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On Dynamical Systems with 2-adic Time'

(©2009 r. V. Dremov, G. Shabat?, P. Vytnova’

ITocTynumno B aBrycre 2008 r.

A general concept of dynamical system with nonarchimedean time is suggested. It is illustrated by a
certain limit on the dynamics on the sets of 2"-periodic points of real quadratic maps.

1. INTRODUCTION AND MAIN RESULT

1.1. Periodic orbits and chaos. The onset of chaos (in families of discrete dynamical sys-
tems) is related to the appearance of periodic orbits of various orders. We are going to consider
some nonarchimedean structures related to discrete periodic dynamics. The previous papers of the
authors [4, 8, 3|, as well as the one by Thiran, Verstegen and Weyers [10], were devoted to dynam-
ics in nonarchimedean spaces; the present paper is devoted to nonarchimedean time. We will show
that at least in one typical example the same dynamical system admits two compatible descriptions:
a classical description with discrete time and a description with 2-adic time. Remarkably, the 2-adic
version turns out to be considerably simpler.

1.2. General setting. We treat as “time” an arbitrary semigroup or group acting on the
phase space

T: X.

Classically, T = R and T = N for continuous and discrete dynamics, respectively. In the case of
periodic processes, the groups T = R/Z and T = Z/NZ are more suitable. The product of the
latter groups over all N € N acts in the obvious way on all sets of periodic orbits, but the spirit of
nonarchimedean dynamics rather suggests considering the group of “universal periodic time”

Z:=1mZ/NZ= [] Z,

Prime p

acting on the periodic points by means of its finite cyclic factors. However, in the present paper we
consider only Zs acting on the 2"-periodic points.

For a map T: X — X and for n € N we denote by T"° its nth iterate and by T~"° its nth
inverse iterate (possibly multivalued). By TN°(z) we denote the T-orbit of z € X finally, for Y C X
denote TNV =, .y T7™°Y and T=°Y =,y T Y.

1.3. The main example. Consider the family of quadratic maps
ferx—a?+ec

The bifurcation values of ¢, where the 2"-periodic orbits loose their stability and the 2"*1-stable
orbits appear, are well known. They are 0.25 = ¢y > c¢1 > ... > ¢ = —1.416... and can be defined
by the following property: for any ¢ € (¢,41, ¢,) there is exactly one stable 2"-cycle of f,.
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2 V. DREMOYV et al.

The stable periodic points constitute the set
StabPer,,(c),

on which the generator of the group Z/2"Z acts by = + 2% + c. For every c there exists a distin-
guished element

xo(c) := lim fCQNO(O) € StabPer,(c).

N—oo

The orbits of zy(c)’s are pasted together to define a function of a real and a 2-adic variable
X: (CoosC0] X Zg — R,

where for ¢ € (¢p41,cn] we set X(c, t) = C[t}"o(xo(c)), denoting by [t],, the image of the moment

under the projection Zo — Z/2"7Z. This function satisfies
X(e,t+1) = X(c,t)? +c.
1.4. Statement of the main result. The 2™-element sets of connected components
X = m0({c, X(Za, c) | ¢ € (cny1,¢n)})

are related by adjacency maps
XnJrl — Xy

that send every element £ of X}, 1 to the only element of X, representing a component whose closure
has a nonempty intersection with the closure of &.
The sets &), are acted upon by Zs in a compatible manner, so that the projective limit

X = @Xn

is also acted upon by Zs.

Denote by X the closure of the orbit f°(0). It is well known [11] that X is the attractor
of f.... It is also true that the map f.. is invertible on Xoo—this follows easily from Theorem 1
below.

Thus X is a Z-set. The goal of the present paper is to prove the following result.

Main theorem. There exists a (Z — Zso)-equivariant homeomorphism Xoo — X sending 0 to
the “distinguished element.” Under this homeomorphism the action of Zo is a continuous extension
of the Z-action.

