HYPERKAHLER GEOMETRY

NIKON KURNOSOV, UCL

1. LECTURE 1

Abstract: In the first lecture I am going to cover definitions of hyperkéhler mani-
folds, Beauville-Bogomolov theorem and examples of simple hyperkéhler manifolds.

This notes don’t exactly copy all things I told, there are some examples missed,
however, there are also some details on the ideas of proofs written here, which I
had no time to cover during the lecture.

The last section is construction of O’Grady’s examples, which I will start with
on the next lecture.

Lecture 2 will cover O’Grady’s examples and cohomology of hyperkahler mani-
folds.

Please send all questions by email or ask in class!

1.1. K3 surfaces.

1.1.1. Definition and geometry. We start with an example in (complex) dimension
two.Consider the following surface

Definition 1.1. A K3 surface is a compact surface S such that H°(S,Q%5) = Cw,
where w is a nowhere vanishing holomorphic 2-form on S, and H'(S,Og) = 0.

There are many examples of algebraic K3 surfaces like a smooth quartic in P3
(and in general complex smooth projective surfaces whose generic hyperplane sec-
tion is a canonically embedded curve), double covers of P? along smooth sextics,
(2,3) complete intersections in P4, (2,2,2) complete intersections in P?.

1.1.2. Torelli theorem. The Torelli theorem (originally stated and proved for curves)
answers the question as to whether a smooth Kéhler complex manifold is determined
(up to isomorphism) by (part of) its Hodge structure. In the case of polarized K3
surfaces, this property holds.

A polarization L on a K3 surface S is an isomorphism class of ample line bundles
on S or equivalently, an ample class in Pic(S), which is not divisible in Pic(S).

Theorem 1.1. (Torelli theorem). Let (S,L) and (S’,L’) be polarized complex
K3 surfaces. If there exists an isometry of lattices

¢ H*(S',Z)>H?*(S,Z)

such that (L") = L and oc(H*°(S")) = H?°(S), there exists an isomorphism
oS58 such that p = o*.

We want to express this as the injectivity of a certain morphism, the period map,
which we now construct.
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Let S be a complex K3 surface. The lattice (H?(S,Z),-) is even unimodular
with signature -16; it is therefore isomorphic to the rank-22 lattice

AK3 = []EBB D Eg(—l) D2

We consider polarized K3 surfaces. For each e € Z, a primitive vector ho, €
Aks with h3, = 2e. They are all in the same O(A k3 by Eichler’s criterion (Exercise
1).
Let now (S, L) be a polarized K3 surface of degree 2e and let ¢ : H2(S,Z) — Ag3
be an isometry of lattices such that ¢(L) = hg. (such an isometry exists by Eichler’s
criterion).

The “period” p(S, L) := ¢c(H*°(S)) € Axz ® C is then in hy.; it also satisfies
the Hodge— Riemann bilinear relations

Define the 19-dimensional (non-connected) complex manifold
Qe 1= {[.%] S P(AK&QG & (C)|£L' cx=0,z-T > O},

so that p(S, L) is in 2e.

Remark: However, the point p(S, L) depends on the choice of the isometry ¢,
so we would like to consider the quotient of Q9. by the image of the (injective)
restriction morphism {® € O(Ak3)|®(h2e) = hoe} = O(Ak,,.), P+ @|ps.

It turns out that this image is equal to the special orthogonal group O(AK3726),
so we set Pae := O(Ak,,.) \ Qo

Let (S, L) be a polarized K3 surface of degree 2e. Then there exists an irreducible
19-dimensional quasi-projective coarse moduli space Ky, for polarized complex K3
surfaces of degree 2e.

Definition 1.2. A period map is an algebraic morphism:
Poe : IC2e — PZea [(Sv L)] = [p(37 L)]

Theorem 1.2. (Torelli theorem, revisited) Let e be a positive integer. The
period map

Poe - Koe — Pae
is an open embedding.

1.2. Definition. K3 is a modelling example of manifolds which we are going to
talk about. Let us give first algebraic geometric definition.

Definition 1.3. A (simple/irreducible) hyperkdihler manifold is a simply connected
compact Kdhler manifold X such that H°(X,Q2X) = CQ, where Q) is a holomorphic
2-form on X which is nowhere degenerate (as a skew symmetric form on the tangent
space).

Remark: We prefer to call to the manifolds above ITHS or simple hyperkahler as
building blocks of hyperkahler geometry by Beauville-Bogomolov decomposition.

These properties imply that the canonical bundle is trivial, the dimension of X
is even, say 2m, and the abelian group H?(X,Z) is torsion-free.

If we omit the word K&hler above we end up with the definition of holomorphi-
cally symplectic manifold

Definition 1.4. Complex manifold (M,I) is called holomorphically symplectic if
it possess is a holomorphic 2-form Q on X which is nowhere degenerate.
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1.3. Differential geometric point of view.

