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Ýòî ïîäáîðêà îòêðûòûõ ïðîáëåì â ìàòåìàòè÷åñêîé ôèçèêå è êëàññè÷åñêîé ãåîìåòðèè. Ôîðìóëèðîâ-
êè áîëüøèíñòâà çàäà÷ ýëåìåíòàðíû è èñïîëüçóþò òîëüêî íåáîëüøîå êîëè÷åñòâî îïðåäåëåíèé, ïðèâå-
äåííûõ â òåêñòå. Â òî æå âðåìÿ èõ ðåøåíèå ïîäâîäèò ê âàæíûì èäåÿì ñîâðåìåííîé ìàòåìàòèêè. Êàæ-
äàÿ èç íóìåðîâàííûõ çàäà÷ (êðîìå óïðàæíåíèé) ìîæåò áûòü òåìîé äëÿ êóðñîâîé ðàáîòû (äîñòàòî÷íî
äàæå ÷àñòè÷íîãî ïðîäâèæåíèÿ). Çàäà÷è ïîäõîäÿò äëÿ ñòóäåíòîâ ëþáîãî êóðñà. Òàêæå ïðèâîäèòñÿ ïîä-
áîðêà óïðàæíåíèé äëÿ áûñòðîãî ââåäåíèÿ â êàæäîå èç òðåõ èññëåäîâàòåëüñêèõ íàïðàâëåíèé.

This is a collection of visual open problems in mathematical physics and in classical geometry. The
statements of most problems are elementary and use only a few de�nitions given in the text. But their solution
leads to important ideas of modern mathematics. Each individual problem with a number (except exercises)
is a topic for a one-year term work (even a partial advance is su�cient). The problems are appropriate at any
education term. A collection of exercises for quick introduction to the 3 research directions is also presented.
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Íàïðàâëåíèå I. Íàãëÿäíàÿ òåîðèÿ ïîëÿ

Mikhail Skopenkov mikhail·skopenkov@gmail·com

Îäíà èç âàæíåéøèõ îòêðûòûõ ïðîáëåì ìàòåìàòèêè � ñòðîãîå îïðåäåëåíèå êâàíòîâîé òåîðèè ïîëÿ.

1. Ñòàðòîâûå óïðàæíåíèÿ: øàøêè Ôåéíìàíà
Âîïðîñ: êàêîâà âåðîÿòíîñòü îáíàðóæåíèÿ ýëåêòðîíà â êëåòêå (x, y), åñëè îí áûë èñïóùåí èç êëåòêè (0, 0)?
Ïðåäïîëîæåíèÿ: ýëåêòðîí ðàâíîìåðíî äâèæåòñÿ ïî îñè y è íå äâèæåòñÿ ïî îñè z, òî÷å÷íûé èñòî÷íèê, åäèíè÷íàÿ ìàññà è øàã
ðåøåòêè, íåò âçàèìîäåéñòâèÿ, íåò ðîæäåíèÿ ýëåêòðîí-ïîçèòðîííûõ ïàð.
Ðåçóëüòàòû: ýêñïåðèìåíò íà äâóõ ùåëÿõ, ñîõðàíåíèå çàðÿäà.

Ðèñ. 1: Ïóòè øàøåê

Íà áåñêîíå÷íîé øàõìàòíîé äîñêå øàøêà õîäèò íà ñîñåäíþþ ïî äèàãî-
íàëè êëåòêó, âëåâî-ââåðõ èëè âïðàâî-ââåðõ. Êàæäîìó ïóòè s øàøêè ñîïî-
ñòàâèì âåêòîð ~a(s) íà ïëîñêîñòè ñëåäóþùèì îáðàçîì. Â íà÷àëå äâèæåíèÿ
ýòîò âåêòîð íàïðàâëåí ââåðõ è èìååò äëèíó 1. Ïîêà øàøêà äâèæåòñÿ âäîëü
ïðÿìîé, âåêòîð íå ìåíÿåòñÿ, à ïîñëå êàæäîãî ïîâîðîòà øàøêè îí ïîâîðà-
÷èâàåòñÿ íà 90◦ ïî ÷àñîâîé ñòðåëêå (íåçàâèñèìî îò òîãî, â êàêóþ ñòîðîíó
ïîâåðíóëà øàøêà). Â êîíöå äâèæåíèÿ âåêòîð ñæèìàåòñÿ 2(y−1)/2 ðàç, ãäå y
� îáùåå ÷èñëî õîäîâ øàøêè (ò.å. çàìåíÿåòñÿ íà âåêòîð òàêîãî æå íàïðàâëå-
íèÿ, íî äëèíû 1/2(y−1)/2). Ïîëó÷åííûé â èòîãå âåêòîð è åñòü ~a(s). Íàïðèìåð,
äëÿ âåðõíåãî ïóòè íà ðèñ. 1 âåêòîð ~a(s) = (1/8, 0).

