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D10 MOAOOPKA OTKPHITHIX MPOOIEM B MaTeMaTHIecKoil (pusnke u Kiaccuaeckoit reomerpun. PopMyaupos-
KN OOJBITUHCTBA 337129 3JIEMEeHTaPHBI M MCIOJIb3YIOT TOJHKO HEOOIBITIOe KOJUYECTBO ONpPeIesIeHnit, MpruBe-
JIEHHBIX B TeKcTe. B To ke BpeMd UX pellleHne IMOIBOINT K BaXKHBIM UJesM COBpeMeHHOI MaTemMaTnku. Kak-
Jlasl U3 HYMEPOBAHHBIX 33124 (KpOMe yIMpazKHeHH) MOXKeT ObITh TeMOH st KypCOBOil paboThl (J0CTATOYHO
JIayKe 9aCTHYHOTO TIPOJIBUIKEHNUS ). 3aJaud MOJAXOIST [JIsl CTYAEHTOB J060ro Kypca. Tak:ke IPUBOIUTCS HOJI-
OOpKa ynparKHeHUil /1)1 OBICTPOTO BBEJIEHUs B KAXKJI0€ U3 TPeX UCCJIEI0BATETHCKIX HAIPABIEHHIA.

This is a collection of visual open problems in mathematical physics and in classical geometry. The
statements of most problems are elementary and use only a few definitions given in the text. But their solution
leads to important ideas of modern mathematics. Each individual problem with a number (except exercises)
is a topic for a one-year term work (even a partial advance is sufficient). The problems are appropriate at any
education term. A collection of exercises for quick introduction to the 3 research directions is also presented.
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Hampasnenne [. Harmanrasg Teopus moss

Mikhail Skopenkov mikhail-skopenkov @ gmail-com

O/tHa w3 BayKHEHINX OTKPBITHIX MPOOIEM MATEMATHKI — CTPOTOE OIPeIeTeHIe K8AHIMO80T Meopul Nosl.

1. CraproBbie ympaxkHenus: miamkun DeitamaHa

Bormpoc: kakoBa BEPOATHOCTH OOHAPYKEHUS JEKTPOHA B KJIeTKe (T, y), ecsu OH ObL1 uciylnen u3 kiaerku (0,0)7

IIpenaronoXxeHusi: 3JIeKTPOH PABHOMEPHO IBUKETCS MO OCH Y 1 He JBUKETCS M0 OCH z, TOUeHHBI MCTOYHHUK, eJUHITHAS Macca U mar
pelIeTKy, HeT B3aUMOZCHCTBHS, HeT POXKICHHS 3/IeKTPOH-TIO3HTPOHHEIX IIap.

PesyibTaThl: S9KCIEPUMEHT Ha ABYX IIEIAX, COXPaHEHHEe 3apaa.

Ha Geckomeunoil maxmMaTHOH IOCKe MIAIIKA XOAUT Ha COCEIHIOI IO IHATO-
HAJIM KJIETKY, BJI€BO-BBEPX WJIM BHPaBO-BBepX. KarKI0My HYTH S HIAIIKE COIIO-
CTABUM BEKTOD @(S) Ha IJIOCKOCTH CJEMYIOMmuM o0pa3oM. B Havase JBUKEHWUs
STOT BEKTOP HalpaBjeH BBepx n uMmeeT jyuHy 1. [Toka mamka ABUKeTCS BIOJIb
LPSIMOTi, BEKTOP HE MEHSIETCsl, a HOCJIe KazK/J0Ir0 1OBOPOTA MIAIIKH OH 110BOPa-
yuBaeTcs Ha 90° 1O YacoBoii cTpesike (HE3ABHCHMO OT TOIO, B KAKYIO CTOPOHY
TNOBEpHyJIa MAaIKa). B KoHie jpuzkenns BekTop ckumaerca 2001/2 pas, rie y
— 00I1ee IUCI0 XOIOB MIAIIKH (T.€. 3aMeHSeTCsT Ha, BEKTOD TAKOTO Ke HalpaByie-
rus, no aamant 1/20~Y/2), Tloaydenrubrit B utore BekTOp 1 ecth a@(s). Hanpnvep,
JIUTs BepXHero myTu Ha puc. 1 Bekrop d(s) = (1/8,0).

O6osuaunm d(z,y) = Y. d(s), Tue CyMMHPOBAHHE BeJIETCS IO BCEM IIy-
M mamkn u3 Kiaetku (0,0) B KIeTKY (2,Y), HAUUHAOWUTCA ¢ T00a 6Npaso- 3 s | ~|s (s0)
ésepr. Bcou Takux myTeil Her, To Gygem cumTarh @(x,y) := 0. Hampmwmep, 2’ .

a(1,3) = (0,—1/2) + (1/2,0) = (1/2,—1/2). Kpagpar maumsl BekTopa d(z,y) 1
HA3BIBACTCA GEPOAMHOCTIVIOT obnapyscenus 6 mouke (T,y) 2AEKMPONa, ucny- OL J
wennozo us mouxu (0,0). Oma obosmauaerca P(x,y) = |d(z,y)|>. 01 2

Ha puc. 3 user rouku (x,y), rjae r + y 4erHo, nokasbisaer 3uauenue P(x,y). Puc. 1: IlyTn mamnrex

Bynem HasbiBarh KJIETKH (X, Y) ¢ 9€THBIM H HEYETHBIM T + Y YePHBLMU U OeAblMU COOTBETCTBEHHO.

1. Habaronenus g manasix y. Oteersre Ha Bompockl st y = 1,2,3,4 (u copmynupyiite cBon cob-
CTBEHHBIE BOMPOCHI U MPEIMOIOKEHHsI JJIsl MTPOU3BOJBHOIO y): Haiinute d(x,y) u P(x,y) ans Becex x; Korma
P(z,y) = 07 Yemy pasna ), P(z,y) ana buxcuposannoro y? Kak nanpasienst d(1,y) n a(0,y)?

Bepoammocmyv®  obnapyoicenus arexmpona a waemxe (T,y) npu nozaoue-
nuu 6 kaemre (z',y’) oupemesnsiercs aHajorudHo P(z,y), TOJIBKO CyMMHPOBa-
HUe MPOM3BOJUTCS MO MyTAM S, He mpoxoagmum depe3 (z)y’). O6osHaunm ee
P(z,y munys 2',y'), u ananoruano P(z,y munys M) nias nabopa kiaetok M.

2. 9kcmepuMeHT HA ABYX Mmienasx. Bepno miu, arto P(z,y) =
P(z,y munys 0,2) + P(x,y munys 2,2)? A aro P(z,y munysa «',y") < P(x,y)?

3. Haiigure P(0,12). IIpumgymaiite 6bicTphiii criocob cocTaBieHnst TabIUIbL
3navenuit @(z,y), ne Tpebylomuit mepebopa Bcex myTeil.

O6o3naanm depes ay(x,y) u as(r,y) KOOPIUHATH BEKTOPA G (T, Yy); CM. pUC. 2.
4. (Baragka) Hapucyiite Bce myTn, natomume HenysreBoii BKaaI B aq(1,5). To ke s ax(1,5).

Puc. 2: ag(z, 1000)

5. ¥Ypasuenne dupaxka. Beipasure ai(x,y) u as(z,y) depe3 ay(zr £ 1,y — 1) w ag(x £ 1,y — 1).

wen Plx,y) = 1.
7. Cummetpus. Haiinure dbopmyny, KoTopasi ¢Ba3biBaeT Mexay co6oit ai(x,100) npu x < 0 u mpu & > 0
(BbipasuTe 3Havenns npu r < 0 wepes 3navenus npu x > 0). Tor ke Bonpoc npo a;(z, 100) + a(z, 100).

6. CoxpaHeHue BeposTHOCTH /3apsana. /g KaxKa0ro 1mesaoro y > () BBIIOJTHEHO Y

8. INpuanmn T'ofirenca. Kak 6oictpo Haiitu @(z, 199), 3nas snadenns d(x, 100) npu Beex nesbix 7

9. Ucnoabsys komubiorep, nocrpoiire rpaduku bynkuuit fy(r) = P(z,y) ais pasubix y (Coe uHATE KazK-
ayio mapy rouek (z, fy(z)) u (x + 2, f,(x + 2)) orpeskom); cp. ¢ puc. 2. To xke s Gyukmun aq(x,y).
10. * Haiigure spuyio dopmyay 1is d(x,y) (B oTBeTe MOKHO HCHOJb30BATE CYMMY He GoJiee Y CiaraeMbx).

LV10610 caurars, uTo 3HAMeHHE Y PUKCHPOBAHO, a KiaeTkH (—y,y), (—y+2,%), ..., (¥,y) — 3TO BCe BO3MOKHbBIE HCXO/BI IKCIepEMenTa. Hanpumep,
y-Tast TOPUZOHTAL MOYXKET OBITH (DOTOTIACTUHOMN, JeTEKTUPYIOMIEH 3J1eKTPOH. 3HAKOMCTRBO C TE€OPHUEH BepOsTHOCTEH He TpeOyeTcs 15 pereHus 3a0a4.