Theorem 1.3. (Berger, 1955). If (M, g) is non-symmetric and irreducible then
Holy(g) is one of

SO(n),U(2n),SU(2n), Sp(4n), Sp(4n) x Sp(1), Ga, Spin(T7).

The hyperkéhler case is the case of H = Sp(m) (n = 4m). In this case we have
a triple of Kéhler forms (w1, ws,ws) modelled on »", dg; A ¢; on H™.

Definition 1.5. Riemannian manifold (M,g) is called hyperkéihler if there exist
three complex structures I,J, K compatible with metric, satisfying quaternionic re-
lations and corresponding Kahler forms are closed.

We can easily observe that any holomorphically symplectic manifold is hyperkéhler.

Remark: Let (M, g) be a HK. The associated Kéhler forms wy,ws,wx span a
three- dimensional subspace H% (M, g) C H*(M,R).If X = (M, I), then H(M, g) =
(H*°(X)®H%?(X))r®Rw;, where the orientation is given by the base (Re(Q), Im(£2),wr).
In order to see this, one verifies that the holomorphic two-form Q on X = (M, I)
can be given as ) = wy + iwg.

On the contrary we have the following consequence of the celebrated theorem of
Calabi-Yau [Y]

Theorem 1.4. Let X be an IHS. Then for any a € Kx there exists a unique
hyperkdhler metric g on M, such that o = [wy] for wy = g(I(),).

1.3.1. BB-decomposition theorem.

Theorem 1.5. ([Bea2, B]) Let X be a compact Khler manifold with ¢1(X) = 0.
There exists an étale finite cover ;-1 M; — X where each of the factors M; is
either a compact complex torus, a HK manifold or a Calabi-Yau variety i.e. a

compact Khler manifold of dimension n > 3 with trivial canonical bundle and such
that hO(QPM;) = 0 for 0 < p < n.

Remark: The above result follows from:

(a) Yau’s Theorem (formerly Calabi’s conjecture) on the existence of Ricci-flat
metrics on compact Kahler manifolds with ¢; = 0,

(b) De Rham’s decomposition Theorem for simply-connected complete riemann-
ian manifolds, and

(c) Berger’s classification of holonomy groups of complete riemannian manifolds.

Definition 1.6. A Calabi- Yau manifold is a simply connected compact Kdhler
manifold X of dimension n > 3 with Kx trivial and H°(X,Q%) = 0 for all 0 <
p<n.

Examples: One has in particular x(X,0x) = 1+ (—1)". There are some
example which are easy to find: any smooth complete intersection of multidegree
(dy,...,d,) in P"*" with dy + ... + d. = n+r+ 1 and n > 3, is a Calabi-Yau
manifold of dimension n.

1.4. Examples.
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1.4.1. Hilbert schemes. We will start with Beauville example [Bea]. Consider zero-
dimensional subschemes of smooth surfaces. Let S be a smooth complex projective
surface and SI™ be the Hilbert scheme parametrizing length n subschemes of S.
Then a point of S is a subscheme Z C S such that H°(Oy) is finite-dimensional
of dimension n.

Remark: Well-known that the generic such Z is reduced i.e. it consists of n
distinct points and that S is a smooth complex projective variety of dimension
2n.

Let S(™) be the symmetric n-th power of S. Elements of S look like > mip;
with m; € N and ), m; =n.
There is a regular Hilbert-Chow map

v Sl g

which sends Z into the formal sum > ¢ 1(Oz,,)p, where I(Oz,, is equal to the
dimension of Oz, as C-vector space.

Remark: Strictly speaking, S is a scheme only if S is algebraic. In general,
it is just a complex space.

Remark: It is possible to show that the morphism + is a resolution of singular-
ities. Note that v is an isomorphism over sm(X (), the smooth locus of X (i.e.
the subset parametrizing cycles xg + ... + x,, with pairwise distinct z;’s. The fibers
of v over the singular locus sing(X (")) are positive dimensional.

Case n = 2: Since the singular locus of X consists of double points, the map
v becomes the blow-up along the diagonal sing(X(2)) = Aq = {(z,z)|z € X}, and
one can define

X2 = Bl (X®).

The variety X2 is stratified according to the dimensions of the fibers of 7. There are
two strata: an open stratum isomorphic to sm(X (2)) (reduced length 2 subscheme),
and a closed stratum isomorphic to the projectivization of the tangent bundle of X
(nonreduced, length 2 subscheme, point 2z with a vector).

In general, let A;; where the i-th and j-th components are equal. Then the
action of the symmetric group is not free on such diagonals with stabilizer 1, (i7).
Denote by D the image of U; jA;; by quotient by symmetric group. It is irreducible.

Remark: Let D, C D be the open subset where exactly two coordinate are
equal. Given 2x1 + 23 + ... + x,_1 € D,, the datum of an Artinian subscheme of
length r supported on 2z1 + x5 + ... + x,._1 is equivalent to the datum of a tangent
line to S at z;. Hence, the set of Artinian subschemes of length r supported on
221 + x2 + ... + x,_1 is naturally identified with PT;, S.