Îáîçíà÷èì ~a(x, y) :=
∑

s~a(s), ãäå ñóììèðîâàíèå âåäåòñÿ ïî âñåì ïó-
òÿì øàøêè èç êëåòêè (0, 0) â êëåòêó (x, y), íà÷èíàþùèõñÿ ñ õîäà âïðàâî-

ââåðõ. Åñëè òàêèõ ïóòåé íåò, òî áóäåì ñ÷èòàòü ~a(x, y) := ~0. Íàïðèìåð,
~a(1, 3) = (0,−1/2) + (1/2, 0) = (1/2,−1/2). Êâàäðàò äëèíû âåêòîðà ~a(x, y)
íàçûâàåòñÿ âåðîÿòíîñòüþ1 îáíàðóæåíèÿ â òî÷êå (x, y) ýëåêòðîíà, èñïó-

ùåííîãî èç òî÷êè (0, 0). Îíà îáîçíà÷àåòñÿ P (x, y) := |~a(x, y)|2.
Íà ðèñ. 3 öâåò òî÷êè (x, y), ãäå x+ y ÷åòíî, ïîêàçûâàåò çíà÷åíèå P (x, y).
Áóäåì íàçûâàòü êëåòêè (x, y) ñ ÷åòíûì è íå÷åòíûì x+ y ÷åðíûìè è áåëûìè ñîîòâåòñòâåííî.

1. Íàáëþäåíèÿ äëÿ ìàëûõ y. Îòâåòüòå íà âîïðîñû äëÿ y = 1, 2, 3, 4 (è ñôîðìóëèðóéòå ñâîè ñîá-
ñòâåííûå âîïðîñû è ïðåäïîëîæåíèÿ äëÿ ïðîèçâîëüíîãî y): íàéäèòå ~a(x, y) è P (x, y) äëÿ âñåõ x; êîãäà
P (x, y) = 0? ×åìó ðàâíà

∑
x∈Z P (x, y) äëÿ ôèêñèðîâàííîãî y? Êàê íàïðàâëåíû ~a(1, y) è ~a(0, y)?
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Ðèñ. 2: a2(x, 1000)

Âåðîÿòíîñòü2 îáíàðóæåíèÿ ýëåêòðîíà à êëåòêå (x, y) ïðè ïîãëîùå-

íèè â êëåòêå (x′, y′) îïðåäåëÿåòñÿ àíàëîãè÷íî P (x, y), òîëüêî ñóììèðîâà-
íèå ïðîèçâîäèòñÿ ïî ïóòÿì s, íå ïðîõîäÿùèì ÷åðåç (x′, y′). Îáîçíà÷èì åå
P (x, y ìèíóÿ x′, y′), è àíàëîãè÷íî P (x, y ìèíóÿ M) äëÿ íàáîðà êëåòîê M .
2. Ýêñïåðèìåíò íà äâóõ ùåëÿõ. Âåðíî ëè, ÷òî P (x, y) =
P (x, y ìèíóÿ 0, 2) + P (x, y ìèíóÿ 2, 2)? À ÷òî P (x, y ìèíóÿ x′, y′) ≤ P (x, y)?

3. Íàéäèòå P (0, 12). Ïðèäóìàéòå áûñòðûé ñïîñîá ñîñòàâëåíèÿ òàáëèöû
çíà÷åíèé ~a(x, y), íå òðåáóþùèé ïåðåáîðà âñåõ ïóòåé.

Îáîçíà÷èì ÷åðåç a1(x, y) è a2(x, y) êîîðäèíàòû âåêòîðà ~a(x, y); ñì. ðèñ. 2.
4. (Çàãàäêà) Íàðèñóéòå âñå ïóòè, äàþùèå íåíóëåâîé âêëàä â a1(1, 5). Òî æå äëÿ a2(1, 5).

5. Óðàâíåíèå Äèðàêà. Âûðàçèòå a1(x, y) è a2(x, y) ÷åðåç a1(x± 1, y − 1) è a2(x± 1, y − 1).

