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Classical results for semisimple groups

Chevalley, Kostant, Vinberg
k = k, g semisimple, G adjoint, r = rk(g), 7G:g — /G = Speck|[g]® -
the quotient morphism; greg := {x € g | dim G-x =dimg — r};

e k[g]® =K[f,..., ] is a polynomial algebra;

e 75'(0) = M - the set of nilpotent elements of g;

e g is equidimensional, dim ' (¢) = dimg — r;

@ each fibre contains a dense G-orbit.

Kostant-Rallis (1971), Z,-gradings:
oceclv(g) = g=g09 g1, GD Go; Go — SO(g1). J

Vinberg (1975), periodic gradings:
0 € Aut(g), 0" =id = g=go P g D - Dgm-1; Go— GL(g1) J

There are similar results for the Gp-action on g1 and 7 : g1 — g1/ Go, e.g.
7=1(0) = M N g4 and k[g4]% is polynomial.
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Contractions of Lie algebras
Contractions of Lie algebras

Let q be a Lie algebra of dimension nand ¢ : k* — GL, a polynomial
mapping. Define the new Lie algebra structure on the vector space q by

[ Yty = ¢ 'ee(x),ce(y)],  t ek

Then q(4) = q and all algebras q(;) are isomorphic. If IimHo[x,y](r) exists for
all x, y € q, then we obtain a new Lie algebra, say s, which is called a
contraction of q. We write lim;— q(;) = s or g ~> 5. Conversely, q is a
deformation of s.

Examples

@ g D h are Lie algebras. Take any decomposition q = h @ p, and set
ci(h+p) =h+to,heh, pcp. Thenlimioq = b x q/b.
If p is an h-module, then g ~~ b X p.

@ For any 6 € Aut(q) of finite order m, one can construct a contraction,
which is called periodic or a Zp,-contraction.

v
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Contractions and semi-direct products Contractions of Lie algebras

Q is a connected algebraic group, q = Lie (Q).

Notation: Inv(q,ad ) := k[q]¢, Inv(q,ad*) :=k[q*]? = S(q)? J

Suppose q is a contraction of a semisimple Lie algebra g.

Problem: When is k[q]? or k[q*]9 polynomial? ]

Simplest contractions lead to semi-direct products; therefore we begin with
considering invariants of arbitrary semi-direct products.
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R is a connected algebraic group, ¢ : R — GL(V) = © — gl(V).
Let g =t X V be the semi-direct product of v and V. Then
@ Q = R x Vs the corresponding connected algebraic group;
@ 1 x Vis a commutative unipotent normal subgroup of Q (and 0 x Vis a
nilpotent ideal of q).

The adjoint representation of Q is given by:

ad(z,u)-(x,v) = ((ad 2)x,z.v — x-u), u,veV,ze€ R xcr.

Examples (interesting cases)
@ v+t~ txt — Takiff Lie algebra;
@ t x t* —quadratic Lie algebra;
@ sop1q1 ~ 50, X K7, the Lie algebra of the affine orthogonal group;

@ s0(1,3) x R* is the Lie algebra of the Poincaré group.

v
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Contractions and semi-direct products Invariants of semi-direct products

Ingredients for Inv(t x V,ad):

@ tx V—-rx V/(0x V)~r is Q-equivariant =
k[t]? — Inv(t x V, ad).

® F & Morg(t, V*) - covariant. Define F € k[t x V] by
F(x,v) = (F(x),v) (x €t,v € V).

Lemma
FeInv(t x V,ad)

Proof reduces to assertion that x-F(x) = 0 for all x € t. O

@ Morg(t, V*) ~ (k[t] ® V*)? and it is a graded k[r]?-module.
(It is a finitely generated module whenever t is reductive.)
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Contractions and semi-direct products Invariants of semi-direct products

Ingredients for Inv(t x V,ad"):
o (tx V)* — V* is Q-equivariant = k[V*] — Inv(t x V,ad*).

e for F € Morg(V*,t), define F € k[(t x V)*] by F(n, &) := (F(£),n)
(ner,§e V)

e Fis R-invariant, but is not always Q-invariant!

o Fis Q-invariant & F(£) € te V¢ € V*

@ Then, by R-equivariance of F, we obtain [F(£),t¢] =0, i.e., F(§)
belongs to the centre of te.
Hence if such a covariant F exists, then for generic { € V*, t¢ has a
non-trivial centre.