Proposition 1.1. The homomorphism Hy(S;Z) — 71 (S™; {p1,...,pn}) is an iso-
morphism.

Idea of proof:

1. Consider n pairwise distinct points on S and map h : S\ {p1, ..., pn_1} — S
given by p — (p1, ..., Pn—1,p). Then homomorphism induced on fundamental groups
is surjective. Then we have the homomorphism above.

2. Let Alb(S) = H°(Q2L)?/H1(S,Z) be the Albanese variety of S and Albanese
map u : S — Alb(S) given by p — (w +— f;; w).
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3. Define the map Z +— > 5 1(Ozp)u(p) which is considered as the sum in the
group Alb(S).

4. We have homomorphism H (S, Z) — w1 (Alb(S); u(p1)+...+u(pn)) =~ H1(S,Z)
which as identity. Therefore the desired map is injective, and hence an isomorphism.

Now we construct holomorphic 2-form on S from the one on S.
From Exercise 4 we have the Cartesian diagram

BIA(SY) Z S
Pl 1T
st 5 s

Y

Let Sﬁn) be the open subset where at most two coordinates coincide and S,[kn] be
the inverse image of Sin) in S[". Let w be a holomorphic symplectic form on S,
one can define a two-form on the product S} by

0= g priw,

where pr; : S™ — S is the projection to the i-th factor.
Remark: Such two-form is clearly invariant under the action of the symmetric
group on S¥, and its pullback n*@ to BIA(S?) is an invariant under this action.

*

Hence, there exists a holomorphic form 7 on Sin] such that

77*‘:) _ p*T
Proposition 1.2. If Kg = Q28 is trivial, then SU"l admits a holomorphic symplec-
tic form.

Idea of proof:

1. Denote E;; = n*A;;. Then the divisors E;; are exceptional divisors of the
blow up n and the ramification divisors of the morphism p.

Hence,

Kpia(sp) = P Kgim + Z E;;

and for the divisor of zeros
Div(p* A" 1) = p*Div(A"T) + Z E;j

2. However, since n*w = p*7 and
tildew is closed the the left hand-side is equal to

Div(p* A" 7) = Div(n* A" &) = Div(A"n*®) = Z E;;
3. Hence, p*Div(A"7) = 0 so the form 7 is a holomorphic symplectic form on
Sl which extends to S by Hartog’s theorem.

1.4.2. K3l

Proposition 1.3. Let S be a projective K3 surface. Then S is a smooth pro-
jective variety of dimension 2n. We will prove that S™ is hyperkihler and that
by (S = 23.
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Idea of proof: 1. S is simply-connected by Proposition 1.1.

2. Let Q € H°(Q2S) be non-zero. Then Q is symplectic because S is a K3
surface and hence Q" € H°(Q?) is symplectic by 1.2

3. Lastly Exercise 7 gives that h29(S[") = 1 and that (2.4.1) holds (the second
Betti number of a K3 surface equals 22 by Noether’s formula).

1.4.3. K,(T). Let T be an abelian surface. The Hilbert scheme T carries a
holomorphic symplectic form but it is not simple HK (Exercise 77?).
Indeed, the fibration s, : T"t1 — T given by the same formula as for the
Hilbert scheme and using that 7' is the group shows that Hy (T, Q) # 0.
Moreover, T!"*1 carries non-zero holomorphic 2-forms which are not symplectic.

Definition 1.7. Let K,(T) := s, 1,(0). The variety K, (T) is known as a gener-
alized Kummer variety.

Remark: The name follows from the case n = 1, then it is isomorphic to the
Kummer surface of T', which the minimal desingularization of the quotient T'/(-1).

Proposition 1.4. K, (T) is a hyperkihler variety and that be(K,(T)) = 1.

Idea of proof: 1. K,(T) is simply-connected because the long exact sequence
associated to s, gives an exact sequence

0 = mo(T) = m (KN(T)) = my (T = 7y (T)

the latter map is an isomorphism.
2. We have surjection given by restriction map

HX(T",Q) — H*(K,(T), Q)

3. Now using the equation from Exercise 7 and simply-connectedness of K,,(7T')
we have a surjection

H(T,Q) P Q€ns1 — H*(K,(T),Q)
4. The map above is an isomorphism, indeed, consider the regular map
fK (T)x T — T (Z,a) = 7,(2),

where 7, : T — T is a translation by a (Exercise 8).
5. H?(f) defines an injection H?(T"*1 Q) — H?*(K,(T),Q) ® H*(T,Q) by
Kinneth formula. By step 3 we have

by 4+ 1 = by (T YY) < by (K, (T)) + ba(T) < 2by + 1
6. Therefore by (K, (T)) =7 and h?°(K,(T)) =1
Remark: Map f is Beauville-Bogomolov decomposition of 71"+,