6. Ñîõðàíåíèå âåðîÿòíîñòè/çàðÿäà. Äëÿ êàæäîãî öåëîãî y > 0 âûïîëíåíî
∑

x∈Z P (x, y) = 1.

7. Ñèììåòðèÿ. Íàéäèòå ôîðìóëó, êîòîðàÿ ñâÿçûâàåò ìåæäó ñîáîé a1(x, 100) ïðè x < 0 è ïðè x ≥ 0
(âûðàçèòå çíà÷åíèÿ ïðè x < 0 ÷åðåç çíà÷åíèÿ ïðè x ≥ 0). Òîò æå âîïðîñ ïðî a1(x, 100) + a2(x, 100).

8. Ïðèíöèï Ãþéãåíñà. Êàê áûñòðî íàéòè ~a(x, 199), çíàÿ çíà÷åíèÿ ~a(x, 100) ïðè âñåõ öåëûõ x?

9. Èñïîëüçóÿ êîìïüþòåð, ïîñòðîéòå ãðàôèêè ôóíêöèé fy(x) = P (x, y) äëÿ ðàçíûõ y (ñîåäèíèòå êàæ-
äóþ ïàðó òî÷åê (x, fy(x)) è (x+ 2, fy(x+ 2)) îòðåçêîì); ñð. ñ ðèñ. 2. Òî æå äëÿ ôóíêöèè a1(x, y).

10. ∗ Íàéäèòå ÿâíóþ ôîðìóëó äëÿ ~a(x, y) (â îòâåòå ìîæíî èñïîëüçîâàòü ñóììó íå áîëåå y ñëàãàåìûõ).

1Óäîáíî ñ÷èòàòü, ÷òî çíà÷åíèå y ôèêñèðîâàíî, à êëåòêè (−y, y), (−y+2, y), . . . , (y, y) � ýòî âñå âîçìîæíûå èñõîäû ýêñïåðèìåíòà. Íàïðèìåð,
y-òàÿ ãîðèçîíòàëü ìîæåò áûòü ôîòîïëàñòèíîé, äåòåêòèðóþùåé ýëåêòðîí. Çíàêîìñòâî ñ òåîðèåé âåðîÿòíîñòåé íå òðåáóåòñÿ äëÿ ðåøåíèÿ çàäà÷.
Åñëè áû øàøêà ïðîñòî õîäèëà ñëó÷àéíî (ïîñëå ïåðâîãî õîäà âïðàâî-ââåðõ), òî |~a(s)|2 áûëî áû âåðîÿòíîñòüþ ïóòè s. Ïîñëåäíÿÿ âåðîÿòíîñòü

íå èìååò ñìûñëà â íàøåé ìîäåëè, íî îáúÿñíÿåò íîðìèðóþùèé ìíîæèòåëü 2(y−1)/2.
Îñòîðîæíî! Òàêîå ïðàâèëî âû÷èñëåíèÿ âåðîÿòíîñòè ãîäèòñÿ òîëüêî äëÿ áàçîâîé ìîäåëè; îíî èçìåíèòñÿ ïðè îáîáùåíèÿõ.
2Çäåñü ïîÿâëÿåòñÿ äîïîëíèòåëüíûé èñõîä ýêñïåðèìåíòà, êîãäà ýëåêòðîí ïîãëîùàåòñÿ è íå äîñòèãàåò ôîòîïëàñòèíû.
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Îòêðûòûå ïðîáëåìû â ìàòåìàòè÷åñêîé ôèçèêå

Mikhail Skopenkov mikhail·skopenkov@gmail·com
Ýòî ïîäáîðêà îòêðûòûõ ïðîáëåì ïî ìàòåìàòè÷åñêîé ôèçèêå3. Ôîðìóëèðîâêè áîëüøèíñòâà èç íèõ

èñïîëüçóþò òîëüêî ïîíÿòèÿ, äîñòóïíûå ïåðâîêóðñíèêàì, íî èõ ðåøåíèå ïîäâîäèò ê âàæíûì èäåÿì
ñîâðåìåííîé ìàòåìàòèêè. Êàæäàÿ èç çàäà÷ ìîæåò áûòü òåìîé äëÿ êóðñîâîé ðàáîòû (íà ëþáîì êóðñå).

2. Îòêðûòûå ïðîáëåìû: øàøêè Ôåéíìàíà
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Ðèñ. 3: Âåðîÿòíîñòü îáíàðóæèòü ýëåêòðîí â ìàëîì êâàäðàòå âîêðóã äàííîé òî÷êè (áåëûì ïîêàçàíû
ñèëüíûå êîëåáàíèÿ ýòîé âåðîÿòíîñòè). Ñëåâà: äëÿ áàçîâîé ìîäåëè èç �1. Ñïðàâà: äëÿ îáîáùåíèÿ èç �3.