Ecan 681 mamka TpoCcTo X0AuAa CIydaiHo (MocTe IepBoro Xoa BIIpaBo-BEepx ), To |@(s)|? BBIT0 6BI BePOATHOCTHIO My TH s. I10CTeTHSsA BepOATHOCTD
He HMEeET CMBICJIa B HAIIedl MOZesH, HO 00bsICHSIeT HOPMUDYIOMUA MHOXKHUTENIb 2 y=1)/2,

OcTopoxkuo! Takoe IpaBUIO BEIYUCIECHUSI BEPOSITHOCTH TOIUTCS TOJBKO AJs 6a30BOM MOIE/N; OHO U3MEHUTCS MPH O0DODIIEHUX.

23/16(3}) IIOABJIAETCA ,Z[OHO.HHI/ITQJ'ILHBII';I UCXOom 3KCHepI/IMeHTa7 KOorjga 3J'IeKTpOH IIOTJIOIAETCA U He JOCTUTAET @OTOHJIaCTI/IHBI.
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OTKpPBITEIE TPOOJEMBI B MaTeMaTIIeCKON (pr3mKe

Mikhail Skopenkov mikhail-skopenkov @ gmail-com

D710 MOAOGOPKA OTKPHITHIX TTPOOJIeM TI0 MaTeMaTndecKoi dpuznke’. PopMyInpoBKE GOILIIMHCTBA U3 HAX
UCIOJIB3YIOT TOJBKO TOHITHS, JOCTYIHBIe MEePBOKYPCHUKAM, HO WX DPellleHre MOIBOAUT K BaXKHBIM WM
COBPEMEHHOI MareMaTHKH. Kaykiasi U3 3a/1a4 MOXKeT ObITh TeMO J1Jisi KYPCOBOii paboThl (Ha J060M Kypee).

2. OrkpsbiThie npobsembr: maniku Pelinmana

0.008
0.006
0.004
0.002

“100 ) 100 2 0 100 0 100

P(z,y) ansd 9erHbix x + y P(z,y,1,1/2) nns nenbix « 4+ y

Puc. 3: BeposTHOCTb 0OOHADYKHUTH JIEKTPOH B MaJOM KBajpaTe BOKDYT JAHHOW TOYKH (GesIbIM MOKA3aHbI
cubHbIe Kostebanust 31oii BepositHocTn). Craesa: auist 6azoBoit Mogesn u3 §1. Cupasa: st o6o6mennst us §3.

I'padukn wa puc. 3 u 4 ciaeBa MOKA3BIBAIOT, YTO g (DUKCHPOBAHHOTO Y BepOSTHEe BCEro OOHAPYXKHUTH
9JIEKTPOH BOJIM3W TOUKH T = Y/ V2 (). Xors 310 3amerunn B 2001, ciaeayommii BOIPoOc Bee ele OTKPHIT.
1. (A. Hamuspxomkaes—®@. Kysauos; cm. puc. 3 u 4 ciesa) OG0O3HAYUM Ue€PE3 Tax(Y) TOUKY, B KOTOPOi
P(z,7) pocTuraer MakcuMyMa 1pu BHKCHPOBAHHOM 4. OIPAHIYCHO JIH Tmax(Y) — y/V/2 1mpu y — 00?
2. (C. Heuaes, 3arazka; cM. puc. 4 cieBa-pau3sy) Haiitu mosoxeHust “mmupokux mpoBasoB” (y4acTKOB, Ije
KoJieOaHus MeHbIie) B rpaduke BeposTHOCTH P(x,y) mig bUuKCHpoBaHHOTO GOJIBITONO .

[pu = > y/ V/2 rpadEKI MOKA3BIBAIOT, YTO BEIHIHHA a(x,y) Mana. A HACKOJIBKO ObICTPO OHA yObIBAET?
3. (A. Bopoaun) Haiitn acumnroruky seudunnst a(2[%],y) npu y — oo a1st dukcuposantoro v > 1/v/2.

210 05 ! 05 70" S0 -05 ! 05 10 " J1o 05 ! 05

Puc. 4: T'padurm nopmasusosannoti 6epoammHocmu %P( [21],y), ceobodnoti smepeuu Im fy(v) =

(y)

a(x 5| mpmy =100 (cBepxy) u y = 1000 (cHuzy).

4 vy f—
— = log |a(2[%],y)|, pacupeaenenns G, (v) := Z
xSvy
Lens caemyromux 3 3a1ad — yCTAHOBUTH (hasoswili neperod B mamikax PeitHMAaHA B CHIBHOM CMBICTIE:

IpeJiesIbHAST NAOMHOCTY 60000101 IHep2uy W IPYTHe BeJINIUHbl HeAHAJTMTUIHBL Ipu v = +1/ V2.

4. (Cwm. puc. 4 B enrpe.) Inga kazxkmoro v € [—1, 1] maiinure npegen lim ll/log la(2[%7, y)|. Joxaxmute, aro
Yy—r00

noJiydeHHas B npejese hyHKIUsS UMeeT Pa3spbiBHYIO TPOU3BOJHYIO B TOUKaxX v = +1/ V2.

Caenyiomas 3a1a4a — 0 “BepOATHOCTH OJUHAKOBOI'O HAIPABJCHHUS IEPBOIO W MOCJETHETO XOIA.
5. (Cwm. puc. 4 cmpasa.) s kaxgoro 0 < v < 1/4/2 noKazKuTe paBeHcTBo

2 ! 1+v1 =22
lim —M :—<1—|—v—\/1—v2+log%>.

yoeo LY a(z,y) 2

Berancenmmre 9TOT Ke mpeies Ipu 1/\/§ <v <l

SMmena, aBTOPOB YKa3aHbI TIOCJIE HOMEPOB 3a1a4. HekoTophie 3 runores GBI TP JIOXKEHBl YIaCTHUKAMY JIeTHEH KoHdepeHIun TypHUpPaA rOpoI0B
u JeTHel mKosbl “COBpeMeHHAass MaTeMAaTHKA” Ha OCHOBE YHCJIEHHBIX SKCIepuMeHTOB. CJI0BO “3aralka’ 03HAYAEeT, UYTO HYXKHO NPUIYMATh U TOYHYIO
GOPMYIUPOBKY yTBEPIKIEHU, H JOKA3ATEIHCTBO.
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Teneps 3a7a4a 0 “BepodTHOCTH OJUHAKOBOI'O HAIPABAEHHS IIEPBOrO, MOCJIEIHEro U ‘cpegHero”’ xXoua.

2
. o . a2 (.13, y)2
6. Haiigure cabwiit pegen lim )
v | ez, az(2[vy] — 1,2y — 1)

st MHOKecTBa KaeTok M obosnauum P(M) =" . P(p munysa M\ {p}) eepoammuocmsv obnapyscerus
anexmpona 6 mrostcecmee M.

peEM

7. (I. Munaes-I1. Pyccknx) Bepubl in paBencTsa

P({(-1,y) : y > 3 mewerno}) = L P({(3,y) : y > 3 meuerno}) = 1 — 17
OTMeTnM, 9TO MOXOKHEe YHCJIa BO3HUKAIOT KAK IPOBOJMMOCTH MEXKIY y3aamu ceTku Z2; eM. §14.

3. OTkpsbIThIie TPObJIEMBI: 00001IIeHNd mIamnieK PeifHMaHa

B manbreitmmx 3a1adax HCHOJIb3YeTCs caeayioniee odbodienne Moaead. 3adukcupyeM €, m > 0, Ha3bIBa-
eMble cmoponoti KAemKku U maccotl wacmuypl. BymeM CYATATD, 9TO IEHTPHl KJIETOK PACHOIOKEHBl B TOYKAX
¢ xkoopauuatamu Buga (ke,le), e k u | — memsie. Kaxk oMy myTd s IMAIIKA COMOCTABAM BEKTOD d(s, me)
caepyronum 0opazom. B vauase apuzkenus 310 (0, 1). [Toka marika jaBuzkercs BIOJIb IPSIMON, BEKTOD HE Me-
HSETCS, a MOC/Ie KazK10r0 MOBOPOTa OH noBopadnBaeTcsa Ha 90° mo 4acoBOi CTpEJIKe U YMHOKACTCA Ha me. B
KOHIIE JIBMZKeHIs BeKTOp cxxmmMaercs B (14m2e?)W/e=1/2 pag, rne y/e — obmee uncno xomnos. Homyuenniii B
HTOTe BEKTOD U ecTh d(s, me). Bekrop d(z,y, m,e) u aucno P(x,y, m,e) ONpenensitoTcss aHATOTHIHO @ (T, Y)
u P(z,y), Tonpko BMecTo d(s) ucnomnbdyercs d(s,me). B gacrnoctn, P(z,y,1,1) = P(z,y). Ha npaBom
rpacuke puc. 3 et Touku (z,y) mokasviBaer 3uadenue P(x,y,1,1/2).

8. Bepno s, uto P(z,y,m,e) # 0 upu y > |x| u gernom (z + y)/e?

- . 2 _
9. (WM. Taitnaii-Typaos-T. Kosanes-A. JIbsos) Bepuo s, uro limy_, o0 D . oy a1(ze, ye,m, €)* = T |
Caeayromas 3agada 00001maeT U yTOIHIET 3a/1a9y 1 BHIIIE.