Remark: The whole Hodge diamond of generalized Kummer varieties has been
computed by Gottsche and Sorgel [GS]
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1.4.4. Geometric constructions of Beauwille’s examples. As for K3-surface there
are many geometric constructions of simple hyperkéahler manifolds deformationally
equivalent to the Hilbert scheme of point on K3 surface. Among them most famous
are the following:

(1) Fano variety of lines on cubic fourfold.
Let Y C P° be a smooth cubic hypersurface and let X := F(Y) be the
Fano variety of lines on Y. It is a smooth 4-dimensional subvariety of the
Grassmannian Gr(2,6).
All cubics are deformation equivalent and, hence, so are the correspond-
ing Fano varieties. Beauville and Donagi showed that for a special cubic Y
the Fano variety X is isomorphic to the Hilbert scheme K3[ of a special
K3 surface of degree 14 in P®. Hence, for an arbitrary cubic Y the Fano
variety X is a deformation of K3[? and, therefore, irreducible symplectic.
(2) Twisted cubics on cubic fourfold

Definition 1.8. A rational normal curve of degree 3, or twisted cubic for
short, is a smooth curve C C P? that is projectively equivalent to the image
of P! under the Veronese embedding P — P3 of degree 3.

Lehn, Lehn, Sorger and van Straten constructed a hyperkahler eightfold
out of twisted cubics on cubic fourfolds. It is deformationally equivalent to
the K314,

1.4.5. O’Grady sporadic examples.

Moduli of semistable sheaves

We need a brief reminder on the theory of semistable sheaves, we mostly follow
notation from [HL].

Definition 1.9. Let X be a complex projective variety and H an ample Cartier
divisor on X. We let Ox(1) := Ox(H). Let F be a coherent sheaf on X, and
Ann(F) C OX be the annihilator of F.

Note: The Ann(F) is an ideal sheaf; the support of F' is the subscheme of X
defined by supp(F') := V(Ann(F)). The dimension dim(F') of F is equal to the
dimension of supp(F).

Definition 1.10. The sheaf I is pure if any non-zero subsheaf G C F' has dimen-
sion equal to dim(F).

Example:If dimX = 1, then a sheaf is pure iff it is torsion-free. For dimX = 2
look in Exercises.

Remark: Recall that for any X and ample divisor H, we can associate to a co-
herent sheaf Hilbert polynomial P(F,n) = x(F®Ox (nH) = [ ch(E)ch(Ox(nH))Td(X)

Example: 1. Let X be a surface. Then ch(F') = (r,c1, cha(F)). For the Hilbert
polynomial we have

2g2 X X)? X
P(F,n):/(r,cl,chg(E))-(l,nH,n ).(1,01( ),cl( )" + o )):
X 2 2 12

2 2
= r%nQ + e Hn+ cho(E) + clle(X) JrrHClZ(X)nJrrCl(X) 1J2r c2(X)
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2. Let X be a K3 surface now, then co(X) = 24, ¢1(X) = 0. Hence,

H2
P(F,n) = 7"7712 +c1Hn+ cho(E) + 2r

Definition 1.11. Let F be a sheaf on X we let F(n) := F ® Ox(n). Suppose that
F is non-zero and let d := dim(F) > 0. The Hilbert polynomial x(F(n)) is integer-
valued, it follows that there exists a unique sequence of integers a; for 0 < i < d

such that .
(P =3 ()

=0

Example: Suppose that dim(F) = dimX. Then F is locally-free on an open
dense subset Xy C X and the rank of F', denoted by rk(F), is equal to the rank of
the vector-bundle F|x, . Then aq(F) = rk(F) [y c1(H)%

Definition 1.12. Let F be a sheaf on X. Let d := dim(F). The reduced Hilbert
polynomial of F', denoted by pr is defined by

A0)
P =)

Definition 1.13. Let X be a smooth irreducible projective variety equipped with
an ample divisor H. A mon-zero pure sheaf F' on X is H-semistable if for every
non-zero subsheaf E C F we have

pe(n) <pr(n) Vn>>0.
If strict inequality holds whenever E # F then F is H-stable.

Examples:

d=0: pr(n) =1, F is pure, semistable. F' is stable iff F' ~ k(x), =z € X.

d=1: F =i,FE, where F is locally free on i : C' — X, then p-stability of F <
stability of F' (Exercise 77).

d =2: Assume X is a K3, so c2(X) = 24:

P(F,n):ao(F)+a1(F)n+ :27‘F+(’,}L2(F)+01(F)H’ﬂ,+ o

Then pp(n) = % + C;g}fn + %2

Therefore, stability criteria of F' are

(1) c1(F)H > c1(E)YH

rpH? rpH?

(2) if they are equal, then

or

ao(E) > ao(F)
’I"EI’I2 ’I"FH2

Remark: For pure sheaves of dimension equal to dimX there is the notion of
- (slope)-semistability: one replaces the reduced Hilbert polynomial by the slope.
The slope of a sheaf F' of dimension equal todimX is

W(F) = s [ ea(Pyea(aryin

Definition 1.14. F' is u-semistable if for every non-zero subsheaf E C F we have
u(E) < u(F).