Ãðàôèêè íà ðèñ. 3 è 4 ñëåâà ïîêàçûâàþò, ÷òî äëÿ ôèêñèðîâàííîãî y âåðîÿòíåå âñåãî îáíàðóæèòü
ýëåêòðîí âáëèçè òî÷êè x = y/

√
2 (!). Õîòÿ ýòî çàìåòèëè â 2001, ñëåäóþùèé âîïðîñ âñå åùå îòêðûò.

1. (À. Äàíèÿðõîäæàåâ�Ô. Êóÿíîâ; ñì. ðèñ. 3 è 4 ñëåâà) Îáîçíà÷èì ÷åðåç xmax(y) òî÷êó, â êîòîðîé
P (x, y) äîñòèãàåò ìàêñèìóìà ïðè ôèêñèðîâàííîì y. Îãðàíè÷åíî ëè xmax(y)− y/

√
2 ïðè y →∞?

2. (Ñ. Íå÷àåâ, çàãàäêà; ñì. ðèñ. 4 ñëåâà-âíèçó) Íàéòè ïîëîæåíèÿ �øèðîêèõ ïðîâàëîâ� (ó÷àñòêîâ, ãäå
êîëåáàíèÿ ìåíüøå) â ãðàôèêå âåðîÿòíîñòè P (x, y) äëÿ ôèêñèðîâàííîãî áîëüøîãî y.

Ïðè x > y/
√

2 ãðàôèêè ïîêàçûâàþò, ÷òî âåëè÷èíà a(x, y) ìàëà. À íàñêîëüêî áûñòðî îíà óáûâàåò?
3. (À. Áîðîäèí) Íàéòè àñèìïòîòèêó âåëè÷èíû a(2dvy

2
e, y) ïðè y →∞ äëÿ ôèêñèðîâàííîãî v > 1/

√
2.
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Ðèñ. 4: Ãðàôèêè íîðìàëèçîâàííîé âåðîÿòíîñòè y
2
P (2dvy

2
e, y), ñâîáîäíîé ýíåðãèè Im fy(v) :=

− 4
πy

log
∣∣a(2dvy

2
e, y)

∣∣, ðàñïðåäåëåíèÿ Gy(v) :=
∑
x≤vy

2
y

∣∣∣a2(x,y)a(x,y)

∣∣∣2 ïðè y = 100 (ñâåðõó) è y = 1000 (ñíèçó).

Öåëü ñëåäóþùèõ 3 çàäà÷ � óñòàíîâèòü ôàçîâûé ïåðåõîä â øàøêàõ Ôåéíìàíà â ñèëüíîì ñìûñëå:
ïðåäåëüíàÿ ïëîòíîñòü ñâîáîäíîé ýíåðãèè è äðóãèå âåëè÷èíû íåàíàëèòè÷íû ïðè v = ±1/

√
2.

4. (Ñì. ðèñ. 4 â öåíòðå.) Äëÿ êàæäîãî v ∈ [−1, 1] íàéäèòå ïðåäåë lim
y→∞

1
y

log
∣∣a(2dvy

2
e, y)

∣∣. Äîêàæèòå, ÷òî
ïîëó÷åííàÿ â ïðåäåëå ôóíêöèÿ èìååò ðàçðûâíóþ ïðîèçâîäíóþ â òî÷êàõ v = ±1/

√
2.

Ñëåäóþùàÿ çàäà÷à � î �âåðîÿòíîñòè� îäèíàêîâîãî íàïðàâëåíèÿ ïåðâîãî è ïîñëåäíåãî õîäà.
5. (Ñì. ðèñ. 4 ñïðàâà.) Äëÿ êàæäîãî 0 < v < 1/

√
2 äîêàæèòå ðàâåíñòâî

lim
y→∞

∑
0≤x≤vy

2

y

∣∣∣∣a2(x, y)

a(x, y)

∣∣∣∣2 =
1

2

(
1 + v −

√
1− v2 + log

1 +
√

1− v2
2

)
.

Âû÷èñëèòå ýòîò æå ïðåäåë ïðè 1/
√

2 < v < 1.

