dependence on A € (—¢,¢) and find an expression for its derivatives in terms
of periodic orbits.

A—a/d ‘ andB—aQ/d ‘
)N I |1 5—o oM GUN T |50

In particular, this would lead to a series expansion, similar to (4)

B
/ gdpy = / gduo + NA + XZE +0(\?). (5)

The following theorem is our main result on Anosov diffeomorphisms and gives
both the desired expression for the coefficients in (5) in terms of periodic points and
convergence estimates which will be useful later for computations. Let us restrict to
the case of Anosov diffeomorphisms of the two torus T?.

Theorem 1.3. Let Ty be a C¥ family of Anosov diffeomorphisms of T2, let uy be the
SRB measures and let g be a C¥ test function. Then

1. The first and the second coefficients A and B may be written as explicit convergent
o0 o0
series A= >, A, and B= >, By;
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2. The k’th term of the series is defined in terms of periodic points of period < k;

def & def

3. The partial sums S,(A) = > Ar and S,(B) = By of the first k terms in
k=1

— k=1
each series converge faster than any exponential to A and B, respectively. In
particular, there exist constants o, § > 0, which can be explicitely estimated, such

that Sp(A) < aexp(—pn?) and S, (B) < aexp(—pn?).

For clarity of exposition, we have formulated the result for Anosov diffeomorphisms
of T? | but an extension to higher dimensional Anosov diffeomorphisms also holds.

We present the explicit formulae for the S, (A) and S,(B) in a later section.

The connection with periodic points is again well known:

Lemma 1.4. The average of a test function is related to periodic orbits by the formula

/ p i 2oy =ay 9(2)/| det(DTA| gu) (2y)|
gdpy = lim
n—+00 ZTQD\:%\ 1/| det(DTx|gu)(zy)|
The rate of convergence in this lemma is typically only exponential, which is the

same as the growth of number of the periodic points needed to compute the terms.
Thus Theorem 1.3 provides a faster and more efficient means of approximation.

1.3 Examples

To illustrate the efficiency of the approach to numerical computation we can consider
several simple examples.

1.3.1 Expanding maps of the circle

Example 1.5. Let Ty : [0,1] — [0, 1] be the doubling map defined by

Tou):{?‘” osess
2r -1 ifs<x< 1
1 1 n Sn(A) Sn(B)
7| —0.00189764 | 7.847249099
Toa) |- @) -7 8 | 2.503-10°° | 7.655670510
0 ; ; 9 | —L.73-107 | 7.658058404
| | 10 | 6.24-10 1 | 7.658050630
! ! 11 || —1.15- 102 | 7.658050565
(I 1 0 @ 1 12| 142107 | 7.658050566

Figure 1: (a) The doubling map Tp; (b) The small perturbation T); (¢) Approximations to

the first derivative and to the second derivatives.

Let Ty : [0,1] = [0,1] (== < A < 5= ) be the map defined by

Ty (x) = {293 + Asin(27z)

2z — 14 Asin(27z)
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S (A)
8.103482255823
3.191273200097

—5.060637127313
—1.072969824595
0.002785871255
0.002790864776
0.002790864709

Figure 2: The case of Anosov diffeomorphisms. (1) Original domain (2) the image under 7.
(3) The image under T). (4) Approximations to the first derivative 3 [ gdpy.

Let g(x) = cos(2mx). In this case the value A = 0 can be obtained as a part of
general statement, outlined in the Appendixz 4.2 p. 13, and this leads to a useful check
on the numerics. In particular, using only = 2000 pertodic points with period < 10 we
see from Table 1 (a) accuracy to 9 decimal places. Similarly, we have a method for
finding numerical approrimations By to B = 88722 [ gdur, |ax=0 using periodic orbits of
period < k. For instance, using only ~ 8000 periodic points with period < 12 we get
accuracy to 9 decimal places.

1.3.2 Anosov diffeomorphisms

Example 1.6. We can consider the Arnol’d CAT map Ty : T? — T? given by
To(z,y) = 2z +y,x +y) mod 1;
and define a small perturbation
T\(z,y) = 2z +y+ Acos(2mz),x +y) mod 1.

The number of periodic points of Ty grows exponentially like (3+T\/g)n) and they are
equidistributed. We need to choose test function changing rapidly in order to re-
duce computational error. For example, one can consider g(z,y) = sin(19sin(2mx) +
41 cos(2my)). We obtain A = 0.00279. .. with ~ 6000 periodic points of period 9 with
accuracy to 10 decimal places.