Remark: The usual semistability/stability imply u one.
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Definition 1.15. Consider an equivalence relation which is weaker than isomor-
phism. Let F be a pure H-semistable sheaf on X. There exist a Jordan-Hodlder
(J-H) filtration of FO = Fy C Fy C ... C F,P. with the property that each quotient
F;/F;_1 is pure, H-stable with reduced Hilbert polynomial equal to Pg .

Examples:

(1) It F' is H-stable, then a JH-filtration is necessarily trivial.

(2) Let F = L ®c V where L is a line-bundle on X and V is a vector space of
dimension . Then

Set of JH-filtrations of F' <— set of complete flags on V.

Remark: The JH-filtration is not unique. However, the associated graded sum
QTJH(F) = @é:1Fi/Fi—1

is unique up to isomorphism.

Definition 1.16. Let F' and G be pure H-semistable sheaves on X. Then are called
S-equivalent if gr’H ~ gr’H(Q).

Remark: If F' is H-stable then F' is S-equivalent to G if and only if F' ~ G.

Definition 1.17. Moduli space of pure semistable sheaves on X with a given Hilbert
polynomial modulo S-equivalence is

Mx (P) :={F pure H-semistable sheaf on X|x(F(n)) = P(n)}/S-equivalence

Notation: Consider a pure H-semistable sheaf with Hilbert polynomial P we
denote by [F] € Mx(P) to be the point corresponding to the S-equivalence class
of F.

Definition 1.18. Let M x(P)® C Mx(P) be the subset parametrizing stable sheaves.

Remark: The space Mx(P)® is open.
Local structure of Mx (P):

Proposition 1.5. Let [F] € Mx(P)®. There is a natural isomorphism
O MX (P) ~ Ext'(F, F).

Idea of proof: Let [F] € Mx (P)®, then there is a natural identification between
the germ of Mx(P) at [F] and the universal deformation space of F. Indeed,
assume M x (P) is fine. Consider [F] € Mx(P), it corresponds to a stable sheaf
F', one has

Tip M = Homp)(SpecC[t]/t*, Mx (P)) = M(SpecC[t]/t*) = Ext'(F, F)

Remark: It works even if Mx(P) is not fine (Exercise 9). The real question
now is smoothness of this space. The answer is given by the following theorem

Example: Suppose d = dimF = 0, then P(F,n) = n. Therefore, Mx(P) =
Sym™ X
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Remark: It might happen that the moduli space defined above behave quite
bad (like Mp:(2,0) from exercises).

In particular, problem is that of we find a strictly semistable sheaf, then M
cannot be represented, i.e. M is not fine.

Definition 1.19. Let F be a (coherent) sheaf on X; one can define a trace map
Tr': Ext'(F,F) — H'(Ox)

Then let Ext'(F, F)° := kerTr'.

Theorem 1.6. (Mukai, Artamkin). Suppose that [F] € Mx(P)® and that

Ezt?(F,F)° = 0. Then Mx(P) is smooth at [F] and its tangent space is canonical
identified with Ext(F, F).

Geometric example of rank 2 moduli space

Let X be a degree 8 hypersurface in P?, given by the complete intersection of
three quadrics Qo, @1, Q2. Let H denote its hyperplane class in Ox (1).
Consider the locus
AoQ1 +AQ1 + A2Q2 =0
If we denote by [Xo, ..., X5] the coordinates of P?, and suppose that the equations
of the quadrics are given by

Qi =) apX;Xy, =123
then the zero locus of the determinant of the matrix
A= (ai) = (Ala{k + Agagk + )\3(1‘;;k)
is the vanishing locus of a degree six polynomial in \; hence it is a sextic curve

C = V(detA) C P? and it parametrize the degenerate quadrics in the locus.
Remark: If rk(A) = 5, moreover, such sextic is smooth.

One denote by ¢ : M — P2 the degree two branched cover of P? ramified along
C: M is a K3 surface. Next we show that under additional assumptions on X, the
K3 surface M is in fact naturally isomorphic to a moduli space M of degree two
sheaves on X.

Proposition 1.6. Then the moduli space M(2,H,2) ~ M is a fine moduli space
and one has M(2,H,2) ~ M ~ X.

Mukai lattice.
Let S be a symplectic projective surface.
Consider
H(S):= H°(S) @ H?(S) ® H(S)
It has an integral Hodge structure of weight 2 as follows:
H(S)?" = H?9(8),H(S)*? = H*%(S), H(S)"! = H(S) @ HY(S) @ H(S).

Definition 1.20. The Mukai lattice of S is the group H(S;Z) equipped with the
symmetric bilinear form
2

2
O e )= /S(—Oéoﬁ2 — azflo + a1 A Bi)

=0 =0
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where oy, B; € H?*(S;Z).

Remark: Later we will define Mukai lattice for any (simple) hyperkdhler mani-
fold, and using it we will prove existence of some huge Le algebra acting on coho-
mology of hyperkahler manifolds.