3Èìåíà àâòîðîâ óêàçàíû ïîñëå íîìåðîâ çàäà÷. Íåêîòîðûå èç ãèïîòåç áûëè ïðåäëîæåíû ó÷àñòíèêàìè ëåòíåé êîíôåðåíöèè Òóðíèðà ãîðîäîâ
è ëåòíåé øêîëû �Ñîâðåìåííàÿ ìàòåìàòèêà� íà îñíîâå ÷èñëåííûõ ýêñïåðèìåíòîâ. Ñëîâî �çàãàäêà� îçíà÷àåò, ÷òî íóæíî ïðèäóìàòü è òî÷íóþ
ôîðìóëèðîâêó óòâåðæäåíèÿ, è äîêàçàòåëüñòâî.

Updated version: https: // users. mccme. ru/ mskopenkov/ skopenkov-pdf/ problems. pdf 2021
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Òåïåðü çàäà÷à î �âåðîÿòíîñòè� îäèíàêîâîãî íàïðàâëåíèÿ ïåðâîãî, ïîñëåäíåãî è �ñðåäíåãî� õîäà.

6. Íàéäèòå ñëàáûé ïðåäåë lim
y→∞

∣∣∣∣∑
x∈Z

a2(x, y)2

a2(2dvye − 1, 2y − 1)

∣∣∣∣2.
Äëÿ ìíîæåñòâà êëåòîêM îáîçíà÷èì P (M) :=

∑
p∈M P (p ìèíóÿ M \{p}) âåðîÿòíîñòü îáíàðóæåíèÿ

ýëåêòðîíà â ìíîæåñòâå M .

7. (Ã. Ìèíàåâ�È. Ðóññêèõ) Âåðíû ëè ðàâåíñòâà

P ({(−1, y) : y ≥ 3 íå÷åòíî}) = 1
2
P ({(3, y) : y ≥ 3 íå÷åòíî}) = 4

π
− 1?

Îòìåòèì, ÷òî ïîõîæèå ÷èñëà âîçíèêàþò êàê ïðîâîäèìîñòè ìåæäó óçëàìè ñåòêè Z2; ñì. �14.

3. Îòêðûòûå ïðîáëåìû: îáîáùåíèÿ øàøåê Ôåéíìàíà

Â äàëüíåéøèõ çàäà÷àõ èñïîëüçóåòñÿ ñëåäóþùåå îáîáùåíèå ìîäåëè. Çàôèêñèðóåì ε,m > 0, íàçûâà-
åìûå ñòîðîíîé êëåòêè è ìàññîé ÷àñòèöû. Áóäåì ñ÷èòàòü, ÷òî öåíòðû êëåòîê ðàñïîëîæåíû â òî÷êàõ
ñ êîîðäèíàòàìè âèäà (kε, lε), ãäå k è l � öåëûå. Êàæäîìó ïóòè s øàøêè ñîïîñòàâèì âåêòîð ~a(s,mε)
ñëåäóþùèì îáðàçîì. Â íà÷àëå äâèæåíèÿ ýòî (0, 1). Ïîêà øàøêà äâèæåòñÿ âäîëü ïðÿìîé, âåêòîð íå ìå-
íÿåòñÿ, à ïîñëå êàæäîãî ïîâîðîòà îí ïîâîðà÷èâàåòñÿ íà 90◦ ïî ÷àñîâîé ñòðåëêå è óìíîæàåòñÿ íà mε. Â
êîíöå äâèæåíèÿ âåêòîð ñæèìàåòñÿ â (1+m2ε2)(y/ε−1)/2 ðàç, ãäå y/ε � îáùåå ÷èñëî õîäîâ. Ïîëó÷åííûé â
èòîãå âåêòîð è åñòü ~a(s,mε). Âåêòîð ~a(x, y,m, ε) è ÷èñëî P (x, y,m, ε) îïðåäåëÿþòñÿ àíàëîãè÷íî ~a(x, y)
è P (x, y), òîëüêî âìåñòî ~a(s) èñïîëüçóåòñÿ ~a(s,mε). Â ÷àñòíîñòè, P (x, y, 1, 1) = P (x, y). Íà ïðàâîì
ãðàôèêå ðèñ. 3 öâåò òî÷êè (x, y) ïîêàçûâàåò çíà÷åíèå P (x, y, 1, 1/2).
8. Âåðíî ëè, ÷òî P (x, y,m, ε) 6= 0 ïðè y > |x| è ÷åòíîì (x+ y)/ε?