2 Approach of thermodynamics

We will present the argument in a simple case of expanding maps and explain afterwards
the changes needed in the case of invertible Anosov diffeomorphisms.

2.1 Expanding maps of the circle

We will begin by reviewing thermodynamic formalism for expanding maps of the circle.
This then allows us to describe the zeros of the complex determinant function we need
to introduce. Finally, we explain how the determinant function can be used to study
the linear response problem for expanding maps of the circle.
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2.1.1 Thermodynamic formalism

Let T: T' — T! be an expanding map on the unit circle. We can consider the C%
function F : T! — R defined by

F(z) = —log|T'(z)|.
Definition 2.1. We define the pressure function P : C(T1,R) — R by
P(F) :=sup {h(m) + /de}

where the supremum is over all T-invariant probability measures. Let ur be the Gibbs
measure associated to F, i.e.,

P(F) = i) + [ Fur

Let us consider an analytic family Fy: T' — T! of expanding maps on the circle
with parameter A € (¢,¢) and denote py := pp, .
The following result is well known [ ].

Lemma 2.2. Let g : T! — R be a real analytic function. Then the function t —
P(Fy +tg) is analytic and we can write

6P(F>\—|—tg) /
_— A I d
ot ‘t 0 S

2.1.2 Determinant for the expanding maps

We now introduce a complex-valued function of three variables, associated to the fam-
ily Fy: T! — T' and a test function g: T' — C

Definition 2.3. The determinant d: CxRx(—¢,e) — C, is a formally defined function

d(z,u, \) = exp Z Z expxj)l) (6)

TV zr=xx
where the second summation is over periodic points xy for T of period n and we write
n—1
g"(xx) = X g(T{wy).
k=0
It is relatively classical to show the following.

Lemma 2.4. For z € C, X € (—¢,¢) and u € R we have that:
1. d(z,u, \) converges to an analytic function for |z| < exp(—P(F\ — ug));
2. d(z,u,\) has an analytic extension in z € C to the entire complex plane C;
3.z d(z,u,\) has a simple zero at z(u, \) = exp(—P(F\ — ug)).
These results can be easily deducted from the paper of Ruelle [ | and his
book [ ], but we briefly recall the idea of the argument.
Let us treat the circle T! as the unit interval [0,1]. Let [0,1] C U C C be its

complex neighbourhood. We let B be the Banach space of bounded analytic functions
f: U — C with the supremum norm || - ||c.

6
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Definition 2.5. To a family of maps F\ € B and a test function g € B we associate
the transfer operator L, x : B — B:

(Lur)f(z) = Z exp((Fx — ug)(Tyx)) f(Tyx)
k

where Ty, : U — U are C¥ contractions with Tp(U) C U, and Ty o T, is the identity
map.

Providing that F) : U — C and u : U — C are analytic, the operators £, ) are
nuclear. In particular, the determinant

o

det(f — 2L, ») = exp <— Z Z—trace( Z/\)>
n k)

n=1
is an entire function in z. The previous statements come easily from results of Ru-
elle [ ], after Grothendieck [ ):
Lemma 2.6 (Grothendieck—Ruelle). We can expand the determinant in a power series
o0

det(l — Ly ) =14+ Y an(u, \)2", where the coefficients a, satisfy: there exists o > 0
n=1
and 0 < 0 < 1 such that |an(u, \)| < af™ .
In particular, we see the following

Corollary 2.7. Let z = z(u, \) be the real zero for d(z,u,\), i.e. d(z(u, \),u, \) =0.
Then z(0,\) =1 for all A € (—¢,¢).

Proof. By Rohlin’s equality we have that P(F)) =0 for all A € (—¢,¢). O

Using Lemma 2.2 we can observe

9 ) = 2 exp(—P(Fy — ug)) = —=(u. ) 2

2.1.3 Analytic dependence of the average on measure

Implicit to our analysis is that the function A — [ gdpu, is analytic in A, from which we
can then turn to the problem of solving the derivatives. This is part of a general result
whereby we consider analyticity of the determinant d(z,u, \), defined by (6). We may
introduce an analytic function n: C x (—¢,¢) — C by

_ Ologd(z,u,\)

1 od(z,u, A
n(z,A) : 5 ( )

u=0 d(z,u,\) Ou

Lemma 2.8. The function 1(z,\) has a simple pole at s =1 with residue [ gdpy.