Remark: This lattice is even unimodular of signature (4,b2(S) — 2), i.e. just
second cohomology lattice with hyperbolic lattice added.

Notation: We denote elements of H(S) by (r,1, s) where l € H2(S) and r, s € C,
where we identify H*(S) with C via the orientation class 7 of S.

Definition 1.21. A Mukai vector is a
v=r+14spe H(S)
such that r > 0 and such that [ is effective if r = 0.

Definition 1.22. A Mukai-vector v € H(X,Z) is indwisible if there is a vector v’
with Mukai-pairing (v,v") = 1.

Definition 1.23. Let F' be a coherent sheaf on S, then Mukai vector associated
with F is
2
0(F) = ch(F)\/Td(S) = ch(F)(1 + en) = (r, c1, 521 —catr

where n € H*(S,Z) is the orientation class, and € is equal to 1 if S is a K3 surface,
and 0 if S is an abelian surface, and cy,co are the Chern classes of F' and r its
rank.

Remark: As a reminder here are the first few terms of the Chern character and
Todd class for reference: ch(F) = rk(F) + c1(F) + 3(c1(F)? — 2¢3(F)) + ... and
td(F) =14 3c1(F)? + 5 (c1(F)* + ca(F)) + ...

Definition 1.24. As X is a K3 surface, tdX = 1+ n where n € H*(X,Z) is the

fundamental class of X. So v(F) = (rk(F),c1(F),rk(F) + chao(F)). We call a
Mukai vector (rk,c1,an) primitive if ged(rk,c1,a) = 1.
Proposition 1.7. We have
dimExt' (F, F) = 2dimHom(F, F) + (v(F),v(F))
Idea of proof:
1. w(F) € Hy'(S)
2. By Hirzebruch-Riemann-Roch we have
2
(0(E),v(F)) = —=x(E, F) := = Y _ dimExt'(E, F)
i=0
3. Serre duality gives us Ext?(F,F) ~ Hom(F,F)V.

Remark: Notice that if F' is a pure sheaf of dimension 2 or 1 then v(F) is a
Mukai vector.

Let v € HY" be a Mukai vector: the Hilbert polynomial x(F(n)) of a sheaf F
such that v(F') = v is independent of F', call it P.
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Definition 1.25. Let H be an ample divisor on S. Define the moduli space of
H -semistable pure sheaves on S parametrized by Mukai vectors:

Ms(v) = {[F] € Ms(Py)[o(F) = v}.

Remark: The space Mg(v) is open and closed in Mg(P). Moreover, the rank
of sheaves parametrized by Mg(P) is constant and the Chern classes of sheaves
parametrized by Mg (P) are locally constant.

Remark:

Theorem 1.7. (Mukai, [M]) Let S be a projective symplectic surface and H an
ample divisor on S. Let v be a Mukai vector. Then

(1) Mg (v) is a projective scheme.

(2) Suppose that [F] € Mg(v)®. Then Mg(v) is smooth at [F] and

dimmMs(v) =2+ (v,v).

An important example is covered by Exercise 13.

Theorem 1.8. Let (r,1,s) be primitive, either r > 1 or s # 0, and (v,v) = 0.
Then, for generic H, M(v) is a K3 surface.

Idea of proof:

1. We know that M := M? is a smooth projective surface with form Q € I'(Q3,).
Then wys ~ Oyr. Our goal is to prove H(Oy) = 0.

2. Consider universal sheaf ¥ on X x M with p,q be projections on X and
M respectively. Then by Bondal-Orlov criterion for surfaces with wy; ~ Oy we
have Fourier-Mukai transform FMg : D*(M) — DY(X) which is equivalence of
categories.

3. Wehave H'(M, Ext},(E, E)) and H' (X, Ext}(E, E)) both giving Ext'+/(E, E).

4. Thus embeddings H'(M,Oys) < Ext'(E,E) andH'(X,Ox) — Ext'(E, E).
Also we know that H'(X,0x) = H*(X,0x) =0, and Ox = Ext}(E, E). There-
fore H'(O)pr) = 0 and we are done with our goal.

Example: Let S be a K3 surface, and v = (1,0,0). Then Mg(u) ~ S and the
tautological sheaf is In where A C S x S is the diagonal.

Example: Let X C P? be a quartic and v = (2,0x(—1),1), then we have
M(v)>X given by [E] — z. Indeed, we have E — O%* — I,.

Semistable sheaves on symplectic surfaces

A lot of things in this section (and some of previous ones) were done by Mukai
first. [M]

Example: Let S be a K3 surface. We have an isomorphism

S Mgl — (n—1)n)

(2] = (1]
A torsion free sheaf F' with Mukai vector v(F') = (1,0,1 — n) will have rank one,
c¢1 = 0, and ¢ca = n. The cokernel of the inclusion F < FVV will be the structure
sheaf Oy of a zero-dimensional subscheme Z C X of length n. Moreover, we have
the following:
OﬁEl’IzﬁEvv’:OX*)OZ%O
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Theorem 1.9. (Mukai, Géttsche - Huybrechts, O’Grady, Yoshioka).