9. (È. Ãàéäàé-Òóðëîâ�Ò. Êîâàëåâ�À. Ëüâîâ) Âåðíî ëè, ÷òî limy→+∞
∑

x∈Z a1(xε, yε,m, ε)
2 = mε

2
√
1+m2ε2

?

Ñëåäóþùàÿ çàäà÷à îáîáùàåò è óòî÷íÿåò çàäà÷ó 1 âûøå.

10. (À. Äàíèÿðõîäæàåâ�Ô. Êóÿíîâ) Îáîçíà÷èì ÷åðåç xmax = xmax(y,m, ε) òî÷êó, â êîòîðîé P (x) :=
P (x, y,m, ε) äîñòèãàåò ìàêñèìóìà. ßâëÿåòñÿ ëè âåëè÷èíà xmax/ε − y/ε

√
1 +m2ε2 ðàâíîìåðíî îãðàíè-

÷åííîé? Óáûâàåò ëè P (x) ïðè x > xmax? Íàéäèòå àñèìïòîòèêó äëÿ a(x, y,m, ε) äëÿ x, ëåæàùèõ â
îêðåñòíîñòè òî÷êè y/

√
1 +m2ε2.

11. (Ì. Áëàíê�Ñ. Øëîñìàí) Îñòàåòñÿ ëè îãðàíè÷åííûì êîëè÷åñòâî ñìåí çíàêà ôóíêöèè a1(x) :=
a1(x, y,m, ε) íà îòðåçêå [−y, y] ïðè ε→ 0 äëÿ ôèêñèðîâàííûõ y,m?

Îñòàâøèåñÿ äâå çàäà÷è îïèðàþòñÿ íà ïîíÿòèÿ, íå îïðåäåëåííûå â ýòîì òåêñòå.

12. Íàéòè ñëàáûå ïðåäåëû limε→0+
1
2ε
a
(
2ε
⌈
x
2ε

⌉
, 2ε
⌈
y
2ε

⌉
,m, ε

)
è limε→0+

1
4ε2

P
(
2ε
⌈
x
2ε

⌉
, 2ε
⌈
y
2ε

⌉
,m, ε

)
êàê

ðàñïðåäåëåíèé íà R2. Ðàâåí ëè ïåðâûé ïðåäåë (1 + 1)-ìåðíîìó çàïàçäûâàþùåìó ïðîïàãàòîðó Äèðàêà,
âêëþ÷àÿ îáîáùåííóþ ôóíêöèþ íà ïðÿìûõ y = ±x? Êàêîâ ôèçè÷åñêèé ñìûñë âòîðîãî ïðåäåëà (îí
ìîæåò ïðèäàòü ñìûñë íåêîððåêòíî îïðåäåëåííîìó êâàäðàòó ïðîïàãàòîðà).

Ïîñëåäíÿÿ çàäà÷à íåôîðìàëüíà. Îíà ñòîèò óæå ïîëâåêà.
13. (Ð. Ôåéíìàí, çàãàäêà) Îáîáùèòå ìîäåëü íà 4 èçìåðåíèÿ òàê, ÷òîáû

lim
ε→0

1

2ε
a

(
2ε
⌈ x

2ε

⌉
, 2ε
⌈ y

2ε

⌉
, 2ε
⌈ z

2ε

⌉
, 2ε

⌈
t

2ε

⌉
,m, ε

)
ñîâïàë ñ (3 + 1)-ìåðíûì çàïàçäûâàþùèì ïðîïàãàòîðîì Äèðàêà.

Ïóáëèêàöèè øêîëüíèêîâ è ñòóäåíòîâ. Çàäà÷è 7, 8, 9 ðåøåíû â [3, 5, 2] ñîîòâåòñòâåííî. Àñèìï-
òîòèêà èç çàäà÷è 10 ïðè m = ε = 1 íàéäåíà â [7]. Çàäà÷à 12 â ñëó÷àå y > |x| ðåøåíà â [4, Appendix B],
à åå àíàëîã äëÿ ìîäåëè ñ îäíîðîäíûì ìàãíèòíûì ïîëåì � â [6]. Ââîäíûå çàäà÷è ïðèâîäÿòñÿ â [1].

[1] Å. Àõìåäîâà, Ð. Âàëèåâà, À. Âîðîïàåâ, Ì. Ñêîïåíêîâ, À. Óñòèíîâ, Øàøêè Ôåéíìàíà. Ââåäåíèå â `àëãîðèòìè÷åñêóþ' êâàíòîâóþ
òåîðèþ ïîëÿ, 31-ÿ ëåòíÿÿ êîíôåðåíöèÿ ìåæäóíàðîäíîãî ìàòåìàòè÷åñêîãî Òóðíèðà ãîðîäîâ, 2019, https://www.turgor.ru/
lktg/2019/2-Feynman%20checkerboard/index.htm.