Lemma
Both Inv(r x V,ad) and Inv(r x V,ad") are bi-graded. J
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Contractions and semi-direct products Invariants of semi-direct products

The “reductive” adjoint case: (q =g x V, ad).
Theorem (A)

For any G-module V, Inv(g x V,ad ) is polynomial, of Krull dimension
rk(g) + dim V7. It is generated by k[g]® and “covariants”.

@ letf,..., f, bethe free generators of k[g]%;
@ let Fy,..., Fy be abasis of the free k[g]®-module Morg(g, V*);

o o= (f,....f,Fi,... Fn):gx V— A™ is surjective, and generic
fibre of ¢ contains a dense Q-orbit.

@ This implies that Inv(g x V,ad ) ~Kk[f,..., £, Fi,..., Fpyl. O
[One needs: X € greg = F1(X), ..., Fm(Xx) € V* are linearly independent.]
A stronger result:

k[g x V] =Kl[g][Fi,..., Fn] is also a polynomial algebra! (Q = 1 x V.) J

Hence k[g x V]9 = k[g]®[Fi, ..., Fn).
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Invariants of semi-direct products
The “reductive” coadjoint case: (q = g x V, ad”).

Bad: @ The covariant method doesn’t work properly;
e Inv(g x V,ad*)is free = k[V*]% is free;
Good: @ S(q) is a Poisson algebra;
@ If generic stabiliser for (G : V) is finite, then
Inv(g x V,ad*) = k[V*]C.
@ S(q)9is isomorphic to the centre of U(q).
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Contractions and semi-direct products Properties of coadjoint representations

trdeg k(q*)? =: ind(q) is the index of q. J

Greg = {£ €q" |dMQ-{ > dimQ-nforalln € q*} =
{§ € 9" | dimge = ind(q)}

Def (g,ad™) has codim-2 property if codim (g \ qjeq) = 2.

Theorem (B)
Suppose Quot(k[q*]9) = k(q*)? and (g, ad*) has codim-2 property.
(iy Iffy,....f € k[q*]o are homogeneous algebraically independent
(r =indq), then Y /_, deg f; > (dimq + ind q) /2.
(i) if the equality holds, thenk[q*|? = k[f, ..., f] is polynomial and
"Kostant's criterion" is satisfied, i.e.,
§ € djoq if and only if (dfy )¢, . . ., (dfr)¢ are linearly independent.
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Zyp-contractions of semisimple Lie algebras Contractions of invariants

Zi»-contractions
oelnv(g) = g=go D g1 Letq = go X g1. Itis a Zp-contraction of g.

By Theorem (A), Inv(q, ad ) is a polynomial algebra of Krull dimension
rk(go) + dim(g1)™ = rk(g).

What happens for the coadjoint representation?
Since g ~ g, we have ind(q) > ind(g).

Lemma
Q ind(q) = ind(g) = rk(g);
@ (q,ad") has codim—2 property;
© The algebra Inv(q, ad*) is bi-graded.

The reason for (1) is that G/ Gy is a spherical homogeneous space. To prove
(2), we argue by induction on rk(g); (3) holds for any semi-direct product.

To apply Theorem (B), we need a method for producing invariants of (g, ad*)
from invariants of (g, ad = ad*).
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Zyp-contractions of semisimple Lie algebras Contractions of invariants

Contractions of G-invariants

We may identify g = go & g1, 9, q* as vectors spaces and go-modules.
g=go D g1 = S=3S5(g)isbi-graded, S = @S(a,b).
a,b
feS, = f=>_fi,wherefi e S(n—i,i)
St {f' = £, # 0 with maximal /,

} o ] Notice that deg f = deg f* = deg f,.
fo = f; # 0 with minimal j.