Though the statement seems quite natural, the analysis of the limiting behavior of the 2"-pe-
riodic orbits of f. is rather hard—and the difficulties are purely archimedean. We were unable to
find easy proofs of our statements and had to use the deep results from the very well-developed
one-dimensional dynamics, a survey of which is presented below.

2. PRELIMINARIES

2.1. Unimodal maps. Let I = [—a,a] C R be an interval and f: I — I a smooth even map.

Definition 1. A map f is called unimodal if it is monotone on each of the parts of I\ {0}, if
it has a unique nondegenerate extremum at 0 and if it has no other critical points.

Definition 2. The Schwartzian derivative of f is defined as

"3y
51="F 2<f’> |
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ON DYNAMICAL SYSTEMS WITH 2-ADIC TIME 3

Theorem (Collet, Eckmann [2]). Let f. be a family of unimodal maps of the interval I to
itself with negative Schwartzian derivatives, where c belongs to some interval, such that ¢ — f. is a
smooth nontrivial map. Then there exists a strictly monotone sequence of values {c,}52 , providing
the period-doubling bifurcation.

Definition 3. We call a family of unimodal maps of the interval I into itself with negative
Schwartzian derivatives a Collet-Eckmann family.

Every function of the classical family f.(z) = 22 + ¢, ¢ € [~3/2,1/4], is obviously unimodal on
the interval I, = [—f, (], where 3 is a positive root of the equation f.(x) = z. The properties of the
existence of periodic orbits, as well as the type of their stability, are invariant under conjugation
by diffeomorphisms. Instead of the classical family, we consider a truncated family f.(z) = 22 + ¢,
¢ € [-3/2,—3/4]. This family is conjugate to the family ¢,(z) = 322 +~ by the map S(z) = 3;
ie., py =So f.oS™1 v € [-1,-1/2]. Hence the interval [—1,1] is invariant under the map ¢.
for v € [1/2,1]; then ¢, is a Collet-Eckmann family, as well as f, for ¢ € [-3/2,—3/4]. Thus the
families f. and ¢, provide the bifurcation sequences of period-doubling values {c, }52; and {v,}72,
respectively. These sequences converge with a universal rate (see, e.g., [2]): if co and 7o are their
limits, then

—n —n
Cp— Coo ~ 6, Yn— Yoo ~ O,

where 6 = 4.669... is the famous Feigenbaum constant [5].
Our main functional space is the space U of smooth unimodal maps of the interval [—1, 1] into
itself. Let us equip it with the topology of uniform convergence.

2.2. Doubling transformation. Define a doubling transformation 7': Uy — Uy, where
Up: ={f U] f*°(0) # 0 and = = 0 is a maximum point }.

Denote

Suppose that o > 0, f(f(a™1)) <a! < f(a™') and £(0) > 0. Then

h(z) = —af(f(a"'z))

is also a unimodal map of the interval [—1, 1] into itself, and h(0) = f(0). Define the doubling map
T: Uy — Uy by

(Tf)(x) = —af(fle'z), a=a(f)=-

Consider the functional equation

x

—ag®(Z) =g@).  a=aly) =- M

in the space of functions R — R. This equation is called the doubling equation. According to the
general theory (see the survey [11]), it has a unique solution, which satisfies the following conditions:

(i) g(z) = —ag(g(at)), a =2.503. . .;
(ii) g(0) =1, and 0 is a maximum point;

(iii) g(z) = g(—2).
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Fig. 1. Intervals and periodic points of period 27, 27"~1, 2"~2 and 273

This function was thoroughly studied in the papers of Campanino and Epstein [1] and Lanford |[6].
It was shown that all coefficients of the Taylor expansion of g, except the first one, are irrational.
The first several terms are

g(zx) =1—-1.527...2%+0.104... 27 + ...