For each individual periodic point T{xz) = x) we have a C* function (—¢,¢) >
A +— x). Moreover, we can find a common neighbourhood (—¢,¢) C U such that
(—&,e) 3 A — x) has an analytic extension to U.

7
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Lemma 2.9. In a neighbourhood 1 € V. C C we have that V' > z — 1/n(z,\) is
analytic. Moreover, U 3 X\ — 1/n(z,A) € C¥(V,C) is also analytic.

Recall Corollary 2.7. We can use the residue theorem to deduce that

Us A= 1/n(z,\) — /gdu)\

is analytic.

2.2 Anosov diffeomorphisms

Let T: T? — T? be an Anosov diffeomorphism of the torus, i.e. we assume that there
exists a DT-invariant splitting T? = E* @ E*, and C, p > 0 such that HDT”\ES < Cp"
and HDT‘1| B H < Cp™. We also assume that the map 7" has a dense orbit.

We will begin by reviewing thermodynamic formalism for Anosov maps of the torus.
This then allows us to describe the zeros of the complex determinant function we need
to introduce. We also include a brief description of the Banach space and operators
(due to Rugh) that we use.

2.2.1 Thermodynamic formalism
We can consider the Holder function ¢*: T? — R defined by
" (x) = —log | det(D, T )|
and the C* function ¢: T? — R given by
p(x) = —log|det(I — DT)|

Definition 2.10. We define the pressure function P: C(T? R) — R by

P(T) :=sup {h(m) + /Tme}

m

where the supremum is over all T-invariant probability measures. Let ur be the Gibbs
measure associated to T, i.e., the unique T-invariant probability measure such that

P(T) = h(ur) + /TdMT-
Let T\: T? — T2 be a family of Anosov diffeomorphisms. Let o\ and @3 be the

associated functions. The following result is well known [ -

Lemma 2.11. Let w : T? — R be a real analytic function. The function t — P(—py +
tw) is analytic and we can write

oP + tw

where py is the SRB measure and P(p}) = 0.
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2.2.2 Determinant for Anosov diffeomorphisms

We recall the result of Rugh from [ ]. For a real analytic Anosov diffeo-
morphism 7" : T? — T? and a positive real analytic function ¢ : T? — RT given by
g(z) = exp(w(z)) we can associate the function

def 2. 2" Z]i[;g(Tkx)
) Len(-3 0 Y wre =)

which converges for |z| < exp(P(—¢" 4+ w)). In particular, we observe that

exp (£ o(10))

I ~1. 1
n-rtoo det(DT™(z) — I) (7.1)

We have the following interpretation.

Proposition 2.12 (Rugh). The function d(z) has an analytic extension to C with a
simple zero at z = exp(P(—¢" + w)).

However, examining the proof we see that there is an additional analytic depen-
dence. We therefore define

|
—

< exp (5 :20 w(Tfaz))
d(z,5,) = exp - ; n TZ det (DT (2) 1) ) ()

Lemma 2.13 (Ruelle-Grothendieck-Rugh). The function d: C x R x (—¢,e) — C,
given by (7) is analytic. Furthermore, we can write

d(z,s,\) =1+ Z an(s,\)z"

n=1
where there exists 0 < 6 < 1 such that such that |a,(s, \)| = O(6").

Thus the truncations

N
dM(z,5,0) =1+ Z an(s,\)z"

n=1

are efficient approximations to d(z,s,\) and lead to approximations to [wduy via
the implicit function theorem. As in the case of the expanding maps, one additional
ingredient is the expansion z) = zg + Az(Y) + --. and replacing the family of fixed
points z, by zo + Az, after solving for z().

Example 2.14. We can consider the Arnol’d CAT map Ty : T? — T? defined by
To(x,y) = (2x+y, z+y) (mod1). We can then define Tx(z,y) = (2z4+y+Asin(27z), 2+
y). The periodic points for Ty correspond to () = (A" — 1)1 () where n,m € Z,
and A= (21).
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2.2.3 The Banach spaces and transfer operators of Rugh

For completeness, we briefly recall the approach by Rugh.

The spaces constructed by Rugh in his paper [ | were the forerunners of
the modern theory of Anisotropic Banach spaces. For our purposes, the most important
feature is that it retains the property of being a nuclear space.