10. (A. Jamuspxomkaes—®@. Kysuos) OG0O3HAYUM Ye€Pe3 Tpax = Tmax(Y, M, E) TOUKY, B KoTopoit P(x) =
P(z,y,m,e) mocTuraer MakcumyMa. ZIBJSIETCS M BEJTMUUHA Ty /€ — y/€V/ 1 + m2e? paBHOMEPHO OrpaHu-
qeHHO#? YObiBaerT u P(x) mpu © > Ty.! Hafimmre acummnrotuxy masg a(z,y,m,€) Iasd x, JeXKaMnX B

OKpecTHOCTH TOUKH y/v/1 + m2e2.

11. (M. Baanx-C. [lnocman) Ocraercs Ju orpaHWYeHHBIM KOJHYECTBO CMeH 3Haka (GyHKIuU ai(r) =
ai(x,y, m,e) na orpeske [—y,y| npu € — 0 s puKCHpOBaHHBIX Y, M7

OcTraprmmecs nBe 331291 OMUPAIOTCA Ha MOHATHS, HE OIPEJIEJCHHBIE B 3TOM TEKCTe.
12. Haitrn ciaGeie npegenst lim. o4 o= a (28] 2], 2e[£],m,e) u lim.04 75 P (2e[£],2¢[ 2], m,¢) xax
pacupeesenuii na R?. Papen i nepsbiii npegen (14 1)-mepHoMy 3amasasiBaionieMy Iiponaratopy lupaka,
BKJIIOUasi 00600MmenHy0 byHKIMIO Ha OpsMbix y = +x7 KakoB dbusndeckuii cMbici BTOporo mpejeia (oH
MOZKeT MPHUIATH CMBICJ HEKOPPEKTHO OMPEIeEHHOMY KBaIPATy MPOIAraTopa).

[Tocaeansis 3amada HedopMaabHa. OHa CTOUT yiKe TMOJIBEKA.
13. (P. ®eiinmvan, 3aragka) O6obmuTe Moae b Ha 4 W3MepeHHs Tak, 9To0bI

1 T Y z t
i oo (25 | 2ef 22 o[22 o
s%QEa(EQE 62»5 625 82»5 &

corag ¢ (3 4 1)-MepHBbIM 3ama3ApIBAIOIINM TporaraTopoM Jlupaka.

ITy6aukanmuu mMKOJIBHUKOB U CTYJEHTOB. 3ajaqn 7, 8, 9 permens! B [3, 5, 2| coorBercTBeHHO. AcuMII-
toTrka n3 3axadn 10 mpu m = ¢ = 1 naiinena B |7]. 3agava 12 B caydae y > |z| pemena B [4, Appendix B,
a ee aHAJIOT JIJIsl MOJIEJIU C OJIHOPOJIHBIM MATHUTHBIM moJieM — B [6]. BBogHble 3aga4uu npuBoasarcs B [1].
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4. OTKpBITbIE TPOOJIEMBI: OJHOBPEMEHHOE ITPOTEKAHIE

B a1ux 3a/1auax U3BECTHBIE BONPOCHI O MPOTEKAHUN YKUJIKOCTH 0000IIAIOTCSA Ha HECKOThb-
KO Kujkocreii. llpeaympenum, uTo Hambostee gpkue 3a/1a9d W3 3TOrO pasjesa ObLIH pe-
mennl B 2019, a ocTaBIIrecs, MO-BUIAUMOMY, TPEOYIOT TSKeJI0i TeXHUKH.

PacemorpuMm oObennnaenue M,, BceX KIETOK IMIECTHYTOJBHON pemeTKH cO CTOPOHON
KJIETKY 1/n, PacmooKeHHBIX BHYTPU MPABUIHHOTO TecTuyroabHuka A Ay Az AyAsAg co
cToponoit 1 n neaTpom B Kietke O.

[Tycrh Kazkaas KJaeTKa OKpalmBaeTcs B oJuH u3 4 nperos (obozHavaembrx “07, “17, “27,
“3”) ¢ paBHBIME BEDOATHOCTSIMHI HE3AaBHCHMO APYT OoT Apyra. HedbopmanbHo, MBI H3ydaeM mpoTeKaHHe TPex
KUAKOCTel: nBeta 1, 2, 3 03HAYAIOT, YTO KJIETKA IIPOIYCKAET MoAbk0 KUJIKOCTH 1, 2 nam 3 COOTBETCTBEHHO,
a npet ) — 4TO 6ce TPU KUJIKOCTU CPA3y.

[IycTh 3ajiana HekoTopas packpacka um uucjio k = 1, 2 unu 3. Byuem roBoputhb, 4To osrcudkocms k npo-
mekaem Mescoy KAemramu T U Y, eCJIU T U Y MOXKHO COeJTMHUTDH IEeMOYKON KJIETOK, COCeTHUX MO CTOPOHE,
B KOTOPOH KaxKjast KJeTka mMmeeT mnpeT k wan 0. AHAJIOTHYHO ONPEIETSACTCS NpomekaHue MeXKIY JIBYMsi
HA0OpaMU T U Y KJIETOK PEelleTKH.

Iycrs X, Yy, Z, — nounapHo-He3aBUCUMbIe COOBITUS, HALIPUMED, HpOTeKaHus )ujkocreit 1, 2, 3 Mex 1y
neraTpoM O u rpaHuiieit MHOroyroJabuuka M, (10Ka3aTe bcTBO HX HE3ABUCHMOCTH MbI IpomyckaeM ). Hazosem
X, Yo, Zn noaosrcumenvro ckoppesuposanvmu, ecin P(X,NY,NZ,) > P(X,)P(Y,)P(Z,), tae P(X,NY,N
Zp,) — BEPOSATHOCTH OJHOBPEMEHHOTO HacTyIieHus 3tux coobituit, a P(X,), P(Y,), P(Z,) — BeposTHOCTH
KazKJIor0 U3 HUX.

1. Hsagrorca am mporekanud )KugkocTeit 1, 2, 3 mexxay meaTpoM O U TpaHUINENl peNIeTKN MOJOKATETHHO
CKOPPEeTUPOBAHHBIMHA !

P(XnNYnNZy)
P(Xn)P(Yn)P(Zn)

2. Tlycth cobmtue X* — nporexanne wuakoctu k mexry nentpom O W rpanuted MHOTOYTONbHUKA M,
Cranopsarea u X! X2, X3 wesapucumbivu ¢ poctom n?

— 1.

Cobvmus X, Y., Z, CMaAHOBAMCA HE3AGUCUMBLMY € POCTNOM N, €CJIN

Ectb medopmasbabiii apryment K. V3bopoBa B 11013y OTPHIATEIBHOIO OTBeTa Ha 3T0T Boupoc |1, §5].

IIpomexanue mescdy cmoponamu x u y mectuyroabauka A Ay A3A4AsAg — 310 TpOTEKaHWe MEXKILY
Ha0OPAaMU I'PAHUYHBIX KJIETOK, JJIsT KOTOPBIX OJIHIKAMIas CTOpOHA — 3TO T U Y COOTBETCTBEHHO (CIHTaeM,
9TO HET IPAHUYHBIX KJIETOK, PACCTOSTHUS OT KOTOPHIX J0 & W Y OJNHAKOBHI).
3. dBndioTcs M MOJOKUTEIHHO CKOPPEJTUPOBAHHBIMU ITPOTEKAHUA YKUJIKOCTH k MEKIY HPOTHBOIIOIOXKHBI-
mu croponavu Ap A 0 AgisApg aa k=1,2,37

[IycTs Temeph BMECTO MIECTHYTOJBHUKA MaH MPaBUILHBIN Tpeyroabauk A Ay Az co croponoit 1 u menTpom
B kitetke (). PaccMoTpnM Bce KJIeTKH, U3 KOTOPBIX KUJIKOCTh | MpoTeKaer 10 cTopoubl As As. OHu obpasyior
HECKOJILKO MHOTOYTOJILHUKOB, BO3MOYKHO, C HECKOJIbKUMHA “abipkamu’. [IycTh cobsiTue X,, cCOCTOUT B TOM, 4TO
O HaXOIUTCs BHYTPHU OJHOTO W3 MHOTOYTOJBHHKOB (B TOM 9HCJIE, BOSMOXKHO, BHYTPH OJHON U3 “IbIpOK”).
Anasormgso onpenennMm Y, u Z,. IIpemen BepossTHOCTH 0JHOBPEMEHHOIO HACTYILIeHHA cobbituit X, Y, Z,
npu n — 00 (eCJIM CYMIECTBYET) HAZOBEM GEPOAMHOCTILI0 MPOTIHO20 OKPYHCEHU.

4. PemmTe aHAJIO0TH TPEIBIIYIMINAX 33139 JJI8 TPOHHOTO OKPY KeHHd BMECTO MPOTEKAHMUS.
5. CdopmyaupyiiTe n pemuTe aHaIOTH IPEILIIYIINX 33134 14 8 IBETOB BMecTo 4.