In the remaining part of the paper o = a(g) = 2.503. .. .
Consider the sequence of maps {gx}7°,,

nle) o= Jim (- 127, (o).

s o)

In the papers of Collet and Eckmann [2] and Lanford [6] one can find the following results. The
sequence {gi} is well defined (all the limits exist). The functions g are unimodal and related by
the doubling map:

Ik—1 = T'gx. (2)

The sequence converges, and because of (2) its limit is the fixed point of the doubling operator:

lim g, =g.

k—o00

2.3. The partition tower of the interval. To prove Theorem 1, we use the construction
suggested by Misiurewicz [7]. He considered the class ® of maps ¢ of the interval [—1, 1] into itself
with the following properties:

(1) ¢ € CY([=1,1)) and ¢ € C*([-1,1] \ {0});
(2) ¢(=1) = =1 and ¢/(=1) > —1;

(3) ¢'(x) #0if z # 0 and Sp(z) <0 if = # 0;
(4)

4) for every n > 0 the map ¢ has exactly one periodic orbit of order 2", and ¢ has no other
periodic orbits.

For the maps of the class ® one can construct a system of closed intervals {Agn)}, n > 1,
0 < i< 2", with the following properties:

( )Afn) A(n) o for i # 7,

(AE ) = ) for 0 < i < 2" —1, f(A;z) 1) A(n), and the endpoints of the intervals
f(A;n) ) and A(()n) are different;

(3*) for every n the inclusion Ag ) A(nH) U Al(i;ri) holds and A( ™) contains no other intervals
of level n 4 1.

(N)

Convention. We say that an interval A
AIgN) is less then A%) if x < y for all points = € AlgN) and y € A%) (see Fig. 1).

has number k and level N. We say that an interval
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Cr/2C3 i c1  Ci/2

/_)/65/2 C2 03/2 i Co

Fig. 2. Bifurcation diagram for the family f.

3. REFORMULATION OF THE MAIN THEOREM

Definition 4. The bifurcation diagram (see Fig. 2) is the set of points of the (¢, z)-plane defined
as follows:

n

BD = | [{(c.2) | e € lentrseals S2°(@) =, |(F2°) ()] <1}

n=0

For each ¢ € R and each n € N the equation f2"°(x) = z defines an algebraic curve a,. The
bifurcation diagram consists of pieces of the curves «,, (with various n) defined by the condi-
tions ‘( ffno(w))‘ < 1, as well as of the points of neutral cycles at which the stability is lost:
{x: 02:‘3(:6) =z | (f2no),(x) = 1}.

Now we define some special numeration of the components of BD over each interval (¢,41,¢y).
As in the introduction, we denote these components by &, with #4,, = 2". We number the elements
of X, by the elements of the group Z/2"Z, thus defining a bijection num: X,, — Z/2"Z. The only
component that intersects the line x = 0 acquires number 0; the other components are numbered
uniquely by the condition

num(fe(¢)) = num(¢) + 1.

Considering the groups Z/2"Z as factors of the additive group Zs of 2-adic numbers, we paste
these numerations to the global map

X(c,t): (Cooy 1] X Zog — R;
it is a real-valued function of a real and a 2-adic argument. By definition, it satisfies the equation
X(e,t+1)=X(c,t)? +c

The main technical result of the paper can be formulated as follows:

Theorem 1. For any “2-adic moment” t € Zg there exists lim. . X(c,t) =: X(¢x0,1).

4. IMPORTANT PARTICULAR CASE
First we prove a theorem that is a particular case of Theorem 1 (the case of zero moment).

Theorem 2.
lim X(c,0) =0. (3)

C—Coo

Proof. The product of the derivatives of f., taken over the stable 2"-periodic orbit, varies
from 1 to —1 while ¢ decreases from c¢,41 to ¢, and ¢, 41/2 is the value at which this product
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6 V. DREMOYV et al.

vanishes. The number 0 € Z5 corresponds to the part of the bifurcation diagram that intersects the
line z = 0 on each interval [¢,11,¢,], n € N. Indeed, for any n there exists a value ¢, 112 € [cnt1,Cn]
such that 0 is a 2"-periodic point of fan/Q- Such a cycle of the map fcn+1/2 is superattractive.