[2] I. Bogdanov, Feynman checkers: the probability of direction reversal, preprint (2020) arXiv:2010.04583.

[3] M. Dmitriev, Semi-in�nite Feynman Checkers, preprint (2021).

[4] A. Lvov. Pointwise continuum limit. In: M. Skopenkov, A. Ustinov, Feynman checkers: towards algorithmic quantum theory, preprint
(2020), arXiv:2007.12879.

[5] I. Novikov, Feynman checkers: the probability to �nd an electron vanishes nowhere inside the light cone, preprint (2020),
arXiv:2010.05088.

[6] F. Ozhegov, The continuum limit of the �Feyman checkers� model with electromagnetic �eld, preprint (2021).

[7] P. Zakorko, Maxima of probability in Feynman Checkers, preprint (2021).
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4. Îòêðûòûå ïðîáëåìû: îäíîâðåìåííîå ïðîòåêàíèå

Â ýòèõ çàäà÷àõ èçâåñòíûå âîïðîñû î ïðîòåêàíèè æèäêîñòè îáîáùàþòñÿ íà íåñêîëü-
êî æèäêîñòåé. Ïðåäóïðåäèì, ÷òî íàèáîëåå ÿðêèå çàäà÷è èç ýòîãî ðàçäåëà áûëè ðå-
øåíû â 2019, à îñòàâøèåñÿ, ïî-âèäèìîìó, òðåáóþò òÿæåëîé òåõíèêè.

Ðàññìîòðèì îáúåäèíåíèå Mn âñåõ êëåòîê øåñòèóãîëüíîé ðåøåòêè ñî ñòîðîíîé
êëåòêè 1/n, ðàñïîëîæåííûõ âíóòðè ïðàâèëüíîãî øåñòèóãîëüíèêà A1A2A3A4A5A6 ñî
ñòîðîíîé 1 è öåíòðîì â êëåòêå O.

Ïóñòü êàæäàÿ êëåòêà îêðàøèâàåòñÿ â îäèí èç 4 öâåòîâ (îáîçíà÷àåìûõ �0�, �1�, �2�,
�3�) ñ ðàâíûìè âåðîÿòíîñòÿìè íåçàâèñèìî äðóã îò äðóãà. Íåôîðìàëüíî, ìû èçó÷àåì ïðîòåêàíèå òðåõ
æèäêîñòåé: öâåòà 1, 2, 3 îçíà÷àþò, ÷òî êëåòêà ïðîïóñêàåò òîëüêî æèäêîñòü 1, 2 èëè 3 ñîîòâåòñòâåííî,
à öâåò 0 � ÷òî âñå òðè æèäêîñòè ñðàçó.

Ïóñòü çàäàíà íåêîòîðàÿ ðàñêðàñêà è ÷èñëî k = 1, 2 èëè 3. Áóäåì ãîâîðèòü, ÷òî æèäêîñòü k ïðî-

òåêàåò ìåæäó êëåòêàìè x è y, åñëè x è y ìîæíî ñîåäèíèòü öåïî÷êîé êëåòîê, ñîñåäíèõ ïî ñòîðîíå,
â êîòîðîé êàæäàÿ êëåòêà èìååò öâåò k èëè 0. Àíàëîãè÷íî îïðåäåëÿåòñÿ ïðîòåêàíèå ìåæäó äâóìÿ
íàáîðàìè x è y êëåòîê ðåøåòêè.

Ïóñòü Xn, Yn, Zn � ïîïàðíî-íåçàâèñèìûå ñîáûòèÿ, íàïðèìåð, ïðîòåêàíèÿ æèäêîñòåé 1, 2, 3 ìåæäó
öåíòðîì O è ãðàíèöåé ìíîãîóãîëüíèêàMn (äîêàçàòåëüñòâî èõ íåçàâèñèìîñòè ìû ïðîïóñêàåì). Íàçîâåì
Xn, Yn, Zn ïîëîæèòåëüíî ñêîððåëèðîâàíûìè, åñëè P (Xn∩Yn∩Zn) > P (Xn)P (Yn)P (Zn), ãäå P (Xn∩Yn∩
Zn) � âåðîÿòíîñòü îäíîâðåìåííîãî íàñòóïëåíèÿ ýòèõ ñîáûòèé, à P (Xn), P (Yn), P (Zn) � âåðîÿòíîñòè
êàæäîãî èç íèõ.
1. ßâëÿþòñÿ ëè ïðîòåêàíèÿ æèäêîñòåé 1, 2, 3 ìåæäó öåíòðîì O è ãðàíèöåé ðåøåòêè ïîëîæèòåëüíî
ñêîððåëèðîâàííûìè?