IIy6nukamun cTyaeHTOB. AHATIOT 330a4n 2 AJ1g TPOTEKAHUSA MKy IIPOTUBOIOIOKHBIME CTOPOHAMNI
ObL1 pemen mesasucumo K. zbopossiv 1 A. Marasunoseim (qactaoe coobmienne) u 3amucan 1. HoBukosbim

[1]. M. ®enopoB mosIydmI aHAJOr MEHTPAILHON MIPeAeNbHOM TEOPEMBI JJIs MPOTEKAHUS N KUIKOCTell (T.e.
mozesn ¢ 2" mperamu Bmecto 4) [2]. MoTusuposka Mogenn npusogutcs B [3].

[1] I. Novikov, Percolation of three fluids on a honeycomb lattice, preprint (2019), in English and in Russian, https://arxiv.org/abs/
1912.01757.

[2] M. ®enopos, HekoTopble 0COGEHHOCTH pACIpEIEIeHNs BEPOSITHOCTEN MPOTEKAHNST HECKOJIBKAX YKUAKOCTEH Ha IEeCTHyTOJIbHON pe-
mrerke, mpernpuaT (2019), https://arxiv.org/abs/1908.11783.

dpyrume ccpliaku.

[3] M. Skopenkov, Lattice gauge theory and a random-medium Ising model, preprint (2019), https://arxiv.org/abs/2012.02591.
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OrkpoiThiii Boripoc. Kakue MHOIOyroJibHUKYM MOYXKHO CJIOXKUTH U3 110J00HBIX JAPYT JIPYTY
MPSMOYTOJLHUKOB C JIAHHBIM OTHOIIIEHUEM CTOPOH 7

5. CTapTOBbIe YonpaxkHeHnu#d
— Y mensa ecmo mocav! — ckaszan ydas, omxpweasn 2aada. — Muocav. U s e€ dymaro.

— Kakas Moicav? — cnpocuna Mapmoluika.

— Tax cpasy me ckastcews...

— Vx mu! — nodnpwenysa mapmuiwra. — O, KaKas TOPOULAL MBLCAL. A MONHCHO A €€ MONCE HEMHOHCKO NOOYMat0?
I'. Ocmep, “Babywka ydasa”

1. Caoxnre KBaJApaT N3 HECKOJIBKNUX MPAMOYTOJIBHUKOB M X N, TAE M N N — IIeJIble YnCJa.

2. Jlusaitnepy 3aka3aju paMbl Jjist KBajpaTrHoro okHa. Ha npoekrax (pucynku A B) mokasa-
HO, KaK JIOJIXKHBI IPUMBIKATH CTEKJIa JIPYT K JAPYTY, U KaK OHU JIOJXKHbBI ObITH OPUEHTUPOBAHbI
(KopOTKoﬁ WUJIN JIJIMHHON CTOPOHOM BBepx). MoxHo Jin ¢jiesiaTh Bce CreKJsa B KaxKJjoi pame
110JIOOHBIMU IIPAMOYTOJbHUKAMU !

3. MoxHo Ji1 pa3pesarb KBajpaT Ha 3 HOJOOHbBIX, HO HEPABHbBIX IPSMOYIOJbHUKA?
4. MoxHo 1 paspe3arTh KBajpar Ha b KBaJIpaToB?

5. Bce nonikn y mkada Ha pucyrke C, Kak ¥ BCe JIOCKYTKH, W3 KOTOPHIX CITUTO OJESIO Ha
pucynke D — kBajparHbie. ABISIOTCS JiM KBaAPATHBIMK CaMu MKad U 0J1estio?

6. MoxxHO Jin 3aMOCTUTH BCIO TIJIOCKOCTD MOTIAPHO PA3JIMUHBIMU KBaJipaTaMiu, JJIUHbI CTOPOH
KOTOPBIX — IieJible Jucia’

7. MoxHO Jin KBaJ[paT pa3pe3arh Ha IPIMOYTOJIBHUKN ¢ OTHOIICHHEM CTOPOH 2 + v/27
8. Spusiercst i 1+ /2 CyMMOIT KBaJIpaTOB Ynces BUIa a + b\/ﬁ, rjie a 1 b — panmonaabHbI?

[TycTh Ha npsiMmoyroJibHOM JiucTe OyMaru HaprcoBaHO pa3OueHne Ha MPSIMOYTOJIbHUKN. Pa3-
peraeTcss pa3pe3arhb JUCT BJIOJIb JIIOOOr0 OTPE3Ka Ha, JIBa MPSAMOYTOJbHUKA, TOTOM TPOU3BE-
CTHU TaK¥e OTMePAINH TO-0T/IeJIbHOCTH ¢ KayKJI0# W3 MOy IUBIITUXCS JacTeil, u Tak jajee. Ecin
TaKUM 00pPa3soM MOXKHO Peaju30BaTh HUCXOJIHOE pasdWeHue, TO HA30BEM €ro Mmpusud.boHbiM.
Hanpuwmep, pasouenust na pucynkax A,B — rpusnasibnbie, a C,D — ner.

Cutejryrotiue 4 yrpaxKHeHus PeJJIaraeTcs PEiuTh moabko 0ad MPueuasbHuT pa3oneHuii.

9. Kakune npsiMmoyrojibHUKM MOXKHO pa3pesarh Ha MPSIMOYTOJIbLHUKK CO CTOPOHOM 17
10. Kakwue npsiMmOyrosibHUKH MOYKHO pa3pe3aTh Ha KBaPaThl!
11. Moo Jin KBaJpaT pa3pesarhb Ha NPSMOYTOIBHIKN ¢ OTHOIIEHIHEM CTOPOH v/27

12. Bce uncsa, KOTOpbIe MOXKIHO IPEACTABATD B BUJE T = @ + b\v/2 ¢ pAlHOHATIBHBIME @ U D,
Ha30BeM Topowumu. [Ipr KaKnX XOpPOIIUX T KBaJAPaT MOXKHO Pa3pe3aTh Ha IPAMOYTOJbLHAKA
¢ OTHOLIEHUEM CTOPOH 7
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6. OTKpBITBIE IPODJIEMBI O 3aMOIIEHNIX C (brM3MIecKoii MHTepIIpeTaleii

1. Jlan kousept B popme 1psimoyroJibHuka a X b. IIpu kakux BelecTrBeHHbIX ¢ U b €ro MOYKHO
OKJIENTHh KBaJIDATHBIMU MapKaMu 6€3 MPOCBETOB M HAJOXKeHUH ¢ obemx cTopoH? KBajapars
pasperaercd rnmeperudbaTh dyepe3 Kpail mpsiMOyroibHUKA, UX pa3Mephbl MOTYT Pa3IndaThCs.
2. TloBepxXHOCTH KaKWX PaBHOTPAHHBIX TETPA’3IPOB MOYKHO OKJIEUTH KBaJpaTaMu Oe3 mpo-
CBETOB M HaJOXKeHnI? A KaKux — MpaBUIbLHBIMU TPEYTOJbHUKAMMU !

3. [IloBepxHoCcTH KaKMX MHOTOI'DAHHUKOB MOXKHO OKJICUTH KBajpaTaMu 0€3 MPOCBETOB U
HaJIOYKeHUI? A KaKux — MpaBUIbHBIMU TPEYTOJbHUKAMMU !

4. Hexoropble mapbl CTOPOH MHOTOYTOJIBHUKA HA PUCYHKE (CJIeBa WK ClipaBa) cKyeeHbl. [1pu
KaKUX JIJIMHAX CTOPOH MOJIYUYEHHYIO TTOBEPXHOCTH MOXKHO pa3pe3aTh Ha KBaJIPaThl!

RN SR —1

5. CymecTByer Jiu MHOIOYTOJBHUK, KOTOPBI MOXKHO pa3pe3arh Ha KBaJIPaThl, HO HEJIb3si

MPUBUAALHO PA3PE3ATh Ha KBaJparhl (Olpejie/eHue JJaHo B §5, ¢M. Bepcuio Ha caiire)?

6. Kakne MHOTOYTOJIBHUKY PA3PE3aI0OTCsl Ha, TPSIMOYTOJIBHUKH C JAHHBIM OTHOIIIEHHEM CTOPOH
x? A Kakue — Ha HPSIMOYI'OJIbHUKHU C JIAHHBIMK OTHOILIEHUSIMU CTOPOH L1, ..., Tp?

7. Kakue MHOrOyroJibHUKE pa3pe3aroTcs Ha MPaBUIbHBIE TPEYTOJbHUKN !

8. CyrmiecTByer /i EHTPATbHO-CUMMETPUIHDBIN MHOTOYTOTLHUK, KOTOPBIH MOYXKHO Pa3pe3aTh
Ha TPABUJIbHBIE TPEYTOJLHUKN, HO HEJIb3sl pa3pes3arh Ha poMObI ¢ yriom 60°7

9. Kakmne MHOrOyTOJILHUKN MOYXKHO paspe3arh Ha TPaTelnyun, TOMOTeTHIHbIe JaHHO’

10. Korna u3 napaJuiesielnine/ioB, moJ00HbIX JaHHOMY, MOXKHO COCTaBUTb KyO?

Ily6nukanum cTyaeHTOB. 3ajada 1 st ciaydas paeois KBajpaToB periena B [6], a
/Ui HepaBHbIX B |2] mostyueno HeobxoguMoe yeaoBue. 3aiada 2 Juist npasuibHo20 TeTpasjipa
perera B |1]. Permenne 3amaan 6 1 npamoyzoivnuka u zopowus T, . . . , T, (onpeaeseHne
— B §5) onybsmkosano B [11] u ympormeno B |7]. 3agadu 6 n 9 1 JACTHBIX CIYIA€B PEIeHbI
B [3, 5, 13]. Duemenraproe Beejienue jano B [12, 10, 8], BBojHbIE 33080 — B §5 u [9, 4].