Let S be a projective K3 surface. Let v be Mukai vector, and suppose that

(1) v is indivisible,

(2) =2 < (v,v),

(3) (1) # (0,0).

Let H be a v-generic ample divisor on S. Then Mg (v) is an irreducible sym-
plectic variety deformation equivalent to SI™ where 2n = 2 + (v,v).

Remark: In general the moduli space Mg(v) is not isomorphic to a Hilbert
scheme S| not even birational. So the proof of theorem above rely on the following
idea:

(1) the moduli of stable sheaves My (v) on an arbitrary K3 surface S is defor-
mation equivalent to a Hilbert scheme of points, to showing that Mg (v") on some
fixed K3 surface S’ is (for appropriate H' and v’). We can do this for two reasons:
(1) the moduli space of polarized K3 surfaces of fixed degree is connected, and (2)
we can construct the moduli of stable sheaves in the relative setting.

(2) Then for some particular Mukai vector we finish the proof using the following
results of Huybrechts:

Proposition 1.8. . Let X be a projective symplectic variety and Y an irreducible
holomorphic symplectic variety. If X is birational to Y , then X is irreducible
holomorphic symplectic as well.

Proposition 1.9. Two irreducible holomorphic symplectic varieties which are bi-
rational are deformation equivalent.

Remark: There is an analog of Theorem 1.9 which has been proved by Mukai-
Yoshioka, I will not state it here, just mention that kernel of a map My(v) —
T x Pic(T) for some values of Mukai-vector v is an an irreducible symplectic variety
deformation equivalent to K,,(T") where 2n = (v,v) — 2.

Construction of O’Grady examples

Let S be a projective symplectic surface and v a Mukai vector for S which is
divisible. Thus

v = muyg, vo € H(S) indivisible, m € N,m > 2.

This theorem summarizes results of many mathematicians, and answers to the
question which types of hyperkahler manifolds we can obtain by this construction

Theorem 1.10. (O’Grady, Kiem, Rapagnetta, Kaledin, Lehn, Sorger,
Perego). Let S be a symplectic projective surface. Let v be a divisible Mukai
vector as above. Suppose that v} > 2 and that (r,s) # (0,0). Let H be a v-generic
ample divisor on S. Then Mg (v) is non-empty, irreducible of dimension (2 + v?)
and its smooth locus is equal to Mg(v)*t. There exists a symplectic desingular-
ization © : M(v) — M(v) if and only if m = 2 and v> = 2. Now suppose that
m=2=1v%

(1) If S is a K3 surface then M(2vo) is a 10-dimensional HK wvariety and
bQ(MS(Uo)) = 24.

(2) If S is an abelian surface let M(2v0)° := f~ (M (2v0)°). Then M(2v0)° is a
6-dimensional HK variety and by(M(200)°) = 8.

(3) Let S and S’ be K3 surfaces, vg and vy Mukai vectors for S and S" with
2 =v2 = (vy)? and H,H' ample divisors on S and S’ respectively which are 2vg
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and 2v}) generic respectively. Then Mg (2v) is deformation equivalent to Mg (2v}).
A similar statement holds for abelian surfaces.

Remark:

The second Betti number of Mg(2v) is different from that of K3 and of a
generalized Kummer, so it is not a deformation of Beauville examples. A similar is
true for Mg(2v)°.

Remark: If we consider an H-stable sheaf ' with a primitive Mukai vector vg,
then for m > 2, the sheaf F®™ is strictly H-semistable. Hence if we set v = mug,
this sheaf determines a singular point of the moduli space M, (X, H), whose smooth
locus still carries a holomorphic symplectic form. O’Grady considered the case of
vo = (1,0,—1) and m = 2(a sheaf F' parametrized by Mg(2vy) has rank 2,¢c; = 0
and ¢ equal to 4 if S is a K3 and 2 if S is an abelian surface.), and showed that the
singular symplectic variety M, (X, H) admits a symplectic resolution M (X, H).

Definition 1.26. Holomorphically symplectic manifolds constructed in the theorem
above are called (sporadic) O’Grady’s examples, and denoted as OGg and OG10.

1.4.6. Geometric construction of O’Grady’s. In the case of abelian surface if we
construct moduli space, and if v3 > 4, then there is a non-trivial Albanese variety,
S0, in order to get an irreducible holomorphic symplectic manifold, one needs to
consider a fiber

K, (A, H) == alb™(0),
where alb : M, (A, H) — A x AV is Albanese morphism.

Let us consider a principal polarization ® C A on abelian surface A. The
Mukai vector vy = (0,0, 1) satisfies v3 = 2, and hence, if we set v = 2vg, there is
symplectic resolution K, — K, that is deformation equivalent to OGg. There is a
natural support morphism K, — [20] = P3, realizing K, as a Lagrangian fibration.