Lemma
feS(g)f~klgl® = f* €S(q)?andf, €klq]®

Practical conclusion:

Suppose fi, . .., f. € k[g]© are alg. indep. homogeneous generators such
that £, ..., f* are algebraically independent. Then S(q)®¢ = Kk[f?, ..., f’]
and Kostant’s criterion holds for g.

v
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Zyp-contractions of semisimple Lie algebras Contractions of invariants

Definition

fi,...,f. € k[g]€ is a good generating system (g.g.s.) for o, if 7, ..., f* are
algebraically independent.

Example (symmetric pairs g O go with g.g.s.)
Q@ SL,m D SLpx SLy x k*;
Q@ SOntm D SO, X SOp;
@ F, D B4y = s09.

In the first two cases, the coefficients of the characteristic polynomial of a
matrix form a g.g.s.

A necessary condition for the existence of a g.g.s.:
k[g]® — k[g1]% is onto. J

There are four bad cases! E.g. Eg D F4, Eg D E7 x Ay.
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Zp-contractions of semisimple Lie algebras MN-regular Zp-gradings

Zo-grading is called 9-regular, if gy contains a regular nilpotent element.

Theorem (C)

Ifg = go @ g1 is N-regular, then
@ thereisag.g.s.
@ S(q)? is generated by S(g1)® and certain "covariants" F; : g — go.
e mq: q* — q*/Q =~ A" is equidimensional (flat).

Conclusion:
@ g.g.s cannot provide a description of Inv(gg x g¢,ad*) for all o.

@ There are some cases, where we expect the presence of g.g.s., but it is
not proved yet. (It is difficult to check by hand whether a generating
system is good.)

@ Recently, O.Yakimova proved by another method that Inv(go X g1, ad™)
is polynomial for all o.
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Arbitrary periodic contractions

Arbitrary periodic contractions
0 € Aut(g), 0" =1id, g =go D g1 D+ D gm—1;
Periodic (or Zn,-) contraction: g ~~ g.
Ct(Xo + X1+ ... +Xm,1) =Xo+tx+...+ tm_1Xm,1.
@ Bracketing: [gi, 9/ C givj (i,j € Zm).
. C@itjy I+j<m—1,
@ Bracketin g: i\ G
% longla {:o i+j>m
q is N-graded Lie algebra; notation: q = go X g1 X ... X gm—1.
The algebra S = S(q) is N™-graded: S = @ Siositsrim1

o571+ 5im—1

and f = Z ﬂo,,'1’,_.7,'m_1 €S.
N-specialisation: degg (i ir,....in_1) = it + 20 + - -+ (M —1)ip_1.

Im—1

One can define f, and f* w.r.t. degy. Then

feS(g)% ~k[g)¢ = f* €S(q)?and f, € k[q]?. ]
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Arbitrary periodic contractions

Difficulties (coadjoint case)
@ ltis not a priori clear that ind(q) = rk(g),
e ff,...,f® can be algebraically dependent.

In general, we have inclusions:
° S(q)? D L*(S(9)®) = {f*| f € S(9)°},
® k[a]? > La(k[g]®) := {f | f € k[g]°}.
A more fancy contraction (quasi-graded contraction):
g+ 90~ go X g1 X ... X gm—1 X go=:t(g+ go)-
Much more fancy:
g% =ng ~ go X g1 X ... X gm_1 X go X ... X gm1 =: t(ng).

nm
ng + go ~ go X g1 X ... X gm—1 Xgo =: t(ng + go)-

nm

D. Panyushev (Moscow) Periodic contractions and invariants Bonn '08

17/23



Arbitrary periodic contractions Adjoint representations

Let ©O"™9 be the regular nilpotent orbit in g.

Theorem (good cases for adjoint representations)
Suppose 0 has the property that go N O™9 # &. Then

(i) Leo(k[ng]"®) = Inv(x(ng),ad ), and it is a polynomial algebra of Krull
dimension n-tk(g). In particular, for n = 1, L4(k[g]¢) = k[q]©.

(i) Lo(k[ng + go]"0 %) = Inv(t(ng + go), ad ), and it is a polynomial
algebra of Krull dimension rk(go) + n-rk(g).

Remark: t(ng -+ go) is quadratic for any n, hence ad = ad™.