[1] Bamaxmi A., OxJensanue terpasapa ksazparamu // Maremarmieckoe npocsemenue. Cep. 3. 2018. Bour. 23. C. 134-144.
2

[

Hmvurpues M., Ilepuonuyeckue 3aMOMIeHUS IJIOCKOCTH KBajgpaTamu, 2020, npencT. K mybIuKanun

w

3gepes 1. C., Paspesanns Tpanenuii Ha Tpamenuu, TOMOTETHYIHBIE TPANENUAM 33aAaHHOTO HAaGopa, Marem. ¢6., 210:2 (2019), 87-114

Ksazapar u3 nogo6HBIX IPAMOYTOILHUKOB, 26-5 JeTHss KOH(MEPEHIUs MeKAYHAPOLHOr0 Maremarnieckoro Typrupa ropogos, 2014.

== E = E

Hosuxos U.,Pa3pesanue na nogobusie IpsMOyrOJbHIKH MHOIOYTOJIbHUKOB, COCTABJICHHDBIX U3 PABHBIX IPAMOYIOJIbHUKOB, MaT. 3aMeTKH, B II€IaTH.
Ozxeros @., OKjJenBaHUue NPsIMOYTOJIbHIKA PABHBIMU KBa/IpaTaMU ¢ 0OOUX CTOPOH, IPeACTaBJIeHO K Imybsmkaruu, 2018.

[7] Psabos II., Tononuenre k pesyiasraram ®. [Ilaposa // Mar. npocsemernune. Cep. 3. 2018. Boin. 22 (Becna). C. 165-170. arXiv:1711.09406

[8] Cxonerxos M., Manmrosckas O., Jopmaerko C. Cobepm xBagpar // Ksant. 2015. N2. C. 6-11. arXiv:1305.2598

[9] Cxonerxos M., Manmrosckas O., Jopuaenko C., Illapos @., Cobepu kBaapar // DIeMEHTH MATEMATHKE B 33439aX. '1€De3 OJIUMINaAbl U KPYKKH
— Kk npodeccun./Ilox pex. A.A.Bacnasckoro, A.B.Cxronernkosa, M.B.Ckonenkosa. — M.: MITHMO, 2018. — 592 c.

[10] Cxomnenkos M.,IIpacosnos M.,/Jopuuenko C. Paspesanus merammmaeckoro npsmoyroasanka//Kearr.2011.N3.C.10-16.

[11] ITapoe @.A., Pazpesanus mpsAMOYTOIBHAKA HA IPIMOYTOIBHUKK C 33JaHHBIME OTHOIIEHUSMH CTOPOH // Maremarmueckoe npocsemenne. Cep.
3. 2016. Beim. 20. C. 200-214. arXiv:1604.00316

[12] [Tapos ®.A., IIpsmoyronbauk u3 KBajgparos, // Ksaut. 2019. N3. C. 10-14. arXiv:1711.08503

[13] IImpokoeckmx C., [Ipeofpa3oBanus ABYXIOPTOBEIX Neneil u pa3bueHne Ha NPAMOYTOJILHUKH, HpenpurT, 2021.
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Hampasnaenue 111, Harnganas reomerpus 11 apXUTCKTYPhI

Mikhail Skopenkov mikhail-skopenkov @ gmail-com

OtkpeIThiii Bonpoc. Ha kakux moBepxHOCTSX depe3 KakKIyl TOUKY MPOXOJIT MPSIMas
1 apabosia ¢ BEPTUKAJBHON OCBIO, IEJIMKOM JIeXKAIl[ie Ha MOBEPXHOCTH !

7. CrapToBble yIIpa*KHEeHUS

[Tycrs [4 u [y — jBe npsiMble Ha [JIOCKOCTH, [ — TpsiMasi, He HapaJiie/ibHas HU OJHOM u3
Hux. [lapasresvroim npoexmuposanuem TPAMOR (1 HA TTPAMYIO lo OTHOCHTEIHLHO HAIpPaBJIe-
Hust | HA3BIBAIOT OTOOpakKeHue, KOTopoe Touke A NmpsMmoit [; CTaBUT B COOTBETCTBHE TOUKY
nepeceveHust MpsiMoit |4, mapaJiesbHoi [ n ipoxojsmeil gepe3 A, ¢ npsimoit .

1. Jloboe Jin napaJjijiejibHOE ITPOEKTUPOBAHUE IIPsIMON Ha HPAMYIO COXPaHHeT JIJIMHbI OTPE3-
KOB”

IIpocmuim ommuowenuem ymnopsiouennoii Tpoitku touexk A, B, C' na npsimoit (B # ()
Ha3bIBaeTCs Takoe ducyo x, uro AC' = x - BC.

2. a) [Ipocroe oTHOMERME YyHOPSAOUYEHHON TPOWKW TOUYEK Ha mpsaMmoit pasno x. Haiigure
IIPOCTHIE OTHOIIEHUS STUX TOYEK, 3alIMCAHHBIX BO BCEX JIPYI'UX MMOPsSIJIKaX.

b) I[IpocToe oTHOIIIEHNE YIOPSIOUEHHONH TPORKN TOUEK Ha MPSMOil COXPAHSIETCS TIPH TapaJ-
JIEJILHOM TPOEKTUPOBAHWH.

3. a) Kommozwuiueii HecKOTBKIX TTapasieIbHbIX TPOEKTUPOBAHMI TPSIMOil MOXKHO [IEPEBeCTH
JIIOOBIE JIBe Pa3JudHble TOUKU B JIIOObIE APYTUe JaBe Pa3audHble TOUKH.

b) BepHo Jin aHasiornaHoe yTBEpXKIEHUE JJIs JIBYX TPOEK TOUEK Ha MPsSMOii?

¢) Haitre oupejesienue napajuiesbHOrO HPOEKTUPOBAHUS OJHOM [LJIOCKOCTH B POCTPAHCTBE
Ha JPYTYIO.

d) Kommnosunueil HeCKOIbKUX MapaJiieIbHbIX TPOEKTUPOBAHUI TIOCKOCTH MOXKHO MEPEBECTH
JIIOOO# TPEYroJIbHUK B JIIOOOW JIPYTOii.

e) Bepro sin anajoruaHoe yTBEp:KICHUE IS JIBYX UETHIPEXYTOJIbHUKOB?!

4. a) Kax/as cropona TpeyrojibHUKa HOJeJeHa Ha TPU PAaBHbIC YaCTH, U TOUKH JICJCHUS
COEJINHEHBI C IMPOTUBOIOJIOXKHBIMU BepiinHamMu. JlokaxKuTe, ITO JUATOHAJJIH “BHYTpPEHHEro”
6-yroJIbHUKa MePeCceKaloTCst B OJIHON TOUKE.

b) B kakoM OTHOIIEHUHU JICJUT OCHOBAHUs TPANEIUK TPsiMast, IPOXOJIAIIAsT Yepe3 TOUKY I1e-
pecedeHusl AUaroHaJieil 1 TOUKY IepecedeHus IPOI0KEeH ODOKOBBIX CTOPOH?!

¢) Hdaubl jnBe mapaJuienbHble npsamble n Toukn A, B Ha onHoit u3 mHux. [locrpoiite omHoii
JINHEWKOI cepenuay orpeska AB.

5. Ilyctb HenpepoiBhas oueknus f: R — R cepenuny j1i060ro orpeska mepeBojiuT B CEPEIUHY
ero obpasa, a Touku 0 u 1 ocrasisier Ha mecre. Torya Jjuist Becex x,y € R um,n € Z,

a) f(2z) =2f(x); D) f(x+y) = fe)+ fl); <) f(m/n)=m/n; d) f(z) =2

Bamaga Huasa. Ocnosnas meopema agdunnot eeomempuu ( Mébuyc—gon HImayom). Jlio-
60€e HelpepbIBHOE B3aMMHO-OJHO3HAYHOE OTOOpaXKeHHUe IJIOCKOCTH, HMEePEeBOsIIee PsiMble B
IPSIMBIE, SIBJISIETCS KOMIIO3UINEH MapaJlie/IbHBIX TPOEKTHPOBAHMTIA.
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Direction I. Visual field theory

Mikhail Skopenkov mikhail-skopenkov @ gmail-com

One of the main open problems in mathematics is rigorous definition of quantum field theory.

8. Leading exercises: Feynman checkers

Question: what is the probability to find an electron at the point (z,y), if it was emitted from the point (0,0)?

Assumptions: no self-interaction, no creation of electron-positron pairs, unit mass and lattice step, point source; no nuclear forces, no
gravitation, electron moves uniformly along the y-axis and does not move along the z-axis.