Lemma 1. Let d, be the distance on the (c,z)-plane between the line x = 0 and the nonzero
point of the superattractive cycle of period 2™ that is closest to it. Then

lim
n—oo

—a=2503... (4)

dn+1

and hence lim,,_ o dp = 0.

Proof. We calculate

g1(0) = lim (—a)"f22  (0) =

n—o0 Cnt141/2 m (—a)"|dp41].

i
n—oo
The claim (4) follows from the last relation, because

[(—a)" |
(o) ]

« as 1nn — OQ.

n

Hence d,, ~a™™ — 0. [

Lemma 2.
lim Cn+3/2 — Cnt+1/2 lim Cnt+l —Cn

1
n—00 Cpy1/y — Cpo1j2 TP Cp —Cp1 0

Proof. It is obvious that

Oy =P T (V=) Ty =T (P + (7 = Y0))- (6)

Consider the linearization of T" in the neighborhood of a function f € Uj:

D131k e) = i T ) a2 (2)) (1 25) (5 |

where o = a(f).
Then equation (6) takes the form

(Toy) () = T(Prs) + (v = Yoo ) DT, (1) + 0(7 — Yoo)

z? _
= T(pra)@) ~ aly =) (142 (3 7 ) )+ 000 =)

where 0(y — 7o) denotes infinitesimals of higher order. Iterating this relation, we obtain

Tno(@v) — Tno(@%o) +(y— ’Yoo)DTT("*l)O@«,oo 0...0 DTQP,Yoo (1) +o(y — ’yoo). (7)
Let v =7,41/2 and 2 = 0. Then

T (Pr112)(0) = T (07, )(0) + (Yns1/2 = Yoo ) DT pin-yo, 0 ...0 DT, (1)(0)
+ 0(Ynt1/2 — Yo0)(0). (8)

Take the limit as n — oo:

lim 7"°(¢,,.)(0) = lim lim 7", . .(0) = lim lim (—a)"@?" (0) = lim 95(0) = g(0) = 1;

n—oo n—oo ]—>oo ]—>oo n—oo Tn+j ]—>oo
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ON DYNAMICAL SYSTEMS WITH 2-ADIC TIME 7

since a continuous function on a closed interval is uniformly continuous, changing the order of limits
is legal. Moreover,

hm DTT(n?l)Of’Yoo — DTg (9)

n—oo

Fix N > 1. From equation (9) it follows that whenever n > N

T 1) = TPy + (Cny1ja — %o)(DTg)n_NDTTNO%oo 0...0 DTy, (1) +0(y = Yoo)-

Consider the function h := DTpney o...0DT, (1). It is known [9] that the operator DTy is not
self-adjoint and that it has a unique eigenvector hg corresponding to the eigenvalue 6 > 1 and the
invariant subspace H, on which the norm |DTgy|| = v < 1. Then the function h can be represented
in the form h = hgpo + ﬁ, where h € H and o is a number.

So

(DTy)"Nh = (DTy)" N (howo + h) = 6" N howo + (DTy)" N (h).

Since the space H is invariant and |DTy|| = v < 1, we have (DTg)”*N(ﬁ) — 0 as n — oo. Finally,
My, o0 Ty, ,(0) = limnﬁoo(—oz)"@%zﬁ/2 (0) = 0. Hence, taking the limit as n — oo in (8),
we obtain

0=g(0) + lm (Y4172 = Yee)0" " p0ho(0).

Consequently, limy, o (Yn41/2 — Yoo)0™ = const, from which Lemma 2 follows. [

Theorem 2 follows from Lemma 2 and relation (4). O

5. PROOF OF THE MAIN THEOREM

Proposition 1. There exists a diffeomorphism conjugating the map f.., with a map of the
class ® (see Subsection 2.3).