By definition of K, the fiber over a smooth curve C' € |20] is the kernel of the
natural morphism Pic5(C) — A (which is also the restriction of alb to Pic®(C) C
M, (A, H)).

Remark: The morphism associated to the linear system |20)| is the quotient
morphism ¢ : A — A/ £1 C P? onto the singular Kummer surface of A. Let
p:S — A/ £ 1 be the minimal resolution of A, it is a K3 surface.

Remark: S come naturally equipped with the degree 4 nef line bundle D obtained
by pulling back the hyperplane section of A/ +1 C P3.

There is A, the blow up of A at its 16 2-torsion points or, equivalently, the
ramified cover of S along the exceptional curves Fj,..., F1g of p. Consider the
moduli space M, (S) of sheaves on S with Mukai vector w = (0, D, 1) that are
stable with respect to a choosen, sufficiently general, polarization.

Fact: This is an THS manifold birational to the Hilbert cube of S and it has
a natural morphism M., (S) — |D| = P?3 realizing it as the relative compactified
Jacobian of the linear system |D| (also a Lagrangian fibration).

We have a rational generically 2 : 1 map ¢*ps : M, (S) --» M, (A, H).

Remark: Since M, (S) is simply connected, the image of this map lies in a
fiber of alb, giving a 2 : 1 morphism ® : M,,(S) --+» K, (A, H).

On the smooth fibers, this maps restricts to the natural 2 : 1 pull back morphism
Pic3(C") — Pic%(C), whose image is precisely ker[PicS(C) — A]. Recall that
>, E; is divisible by 2 in H?(S,Z) and that the line bundle eta := Og(3 Y E;)
determines the double cover ¢q. Then the involution on M,,(S) corresponding to
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¢

® is given tensoring by n and K, (A, H) is a birational model of the “quotient” of

M., (S) by the birational involution induced by tensorization by 7.

Theorem 1.11. (Sacca, Rapagnetta, Mongardi) This construction is well-
determined and the resulting manifold is indeed an irreducible holomorphic sym-

plectic of type OGg.
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1.5. Exercises.

(1) (Eichler’s criterion) Let A be an even lattice that contains at least two
orthogonal copies of U. The O(A)-orbit of a primitive vector z € A is
determined by the integer ¢(z) and the element z* of discriminant group
D(A) = AV/A.

(2) Prove that by the Baily—Borel theory, Pa,. is an irreducible quasi-projective
normal non-compact variety of dimension 19.

(3) Let (M, g) be a HK. Then for any (a,b,c) € R? with a® + b? 4+ ¢* = 1 the
complex manifold (M, al 4+ bJ + cK) is an THS. Thus, for any HK (M, g)
there exists a two-sphere S? C R3 of complex structures compatible with
the Riemannian metric g.

(4) (a) The complex analytic pair (S’in)7 D) is locally isomorphic to (Bx C, Bx
0), where B is a ball,C is a cone with vertex O over a smooth conic in P2,

(b)The complex manifold S is the blow up of S along D.
(c) If we denote Bia(S?) the blow up of S? along the union of its diag-
onals, then the action of symmetric group 3, lifts to BIa(S?) and

St = Bia(S™) /2,

(5) Show that Hy (T Q) # 0.

(6) Show the surjectivity of H?*(T!"*4 Q) - H?(K,(T),Q) using the irre-
ducibility of An 1|k, () (n > 2)

(7) Let S be a smooth complex projective surface. Assume that H*(S,Z) has
no torsion. Then

H2 (S, 2) = H*(S,2) P A*H' (S, 2) P Z

(8) Prove that the map K, (T) x T — Tt (Z a) — 1,(Z), where 7, :
T — T is a translation by a is Galois with the group T[”+1].

(9) Recall that rank 1 bundles on P! are parametrized by Picard scheme. Prove
that Mp1(2,0) (where r = 2 is rank, ¢; = 0 is chern class) is not of finite
type.

(10) Let X be a complex projective surface.

(a) Then a sheaf is pure of dimension 2 if and only if it is torsion-free.

(b) Prove that the sheaf F := 4,V , is pure of dimension 1 where i : C' —
X is the inclusion of an irreducible curve, and V' is a torsion-free sheaf on
C.

(11) Let S be a symplectic projective surface with an ample divisor H. Suppose

that F' is an H-stable sheaf on S.
(a) Then Hom(F,F) = Cldp
(b) Prove that
-2 <w(F)%

(12) Let S be a K3 surface and ¢ € H°(Q2S). The Hilbert scheme S is
identified with the moduli space Mg(1 — (n — 1)n) as in the example 1.8.
Define 2-form 7(¢) on Mg(v)? by setting 7(p) (e, 8) := [q o ATr?*(aUf).
So we have the holomorphic 2-forms ¢ and 7(y). Prove that the relation
between the forms is the following;:

7(p) = —arpl"l.
(13) If (v,v) = —2 then Mp(v) is empty or a single point (SpecC).
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