Results: double-slit experiment, charge conservation.

On an infinite checkerboard, a checker moves to the diagonal-neighboring
squares, either upwards-right or upwards-left. To each path s of the checker,
assign a vector d(s) as follows. Start with a vector of length 1 directed
upwards. While the checker moves straightly, the vector is not changed,
but each time when the checker changes the direction, the vector is rotated
through 90° clockwise (independently of the direction the checker turns). In
addition, at the very end the vector is divided by 2(¢=1/2 where 3 is the total
number of moves. The final position of the vector is what we denote by d(s).
For instance, for the path s in Figure 5 to the top, the vector d(s) = (1/8,0).

Denote d(z,y) := )., d(s), where the sum is over all the paths of the
checker from the square (0,0) to the square (z,y), starting with the upwards-

right move. Set @(x,y) := 0, if there are no such paths. For instance, @(1,3) = 3 s S0 a(so)
(0,-1/2) 4+ (1/2,0) = (1/2,—1/2). The length square of the vector d(z,y) is 2
called the probability* to find an electron in the square (z,y), if it was emitted 1 a(s) d(1,3)
from the square (0,0). Notation: P(x,y) := |d(z,y)|*. ()L J

In Figure 7 to the left, the color of a point (z,y) with even x 4 y depicts 0o 1 2
the value P(z,y). Fig 5: Checker paths

In what follows squares (z,y) with even and odd x + y are called black and white respectively.
1. Observations for small y. Answer the following questions for each y = 1,2, 3,4 (and state your own
questions and conjectures for arbitrary y): Find the vector @(z,y) and the probability P(z,y) for each z.
When P(z,y) = 0? What is ), P(z,y) for fixed y? What are the directions of @(1,y) and @(0,y)?

The probability® to find an electron in the square (x,y) subject to absorption in the square (x',vy') is defined
analogously to P(z,y), only the summation is over those paths s that do not pass through (2/,4). The
probability is denoted by P(x,y bypass ', y’). Define P(x,y bypass M) analogously for a set of squares M.

2. Double-slit experiment. Is it true that P(z,y) = P(z,y bypass 0,2)+
P(z,y bypass 2,2)7 Is it true that P(z,y) > P(z,y bypass 2/, y)?

3. Find P(0,12). How to table the values @(z,y) quickly without exhaustion mw

of all paths?

Denote by a;(z,y) and ay(z,y) the coordinates of d(z,y); see Figure 6.
4. (Puzzle) Draw all the paths giving nonzero contribution to a;(1,5). i
The same for ay(1,5). Fig 6: ay(x, 1000)

5. Dirac’s equation. Express a1(z,y) and as(x,y) through ay(z £ 1,y — 1) and as(x £ 1,y — 1).

wen Pz, y) = 1.

7. Symmetry. How the values a;(z, 100) for < 0 and for x > 0 are related with each other (that is, hot
to express the ones for x < 0 through the ones for > 0)? The same for the values a(x, 100) 4 as(zx, 100).

0.05

1000

6. Probability /charge conservation. For each positive integer y we have >

8. Huygens’ principle. What is a fast way to find d(z, 199), if we know d(z, 100) for all integers x?

9. Using a computer, plot the graphs of the functions f,(x) = P(x,y) for various y, joining each pair of
points (z, f,(z)) and (v + 2, f,(z + 2)) by a segment; cf. Figure 2. The same for the function a;(z,y).

10. * Find an explicit formula for @(z, y) (it is allowed to use a sum with at most y summands in the answer).

LOne should think of the value y as fixed, and the squares (—y, ), (—y+2,%), ..., (y,v) as all the possible outcomes of an experiment. For instance,
the y-th horizontal might be a photoplate detecting the electron. Familiarity with probability theory is not required for solving the presented problems.
If the checker were performing just a random walk (after the first upwards-right move), then |@(s)|?> would be probability of a path s. The latter
probability no sense in our model, but explains the normalization factor 20y=1)/2,

2Thus an additional outcome of the experiment is that the electron has been absorbed and has not reached the photoplate.
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Open problems in mathematical physics

Mikhail Skopenkov mikhail-skopenkov @ gmail-com

This is a collection of visual open problems in mathematical physics'. The statements of most of them use
only a few definitions given in the text. But their solution leads to important ideas of modern mathematics.

9. Open problems: Feynman checkers

0010
0008
[
0.004

0.002

P(z,y) for even z +y P(z,y,1,1/2) for integer = + y

Fig 7: The probability to find an electron in a small square around a given point (white depicts large
oscillations of the probability). Left: in the basic model from §8. Right: in the generalized model from §10.

The plots in Figures 7 and 8 to the left show that for fixed y, the most probable position of the electron
is near to = y/+/2 (!). Although this was noticed in 2001, the following question is still open.
1. (A.Daniyarkhodzhaev—F.Kuyanov; see Figures 7 and 8 to the left) Denote by Znax(y) a point where
P(x,y) has a maximum for fixed 3. Is Zyax(y) — y/+v/2 bounded as y — 00?

2. (S. Nechaev, puzzle; see Figure 8 to the bottom-left) Find the positions of “wide gaps” (intervals, where
oscillations are smaller) in the graph of P(x,y) for fixed large y.

For z > y/+/2, the plots show that the value a(x,y) is small. But how fast does it actually decrease?
3. (A. Borodin) Find an asymptotic formula for a(2[%],y) as y — oo for fixed v > 1/V/2.

Fig 8 The plots of the normalized probability 3P(2[%],y), the free energy density Im f,(v) :=

2
—Wiy log |a(2[%1],y)|, the distribution G, (v) := zg;y% (dark) for y = 100 (top), y = 1000 (bottom).

a2 (Ivy)
a(z,y)

The aim of the next 3 problems is to prove a phase transition in Feynman checkers in a strong sense: the
limiting free energy density and other quantities are nonanalytic at v = £1/1/2 (see Figure 4 to the middle).

4. Foreach v € [—1,1] find lim %log |a(2[%£],y)|. Prove that it has discontinuous derivative at v = +1/v/2.
Y—00

The next problem is on the “probability” of equal directions of the first and the last move.
5. (See Figure 4 to the right) Prove that for each 0 < v < 1/1/2 we have

2 S | 14+ V12
im Y - “2<x’y)’ :_<1+v—\/1—v2+log%>.
y*)OO

ol Y laley) |2

Compute the same limit for 1/\/5 <v<l.

IThe author of a problem is shown after the number of the problem. Some of the conjectures have been suggested by participants of Summer
Conference of Tournament of Towns and Summer School in Contemporary Mathematics. A puzzle is a problem, in which both a precise statement
and a proof are requested.

Updated version: https: //users. mccme. ru/mskopenkov/ skopenkov-pdf/problems. pdf 2021


https://users.mccme.ru/mskopenkov/skopenkov-pdf/problems.pdf

The next one is on the “probability” of equal directions of the first, the last, and the “middle” move.
2 2
6. Find the weak limit lim a2(2,y)
v=oo gz a(2[vy] = 1,2y — 1)
For a set M of squares let P(M) := >  P(p bypass M \ {p}) be the probability that the electron hits M.
peEM
7. (G. Minaev-1. Russkikh) Do the following equations hold (cf. §14):
P({(-Ly):y=3o0dd}) = 3P({(3,y) : y =3 0dd}) = ; — 17

Notice that similar numbers appear as conductances between nodes of the grid Z?2; see §14.

10. Open problems: generalizations of Feynman checkers

In the next problems, the following generalization of the model is used. Fix ,m > 0 called side of the
square and particle mass. Assume that the centers of the squares have the coordinates (ke, le), where k and
[ are integers. To each path s of the checker, assign a vector @(s, me) as follows. Start with the vector (0, 1).
While the checker moves straightly, the vector is not changed, but each time when the checker changes the
direction, the vector is rotated through 90° clockwise and multiplied by me. In addition, at the very end
the vector is divided by (1 + m?e?)®/==1/2 where y /¢ is the total number of moves. The final position of
the vector is what we denote by @(s, me). The vectors d(z,y, m,e) and the numbers P(x,y, m,¢) are defined
analogously to d(z,y) and P(z,y), only d(s) is replaced by d(s, me). For instance, P(x,y,1,1) = P(z,y). In
Figure 7 to the right, the color of a point (x,y) depicts the value P(z,y,1,1/2).

8. Is it true that P(z,y,m,e) # 0 for y > |z| and even (z + y)/e?
9. (I.Gaidai-Turlov—T.Kovalev-A.Lvov) Is it true that lim,_ o > ., a1(ze, ye, m,e)* = CWiErrrdl

The following problem generalizes and specifies Problem 1 above.

10. (A.Daniyarkhodzhaev—F.Kuyanov) Denote by Zmax = Tmax(y, m, €) the point where P(x) := P(z,y, m,¢)

has a maximum. Is 2. /e — y/ev 1 4+ m2e? uniformly bounded? Does P(x) decrease for x > 2.7 Find an
asymptotic formula for a(z,y, m,e) for z in a neighborhood of y/v/1 + m?2e2.