One associates to the Anosov map a Markov partition P = {Py,--- , P, }. Each piece
of the partition can be written in the form [U;, S;] where U; C W"(z;) and S; C W"(z;),
for some z; € P;, and we write [z,y] = W*(x,e) N W#(y, ¢) for sufficiently small € > 0,
depending only on T'. Following the original work of Adler and Weiss
[ ], and Sinai [ ], we can model T: T2 — T2 by a subshift of finite type
0: X4 — Y4 with transition matrix A.

On each piece P; of the partition one can consider the natural coordinates associated
to the stable and unstable manifolds (i.e., we can identify points in P; with U; x S;
using the above. As is well known, these coordinates are typically only C!. In order
to recover analytic coordinates we need to use an approach introduced by Rugh.

Assume that zp € P,,, Tz1 € P;,. In particular, writing zp = (x0,%0) and 21 =
(z1,y1) we see that for each

1. yo € Uj, the map zo(-,y0) : Si; — Si, is an analytic contraction.
2. x1 € S;, the map yi(x1,-) : U;y, — Uj, is an analytic expansion.

Here contraction and expansion are understood in terms of the modulus of derivative
being smaller, or larger, than 1 respectively.

By virtue of real analyticity, we can fix small neighbourhoods S§;, D S;, and
U;, D U;, with smooth boundaries corresponding to complexifications of these pieces
of unstable and stable maps such that:

1. for any yo € U;, the map zo(-,y0) : Si, = Si; is an analytic contraction and, in
particular, zo(S;,,y) C Siy -

2. for any z; € S;, the maps yi(x1,-) : Ui, — U, is an analytic expansion and, in
particular, y1(z1,U;,) C Ui, .

3. We can solve y;(&o, ¢s(£0,m1)) = m to get a family of contractions ¢s (o, ) : Us, —
U, (indexed by &p).

4. We define a family of contractions ¢y (-, m1) : Sig = Siy by ¢u(&o,m) = y1(s(£0.m))
(indexed by 7).

We can consider the space of functions B := @;C%(S; x (C — U;)) consisting of
bounded analytic functions f : [[,U; — C with the supremum norm. We can then
define a transfer operator £ : B — B by

1 f(zo,y0) - G(w1,0)
- ¥ L[] -
f(z1,91) A(é%)_l 412 Jas, Jou, (To — @u(0,y1)) (Y1 — ws(zo, 1)) oo

where A is the transition matrix, (2o, o) € Si X (C—Us,) (z1,11) € Sj (@—Uj), and
G(xo,y1) = 020s(0,y1) is a weight function associated with the change of variables
(cf. Rugh [1992]).

10
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3 Determinant and test function

The coefficients A and B, defined by (3), can be written in terms of the determinant.
They give linear and quadratic approximations to the derivative of the average (4). We
keep the notation introduced in the previous section.

The first coefficient A may be written in a relatively easy closed form.

Lemma 3.1 (Linear approximation).

82d(z,0,\) 9d(1,u,0)
0 / d ‘ _ %Iu:mzo 4 Peox le=1A=0 ( i ‘u:0>
152 I ) o = M’Z (ad(z,o,o) >2
9z o le=1

Proof. By the implicit function theorem applied to d(z(u, A),u, A) = 0 we can write

ad(z(0,\),u,\
( (Bu) )}u:O _ 8z(u7)‘)

- du

B OP(F\ — ug)
u:O_ 2(07 >\) 8u

OP(Fy — ug)
u:O_ 8u

T 9d(z,0,0) ‘
0z 2=2z(0,\)

using the corollary 2.7 to see that z(0,\) = 1, and by Lemma 2.2

v~ [ 9 0

We thus see from the two identities (8) and (9) that

OP(Fy\ — ug)
ou

0d(z(0,\),u,\)

— ou ‘u:O
/gdm = T 9d(z0)N) :
0z ‘z:z(O,)\)

Differentiating with respect to A and taking into account that 8“7’((9(1”\) ‘ yeo= 0, we get

the result. 0

The expression for the second coefficient B = 8‘9—/\22 J gd,u,\‘ \_o nvolves third-order
derivatives of the determinant.

Lemma 3.2 (Quadratic approximation).

dd\-1, &d  8d  &d 924 9%
5 (94 B _ N gdug—22% 4 4 4a
(02) <6u(’92)\ DuONZ 020N / 90— N 922 / gan °)

u:O,A:O,z:l’

where A = 8@)\ fgd,uk‘)\zo.