Proof. Indeed, f._ has a unique unstable periodic orbit of order 2". Applying the function
S(z) from Subsection 2.1 and using renormalization, we get the desired result. [

For f._ one can also construct a system of closed intervals {Agn) (coo)}, n>10<4 <27,
satisfying properties (1*)—(3*) of Subsection 2.3. The left and the right endpoints of these intervals
will be denoted by ! and v}, respectively. Due to properties (2*) and (3*) each interval Agn)
contains 2~ points of period 2* for k > n, and by property (1*) it contains no periodic points of
other orders. Each interval of level Agnﬂ) is separated from the other intervals by two repelling
points, one of which has period 2™ and the other has the same or smaller period. The numeration
of the intervals can be chosen in such a way that A((]n) (tso) 2 0. On the bifurcation diagram the

interval A(()n) (o) is contained between the points of the repelling cycle of period 2™ that are the

closest to the line z = 0.
It follows from Lemmas 1 and 2 that

[AF" (exo)|
|A((]n+1) (Coo) ‘

— as n — oo, (10)

where |A| is the length of the interval A.
In order to prove the existence of the limit lim.—,._ X (c,t), it suffices to show that the following
lemma holds.

Lemma 3. For any natural k
lim [A] = 0. (11)

n—oo
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8 V. DREMOYV et al.

Proof. It follows from Lemma 1 that ’Aén)‘ = C%St By the construction of the interval system

ok (Agc)) c A(()");

Coo

80, to prove the convergence of the lengths of intervals, it suffices to show that
Vk 3D <a: Q22 FAM) Dy > |al). (12,)

For k£ = 0 Lemma 3 is proved.
Now we proceed by induction on n. For n = 0 there is only one interval. In the case n =k =1

)

on the interval Ag the map [, is expanding, and one can take Di = min(f._(71), fi_ (511))71

Then
e (A) D1 = [,

Let us prove that (12,,) implies (12,,41). We have

2RO = AR

(n+1)

Since ff;_k is a diffeomorphism on the interval A,
cording to the choice of Dy we obtain

with negative Schwartzian derivative, ac-

[ (A D > A, (13)
Furthermore, f2 —k (A(n+1)) Agff ). So now it is time to prove that for any n € N

2n+1‘

2 (A5
o —

Consider the map f2" on the interval A%Z“. It is a diffeomorphism with negative Schwartzian

derivative. Without loss of generality we may suppose that it is increasing. By the definition of

partition tower+éf2n (A%Z:) C Aﬁzﬂ, A%Z“ D ég%ﬁ“ U Ag:%tf and f2n+(3A%Z+2) :HASZE Aizﬂ.

Moreover, A5, D Ay, UAZL) and f2 (A3, ) = A2 5L, f27(AZ5)) € A, But AZL <
n n n n+1 n . .

A2 < Agnig, so f? (A%n+ ) D A} **. Using relation (10), we get

M 2n—3
|A2n+1‘ ‘AO ‘LO& 1) and |A | ‘A ‘
Hence
2
A3 > (AR (1)

Now (12,,) follows from (14) and (13).
Lemma 3 is proved. [

The interval with number k # 0 appears for the first time on the level s := [log, k+1]. We have
to find a number Dy, such that f2 ~F(A$)D* > |Aj|. Take

Dy = max(min((£27%) (87), (f275) (), D—ae1)-
Theorem 1 is proved. [
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ON DYNAMICAL SYSTEMS WITH 2-ADIC TIME 9
The map f. acts on the bifurcation diagram:

fe: BD—=BD, (z,¢)+— (fo(x),c),

inducing the map F': Zg — Zo, t — t + 1.

Conclusion. The following diagram is commutative:

t—t+1
Lo ——

ln(t) Lﬂ:(t)

R fCoo

This is an equivalent form of our main theorem.

The authors are indebted to K.M. Khanin for valuable advice.
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