11. (M. Blank-S. Shlosman) Is the number of times the function a;(z) := a;(z,y, m, ) changes the sign on
[—y,y] bounded as € — 0 for fixed y, m?
The remaining two problems involve several notions not defined in this text.
12. Find the weak limits lim L a (25 {;—E] , 2¢ B’—J ,m,g) and lim =5 P (25 {2%} , 2¢ BJ—J ,m,e) on the whole
e—0

2e e—0 4e?
R2. Ts the former limit equal to the (1 + 1)-dimensional retarded Dirac propagator including the generalized
function supported on the lines y = 27 What is the physical interpretation of the latter limit (providing a
value to the ill-defined square of the propagator)?

The last problem is informal; it stands for half a century.
13. (R. Feynman; puzzle) Generalize the model to 4 dimensions so that

.1 x Yy z t
i 5 22| 2|22 5| 2o 5 2o 5 o
61—>H(1J25a(625 625 625 625 e

coincides with the (3 4 1)-dimensional retarded Dirac propagator.

Publications of pupils and students. Problems 7, 8 9 are solved in [3, 5, 2| respectively. The
asymptotic form from Problem 10 for m = ¢ = 1 is found in [7]. Problem 12 in the particular case y > |z| is
solved in |4, Appendix B|, and its analogue for the model with homogeneous magnetic field is solved in [6].
Introductory problems are given in [1].

[1] E.Akhmedova, M.Skopenkov, A.Ustinov, R.Valieva, A.Voropaev, Feynman checkerboard, 31th Summer conference of the International
mathematical Tournament of towns, 2019, https://www.turgor.ru/lktg/2019/2-Feynmany,20checkerboard/index.htm.

[2] I. Bogdanov, Feynman checkers: the probability of direction reversal, preprint (2020) arXiv:2010.04583.
[3] M. Dmitriev, Semi-infinite Feynman Checkers, preprint (2021).

[4] A. Lvov. Pointwise continuum limit. In: M. Skopenkov, A. Ustinov, Feynman checkers: towards algorithmic quantum theory, preprint
(2020), arXiv:2007.12879.

[5] I. Novikov, Feynman checkers: the probability to find an electron vanishes nowhere inside the light cone, preprint (2020),
arXiv:2010.05088.

[6] F. Ozhegov, The continuum limit of the “Feyman checkers” model with electromagnetic field, preprint (2021).

[7] P. Zakorko, Maxima of probability in Feynman Checkers, preprint (2021).
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Direction II. Visual potential theory and tilings

Mikhail Skopenkov mikhail-skopenkov @ gmail-com

Open question. Which polygons can be tiled by rectangles of given side ratio x?

11. Leading excercises
— I have a thought! — said Boa and opened his eyes. — A thought. And I think it.

— Which thought? — asked Monkey.
— It takes time to explain...
— Wow! — jumped Monkey. — What a good thought! May I also think it a bit?

G. Oster, “Boa’s grandmother”

1. Form a square from rectangles m x n, where m and n are integers.

2. A designer was offered to make square window frames. In Figures A.B it is shown how
the panes should be adjacent to each other and how they should be oriented (with the short
side or with the long one to the top). Can all panes in each frame be similar rectangles?

3. Is it possible to dissect a square into 3 similar, but not equal rectangles?
4. Is it possible to dissect a square into 5 squares?

5. All shelves in Figure C, and all scraps, from which consists the piecework in Figure D,
are squares. Are the board and the piecework also squares?

6. Is it possible to tile the plane by pairwise distinct squares with integer sides?

7. Is it possible to dissect a square into rectangles of side ratio 2 4+ /27
8. Is 14 +/2 a sum of squares of numbers of the form a + bv/2, where a and b are rational?

A tiling by rectangles is drawn on a rectangular sheet of paper. One may cut the sheet of
paper along any straight line segment into two rectangles, then repeat the same operation
separately for each of the obtained parts, and so forth. If it is possible to represent the initial
tiling in this way, then the tiling is called #rivial. For instance, the tilings shown in Figure A,B
are trivial, but those in Figure C,D are not.

It is suggested that you solve the following 4 exercises only for trivial tilings.

9. Which rectangles can be tiled by rectangles with one of the sides equal to 17
10. Which rectangles can be dissected into squares?
11. Is it possible to dissect a square into rectangles of side ratio v/2?

12. All numbers, which can be represented in the form = = a 4+ bv/2 with rational a and b,
are called good. For which good x a square may be tiled by rectangles of side ratio x?
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12. Open tiling problems with networks interpretation

1. An envelope has the shape of a rectangle a x b. For which real a and b it can be completely
covered by nonoverlapping square marks from both sides? It is allowed to fold the squares
across the edges of the envelope, and the sizes of the squares may be different.

2. Which tetrahedra having four equal faces and made of paper can be dissected into squares?
And into regular triangles?

3. Which polytopes made of paper can be dissected into squares? And into regular triangles?

4. Some pairs of sides of the polygon in the figure (to the left or to the right) are glued. For
which side lengths the resulting surface can be tiled by squares?

1 1

5. Is there a polygon which can be tiled by squares but cannot be trivially tiled by squares
(see the definition in §11)7

6. Which polygons can be tiled by rectangles of given side ratio 7 And by rectangles of
given side ratios xy,...,x,"

»o-

7. Which polygons can be tiled by regular triangles? And by rhombi with a 60° angle?

8. Is there a centrally-symmetric polygon which can be tiled by regular triangles but cannot
be tiled by rhombi with a 60° angle?

9. Which polygons can be tiled by trapezoids homothetic to a given one?

10. When a cube can be tiled by parallelipipeds similar to a given one?

Publications of students. Problem 1 for equal squares is solved in [5]; a necessary
condition for unequal ones is presented in [3|. Problem 2 for a regular tetrahedron is solved
in [2]. A solution of Problem 6 for tilings of a rectangle and good z1, . .., x, (see the definition
in §11) is published in |7] and later simplified in [6]. Problems 6 and 9 are solved [13, 4, 9]
in some particular cases. Elementary introduction to the methodology is given in [8, 12, 10],
introductory problems are in [11, 1].

[1] A square from similar rectangles, 26th summer conference of International mathematical Tournament of towns, 2014 (in English and
in Russian), http://wuw.turgor.ru/lktg/2014/3/index.htm

[2] A. Balakin, Covering a tetrahedron by squares, Mat. Prosveschenie 3rd ser. 23 (2018), 134-144 (in Russian).
[3] M. Dmitriev, Periodic tillings of the plane by squares, 2020, submitted (in Russian). arXiv:2003.05430.

[4] I. Novikov, Tiling polygons composed of equal rectangles into similar rectangles, Math. Notes, to appear (in English and in Russian).
arXiv:1809.06627 (in Russian)

[5] F. Ozhegov, Covering of a rectangle by equal squares from both sides, submitted, 2018 (in Russian).
[6] P. Ryabov, A compement to the results by F. Sharov, Mat. Prosveschenie 3rd ser. 22 (Spring) (2018), 165-170. arXiv:1711.09406

[7] F. Sharov, Dissection of a rectangle into rectangles with given side ratios, Mat. Prosveschenie 3rd ser. 20 (2016), 200-214 (in Russian)
arXiv:1604.00316 (in English and in Russian).

[8] F. Sharov, A rectangle from squares, Kvant 3 (2019), 10-14 (in Russian). arXiv:1711.08503
[9] S. Shirokovskikh, Transformations of 2-port networks and tiling by rectangles, preprint, 2021.
[10] M. Skopenkov, O. Malinovskaya, S. Dorichenko, Compose a square, Kvant 2 (2015), 6-11 (in Russian). arXiv:1305.2598

[11] M. Skopenkov, O. Malinovskaya, S. Dorichenko, F. Sharov, Compose a square, // Elements of mathematics in problems. Through
olympiads and circles to profession. / Edited by A. Skopenkov, M. Skopenkov, A. Zaslavsky. —Moscow Center for Continuous
Mathematical Education, Moscow, 2018. —592 pp. (in Russian). arXiv:1905.10210

[12] M. Skopenkov, M. Prasolov, S. Dorichenko, Dissections of a metal rectangle, Kvant 3 (2011), 10-16 (in Russian). arXiv:1011.3180

[13] I.S. Zverev, Dissections of trapezoids into trapezoids homothetical to trapezoids in a given family, Sb. Math., 210:2 (2019), 245271
(in English and in Russian). arXiv:1709.02773 (in Russian)
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13. Inverse problem for alternating-current networks

2An alternating-current network is a (not necessarily planar) graph with a fixed subset of
vertices (boundary vertices) and a complex number ¢(xy) with positive real part (conductance)
assigned to each edge zy [2, Section 2.4]. The voltage is any complex-valued function v(z) on
the set of vertices such that for each nonboundary vertex y we have > c(zy)(v(z)—v(y)) =
0, where the sum is over all the edges containing the vertex y. One can see that the voltage
is uniquely determined by its boundary values [2, Section 5.1]. The current flowing into
the network through a boundary vertex y is i(y) == >_,, c(zy)(v(x) — v(y)). The network
responce is the matrix of the linear map taking the vector of voltages at the boundary vertices
to the vector of currents flowing into the network through the boundary vertices.