Proof. To estimate the value B we differentiate the determinant twice, and calculate

88—)\22 (a%d(z(u, A),u, N))|u=0) |r=0 using the identities z(0,A) = 0 and aza(g)\,)\ =0 O

It is clear therefore that in order to estimate the coefficients A and B, it is sufficient
to be able to compute efficiently derivatives of the determinant. Below we provide
theoretical background and outline computational method.

11
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3.1 Derivatives of d(z,u, \)
Since the determinant is an analytic function, we can expand it in a power series.
(o]
d(z,u,)) =1+ ) an(u,A)2" (10)
n=1
Comparing the terms in the expansion for d(z,u, A) given by (6) we get the following.

Lemma 3.3. Let g : T — R be real analytic, and let Ty: T* — T' be a family of the
expanding maps of the circle. Then each a,(u,\) depends only on periodic points of
period n, i.e.,

L2 exp(—ug"i (z))

an(u, A) = Z 7l H i Z (T39) (zy) — 1
ni+-+nr=n ’ 7=1 J Tnjx)\:a;')\ A A

Remark 3.4. In the case of the expanding maps on the circle, we can take any % <f<1

and then « can be explicitly estimated in the upper bound |a,| < b,

Lemma 3.5. The derivatives of the determinant (6) can be approximated by the sums
of derivatives of coefficients a,,. Moreover, an upper bound for the approximation error
can be explicitly calculated.

4 Numerical results

We begin with an outline of the algorithm we use for computing the first and second
derivatives of the integrals. We then illustrate this, firstly, for expanding maps of the
circle and then, secondly, for Anosov diffeomorphisms of the torus.

4.1 Outline of the algorithm

Our goal is to calculate partial derivatives of the Taylor series coefficients a,,. We recall
the determinant identity, that follows from (6) and (7)

Z Z u —1—|—Zzanu)\

Tlxrx=m

and consider sums over periodic orbits

b (u, \) % Z M_ (11)

TPy (zy)| — 1
oy TR @)

The Taylor series coefficients and their derivatives can be calculated from recurrent
relation

n—1
N =~ S a( Ao, ) (12)
§=0

where ag = 1. To avoid accumulation of numerical error we compute the derivatives
analytically for each combination of perturbation and test function g.

12
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4.2 Some rigorous values

In the case of expanding maps of the circle, there is a nice criteria for estimating a
linear approximation to the average [ gdu, which is of independent interest.

Theorem 4.1. Assume that T and g are chosen so that there exist a constant Cy and
a polynomial Py such that for any n

1 o .
- - — (T <
Tl L @] [ <R (13)
Ty (xzx )=z
1
S DRPAICO| e (14)
T5 (z)=2
then 5 o
1
o\ gd,u,\‘A:O nl—>Holon8u8)\b (1, A) u=0,A=0 (15)

where by (u, \) are sums over periodic orbits given by (11), providing the latter limit
exists.

The hypothesis of Theorem 4.1 are satisfied; in particular, in the examples we will
consider below. The second condition (14) holds true for any test function g with zero
average [ gdu = 0.

Proof. The argument is very straightforward. The conditions (13) and (14), imposed on
the diffeomorphism and the test function, allows one to show, relying on the analyticity
of the determinant, that WLU‘:O: 0 and

672d(1 u, \) = 2d(z U, \) im la7219 (u, A)
oudX 7 T u=oa=0 0z 77 li=1u=0=0 n—oo n QudX 7 lu=0r=0"
Theorem follows from Lemma 3.1. O

4.3 Expanding maps of the circle

Using the method described above, one can calculate partial derivatives of the first 16
coefficients a1, ..., a1 very rapidly.