Examples (suitable automorphisms 6)
m = 2: (SLzn, Sp2n), (SLan+1, SO2n+1), (SO2n, SO2,_1), (Es, Fa).
m=3: (D4, Gz)

The corresponding contractions occur in real life as centralisers of nilpotent
elements.
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Arbitrary periodic contractions Adjoint representations

For a Z»-grading g = go & g1, set
QEM(90791) =go X g1 XgoXgrX....
M

19. Let e € § = sp,, be a nilpotent element with partition ((2s)"). Then
§° ~ Cp5(50,, R(2e01) @ 1) =~ Ep4(s0,, R(2001)) + 35. Here
50, @ (R(2w1) @ 1) = gl, and g is a contraction of gl,%.

2°. Let e € § = 50,(2541) be a nilpotent element with partition ((2s + 1)").
Then §° ~ Es11(s0p, R(2001) @ 1) ~ Eo511(50p, R(2w01)) + 35. Here
gl, %% 4 50, ~ §°.

3°. Let e € § = s04ps be a nilpotent element with partition ((2s)2"). Then
8° ~ Co4(sp2y, R(w2) @ 1) = E25(spap, R(w2)) + 35 Here
spo, @ (R(w2) @ 1) = gl,, and §° is a contraction of gl,,%.

4°. Lete € § = 5Pan(2s+1) D€ @ nilpotent element with partition ((2s + 1)2").
Then §€ ~ Casr1(spop, R(w2) @ 1) ~ Eog11(8pop, R(w2)) + 3. Here
Q[Zn@g + spop ~> §°
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Arbitrary periodic contractions Coadjoint representations

Recall that g = go X g1 X ... X gm—1 = t(g).

Proposition

Theorem (good cases for coadjoint representations)

Suppose that g1 N O™ js dense in 0t N g1 and g1 contains a regular
semisimple element of g. Then L°(S(g)%) = S(q)? and this is a polynomial
algebra of Krull dimension rk(g).

It is difficult to verify the assumptions directly!

@ There are some sufficient conditions that can be stated in terms of
invariant-theoretic properties of the Gp-action on g;.

@ In case of involutions, this theorem simplifies to Theorem (C).
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Arbitrary periodic contractions Coadjoint representations

The Lie algebra gl,,,, has an automorphism of order m such that go = gl,*"”
and the assumptions of the previous theorem are satisfied.

Examples

1) Let V; be an n-dimensional space, i = 1,..., m, and

g=gl(Vi @ - @ Vy). Define Ac GL(V4 @ - @ Vi) by Ay, = ¢'d,
where ¢ = {/1. Let 6 be the inner automorphism of g determined by A. Then
go=gl(Vi) +... +9gl(Vn) and g1 = P, Hom(V;, Vi+1), where

Vi1 = V4. Here dimgy = mn?.

Using the matrix realisation, one easily verifies that g, contains regular
semisimple and nilpotent elements. Here 91 N g1 has m irreducible
components, and each contains regular nilpotent elements of g.

2) Eg has an automorphism of order 5 such that go = A4 x A4.
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Arbitrary periodic contractions Coadjoint representations

Open problems for periodic contractions

@ there is no general formula for the index of Z,-contactions, m > 3.

@ little is known about the flatness of the corresponding quotient

morphisms, 7q : ¢* — q*// Q. (Some partial positive results are
obtained for Z,-contractions.)

@ In case of Zy-contractions, it is suggested by O. Yakimova that 7 is not
flat if k[g]® — k[g1]% is not onto (four "bad" cases!).
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Coadjoint representations
Some related articles

@ D. PANYUSHEV. Semi-direct products of Lie algebras and their
invariants, Publ. R..LM.S., 43, no. 4 (2007), 1199-1257.

@ D. PANYUSHEV. On the coadjoint representation of Z»-contractions of
reductive Lie algebras, Advances in Math., 213(2007), 380—404.

@ D. PANYUSHEV. Periodic automorphisms of Takiff algebras,
contractions, and #-groups, Transform. Groups, (2009), to appear =
arXiv: math 0710.2113,21 pp
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