The general electrical-impedance tomography problem is to reconstruct the network from its
response. For direct-current planar networks, meaning that all the conductances are positive,
the problem has been solved in [1].

Teaser. There is a matrix realizable as the response of the network in the figure to the
right (for the boundary vertices N1, Ny, N3 and some edge conductances Ry, Rs, R3) but not
to the left. . N

Denote by W; the set of complex b x b matrices A having the following 4 properties:

1) A is symmetric;

3) ReA is non-negatively definite;
4)if U = (Uy,...,Uy) € R” and UT(ReA)U = 0 then Uy = - -- = U,

11. Prove that the set of responses of all the possible connected alternating-current networks
with b boundary vertices is the set Wy.

(1)

(2) the sum of the entries of A in each row is zero;
(3)

(

The problem has been recently solved by G. Rote [3].
12. Given a response matrix provide an algorithm to reconstruct the network and the edge
conductances.
13. Describe the set of all the responses of all the possible series-parallel networks with edge
conductances having positive real parts.
14. Describe the set of all the responses of all the possible planar networks with edge
conductances having positive real parts.
15. Let the conductance of each edge be either w or 1/w, where w is a variable. Describe
the set of all the possible responses of such networks as functions in w.

This is known for b = 2 boundary vertices — Foster’s reactance theorem [2, Theorem 2.5].

[1] E. B. Curtis and J. A. Morrow, Inverse problems for electrical networks, Series on Appl. Math. 13, World Scientific,
Singapore, 2000.

[2] M. Prasolov and M. Skopenkov, Tilings by rectangles and alternating current, J. Combin. Theory A 118:3 (2011), 920-937,
http://arxiv.org/abs/1002.1356.

[3] G. Rote, Characterization of the response maps of alternating-current networks, preprint (2019), arXiv:1904.02031 .

IPublished in Discrete differential geometry, Oberwolfach Reports, 2015
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14. Asymptotic estimates for conductance

The Green function R(x,y) 1is the resistance between the origin and
the vertex (z,y) in a infinite square lattice of unit resistors. P

Teaser. R(0,1) =1/2, R(1,1) = 2/7, and R(z,y) = 5= In(z*+y*)+O(1). N
The same asymptotic form holds for triangular and hexagonal lattices. i\ * ;“‘“7'

16. Prove the same for arbitrary nondegenerate uniform orthogonal lattice. L. -/

17. Discrete harmonic functions on orthogonal lattices are Lipschitz, i.e., |u(z) — u(w)| =

O(|]z — w)).
18. Generalize star-triangle transformation to nonrhombic lattices.

A quadrilateral lattice is a finite graph () C C with rectilinear edges such that each bounded
face is a quadrilateral. A complex-valued function f on the vertices of () is called discrete
analytic, if for each quadrilateral face z1292324 we have

flz1) = fz3) _ flz2) — f(z)

21 — %3 RZ9 — 24

The real part of a discrete analytic function is called a discrete harmonic function. The
discrete Dirichlet problem is to find a discrete harmonic function with given values at the

boundary. A function wu is equicontinuous, if |u(z) —u(w)| = O(¢(|z —w|)) for some function
¢(z) such that lim, o ¢(z) = 0.

2

Teaser. The function f(z) = z is discrete analytic but f(z) = 2 is not unless the faces of

(@ are parallelogramms.

S
&

19. Is it true that discrete harmonic functions are equicontinuous?

20. Isit true that the solution of the Dirichlet problem converges to its continuous counterpart
under lattice refinement?

Publications of students. An elementary introduction to the subject was published
jointly with A. Pakharev, V. Smykalov, A. Ustinov, A. Yuryev [2, 3, 1].
[1] A. Pakharev, M. Skopenkov, A. Ustinov, Through the resisting net, Mat. Prosv. 3rd ser. 18 (2014), 33-65.

[2] M. Skopenkov, V. Smykalov, A. Ustinov, Random walks and electric networks, Mat. Prosv. 3rd ser. 16 (2012), 25-47 (in Russian).
Minor correction in: A. Yuryev, Random walks return, Mat. Prosv. 3rd ser. 20 (2016), 243-246.

[3] A. Yuryev, Random walks return, Mat. Prosv. 3rd ser. 20 (2016), 243-246.
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Open problems in geometry and potential theory
Direction III. Visual geometry for architecture

Mikhail Skopenkov mikhail-skopenkov @ gmail-com

This is a collection of visual open problems in geometry. The statements of most problems
are elementary and use only a few definitions given in the text. But their solution leads to
important ideas of modern mathematics. Each individual problem with a number is a topic
for a one-year term work. The problems are suitable at any education term.

15. Surfaces containing two parabolas through each point

1. Find all functions f: R? — R with the following property: through each point of the
plane one can draw two lines such that the restriction of the function f to one of the lines is
a linear function, and the restriction to the other one is quadratic.

Example. The surfaces given by the equations
z = zy(z + y) (left figure) or 2 = 22 + y* (middle figure)

2. Find all surfaces in R? containing two parabolas through each point such that both
parabolas lie on one rotational paraboloid with a vertical axis.

An isotropic circle is either a parabola with the axis parallel to Oz (middle figure) or an
ellipse whose projection into the plane Oxy is a circle (right figure).
3. Find all surfaces in R? containing a line and an isotropic circle through each point.

4. Find all surfaces in R? containing two isotropic circles through each point.
5. Which sets of circles can be the top view of the isotropic circles on such surfaces?

6. Find all surfaces in R? containing 3 isotropic circles through each point. Find all hexagonal
webs from isotropic circles on surfaces (except isotropic spheres).

7. Find all surfaces in R? enveloped by two families of cones of revolution.

Hint. Use isotropic model of Laguerre geometry [9, §2].

8. Find a system of differential equations characterizing functions with the graphs containing
an isotropic circle through a generic point. The same for a conic through a generic point.
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16. Surfaces containing two circles through each point

Torus Translation of a circle along another one Hyperboloid

9. Let r and R be fixed. Find all surfaces in R? such that through each point of the surface
one can draw two circles of radii » and R fully contained in the surface.

10. Let a be fixed. Find all surfaces in R? such that through each point of the surface one
can draw two circles fully contained in the surface and intersecting at angle a.

11. Let « be fixed. Find all surfaces in R? such that through each point of the surface one
can draw two circles fully contained in the surface, the planes of which intersect at angle a.
Hint. Deduce from the classification of surfaces containing 2 circles through each point [10].

The surface ®(u,v) = (u+17)(v+7)~ in R? | where i and j are quaternion units, contains
a line and a circle through each point but it not a quadric, cf. [2].
12. Find all surfaces in R* containing a line and a circle through each point.

13. Find all surfaces in R® containing a line and a circle through each point.

14. Consider the surface in R* = H parametrized as
(I)(S, t) = (CLQSt + a18 + CLQt + &3)(bost + b1$ + bgt + bg)_l,

where a;,b; € H are fixed, and s, € R are variables. How many circles can the surface
contain through each point?

Hint. The surface contains at least 2 circles through each point. Consider the stereographic
preimage of the surface.

e what degree does it have (cf. [5])?

e is it always the intersection of the unit sphere in R®> with two other quadrics?

e what is the configuration of the planes of the circles on it (cf. [7])7

15. Does each surface in R* containing 3 circles through each point belong to this class of
surfaces (cf. |6])7
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Publications of students. F. Nilov has discovered several new hexagonal webs from
circles in the plane [3]. F. Nilov and the author solved the analogue of Problem 13 in R3 |2].
E. Morozov solved Problems 4-5 under technical restrictions [1].

[1] E. Morozov, Surfaces containing two isotropic circles through each point, Computer Aided Geom. Design 90 (2021), 102035.
arXiv:2002.01355.

[2] F. Nilov, M. Skopenkov, A surface containing a line and a circle through each point is a quadric, Geom. Dedicata 163:1 (2013),
301-310.

[3] F. Nilov, On new constructions in the Blaschke-Bol problem, Sb Math+ 205:11 (2014), 1650-1667, arXiv:1309.5029.

More references.

[4] Dietz, R., Hoschek, J., Jiittler, B., An algebraic approach to curves and surfaces on the sphere and on other quadrics, Comp. Aided
Geom. Design, 10:3(1993), 211-229.

[6] R. Krasauskas, S. Zube, Bezier-like parametrizations of spheres and cyclides using geometric algebra. In: K. Guerlebeck (Ed.),
Proceedings of 9th International Conference on Clifford Algebras and their Applications in Mathematical Physics, Weimar, Germany,
2011.

[6] N. Lubbes, Families of circles on surfaces, arXiv:1302.6710, preprint.

[7] H. Pottmann, L. Shi, M. Skopenkov, Darboux cyclides and webs from circles, Comput. Aided Geom. D. 29:1 (2012), 77-97.
[8] J.Schicho, The multiple conical surfaces, Contrib. Algeb. Geom. 42:1 (2001), 71-87.

[9] M. Skopenkov, H. Pottmann, Ph. Grohs, Ruled Laguerre minimal surfaces, Math. Z. 272 (2012), 645-674.

[10] M. Skopenkov, R. Krasauskas, Surfaces containing two circles through each point, Math. Ann. 373 (2019) 1299-1327. Fulltext.
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