Example 4.2 (T\(z) = 2z + Acos(2wz) and g(x) = sin(27wx)). The left graph in
Figure 3 shows a plot of sums over periodic orbits, b, and its derivatives against n in
logarithmic scale. We observe that log(by,) = In(1 4 5i—~) & 575 converges to 0, as it
should, and each of partial derivatives are asymptotic to exp(—an) for some constant
a > 0. The right graph in Figure 3 shows a plot of the Taylor series coefficients a, and
their derivatives in the logarithmic scale. We observe that the coefficients and their
derivatives converge to zero superezponentially a, ~ exp(—an?) for some a > 0. The
numerical values for partial sums Sp(A) and S, (B), approzimating the coefficients A
and B, respectively, were given in Table 1. In this example we obtain

P 52
2 g ’ —0: and —— [ 4d ’ — 7.6505. ..
B / IHA] and 5N / IHA o
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log|b,|
o

o 2 4 6 8 10 12 2 4 & 8 10 12
n n

Figure 3: Representative plots. On the left hand side we see the plot of sums |b,| (dark

blue) a?d partial derivatives |%L;‘ (blue), ‘%" (light blue), gug’}\ (green), %2%‘ (yellow),

and ‘% (red) in logarithmic scale. On the right, the Correspondlng derivatives of a,, are

shown. All derivatives are evaluated at A = 0, u = 0.

Example 4.3 (T)\(z) = 2z+ A cos(4nz) and g(x) = sin(4nzx)). Increasing the frequency
of pertueration and test function, we observe that for the second order partial deriva-
tive log|gu%‘u:0 y—o 7 0, and, consequently, we get 8% fgd,u,\‘/\:(): 1.570796326 . . .;

which corresponds to the value 5 from Theorem /.1 up to an error 10712,
These estimates took only 7 seconds on a modern Desktop computer.

Example 4.4 (T\(x) = 2z + Acos(2mz) and g(x) = cos(2mx)). In this example we
consider synchronised perturbation and test function. As a result, we observe that

. 02%b .
one of the derivatives 2 S ‘/\ 0 o vanishes, but log‘au—af\b:o’)\:o # 0, and we obtain

ﬁfgd,u,\‘)\zo— 1.570796326...; which corresponds to the value 5 from Theorem 4.1
up to an error 10714,

4.4 Anosov diffeomorphisms of the torus

It is well known that for an Anosov diffeomorphism A the total number of periodic
points of period n is equal to det(A™ — I), therefore we see that b,(0,0) == 1 for all n,
and d(z,0,0) =1 — z, i.e. ap(0,0) =1, a1(0,0) = —1, and a,(0,0) =0 for all n # 1, 2.
Using a similar method with obvious adjustments, we calculate partial derivatives of
the first 10 coefficients ay, . . ., a1 of the Taylor series expansion of the determinant (7),
evaluated at A = 0, u = 0. The Figure 4 shows the plots of sums over the orbits b,
and the coefficients a,, in logarithmic scale. We see a very rapid convergence.

5 Generalizations

Finally, we formulate generalizations of Theorem 1.1 and Theorem 1.3 which can be
proved with the same basic method.

14
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10}
° %
=10} | | | | | —
S
20
Q
=20} —
_SO.M
2 4 6 8 10 2 4 6 8 10

Figure 4: Representative plots. On the left hand side we see the plot of partial derivatives
}aai;’ (blue), | 22| (light blue), and | Oba | (green) in the logarithmic scale. On the right, the

OudA
corresponding derlvatlves of an are shown. All derivatives are evaluated at A =0, u = 0.

We begin by considering the generalization of Theorem 1.1 to expanding maps on
d-dimensional compact manifolds.

Theorem 5.1. Let T; be a C¥ family of expanding maps on a d-dimensional compact
manifold, let pr, be the absolutely continuous invariant probability measure and let g
be a C* test function. Then

1. The first and the second coefficients A and B may be written as explicit convergent

o o0
series A= > Ay and B= ) By;
n=0 n=0
2. The kth term of the series is defined in terms of periodic points of period < k;

3. The partial sums S, (A) = Z Ag and Sp(B) = Z By, of the first k terms in

each series converge faster than any exponential to A and B, respectively, i.e.,
|An| < ae e~ B and |B,| < Ce —Bniti/d for some a, B > 0.

Finally, we have generalization of Theorem 1.3 to Anosov diffeomorphisms on d-
dimensional compact manifolds.

Theorem 5.2. Let T; be a C¥ family of Anosov diffeomorphisms, let piy, be the SRB
measures and let g be a C¥ test function. Then

(o] o
1. There are expressions for A= > A, and B = > B, in terms of explicit con-
n=0 n=0
vergent series;

2. The kth term of the series is defined in terms of periodic points of period < k;
3. The partial sums A and By of the first k terms in each series converge faster

than any exponential to A and B, respectively.

Remark 5.3. The method we have described might also be be applied to C*“ expanding
semi-flows and Anosov flows, by using Markov sections.
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