Ñîáûòèÿ Xn, Yn, Zn ñòàíîâÿòñÿ íåçàâèñèìûìè ñ ðîñòîì n, åñëè P (Xn∩Yn∩Zn)
P (Xn)P (Yn)P (Zn)

→ 1.

2. Ïóñòü ñîáûòèå Xk
n � ïðîòåêàíèå æèäêîñòè k ìåæäó öåíòðîì O è ãðàíèöåé ìíîãîóãîëüíèêà Mn.

Ñòàíîâÿòñÿ ëè X1
n, X

2
n, X

3
n íåçàâèñèìûìè ñ ðîñòîì n?

Åñòü íåôîðìàëüíûé àðãóìåíò Ê. Èçúþðîâà â ïîëüçó îòðèöàòåëüíîãî îòâåòà íà ýòîò âîïðîñ [1, �5].
Ïðîòåêàíèå ìåæäó ñòîðîíàìè x è y øåñòèóãîëüíèêà A1A2A3A4A5A6 � ýòî ïðîòåêàíèå ìåæäó

íàáîðàìè ãðàíè÷íûõ êëåòîê, äëÿ êîòîðûõ áëèæàéøàÿ ñòîðîíà � ýòî x è y ñîîòâåòñòâåííî (ñ÷èòàåì,
÷òî íåò ãðàíè÷íûõ êëåòîê, ðàññòîÿíèÿ îò êîòîðûõ äî x è y îäèíàêîâû).
3. ßâëÿþòñÿ ëè ïîëîæèòåëüíî ñêîððåëèðîâàííûìè ïðîòåêàíèÿ æèäêîñòè k ìåæäó ïðîòèâîïîëîæíû-
ìè ñòîðîíàìè AkAk+1 è Ak+3Ak+4 äëÿ k = 1, 2, 3?

Ïóñòü òåïåðü âìåñòî øåñòèóãîëüíèêà äàí ïðàâèëüíûé òðåóãîëüíèê A1A2A3 ñî ñòîðîíîé 1 è öåíòðîì
â êëåòêå O. Ðàññìîòðèì âñå êëåòêè, èç êîòîðûõ æèäêîñòü 1 ïðîòåêàåò äî ñòîðîíû A2A3. Îíè îáðàçóþò
íåñêîëüêî ìíîãîóãîëüíèêîâ, âîçìîæíî, ñ íåñêîëüêèìè �äûðêàìè�. Ïóñòü ñîáûòèå Xn ñîñòîèò â òîì, ÷òî
O íàõîäèòñÿ âíóòðè îäíîãî èç ìíîãîóãîëüíèêîâ (â òîì ÷èñëå, âîçìîæíî, âíóòðè îäíîé èç �äûðîê�).
Àíàëîãè÷íî îïðåäåëèì Yn è Zn. Ïðåäåë âåðîÿòíîñòè îäíîâðåìåííîãî íàñòóïëåíèÿ ñîáûòèé Xn, Yn, Zn
ïðè n→∞ (åñëè ñóùåñòâóåò) íàçîâåì âåðîÿòíîñòüþ òðîéíîãî îêðóæåíèÿ.

4. Ðåøèòå àíàëîãè ïðåäûäóùèõ çàäà÷ äëÿ òðîéíîãî îêðóæåíèÿ âìåñòî ïðîòåêàíèÿ.

5. Ñôîðìóëèðóéòå è ðåøèòå àíàëîãè ïðåäûäóùèõ çàäà÷ äëÿ 8 öâåòîâ âìåñòî 4.

Ïóáëèêàöèè ñòóäåíòîâ. Àíàëîã çàäà÷è 2 äëÿ ïðîòåêàíèÿ ìåæäó ïðîòèâîïîëîæíûìè ñòîðîíàìè
áûë ðåøåí íåçàâèñèìî Ê. Èçúþðîâûì è À. Ìàãàçèíîâûì (÷àñòíîå ñîîáùåíèå) è çàïèñàí È. Íîâèêîâûì
[1]. Ì. Ôåäîðîâ ïîëó÷èë àíàëîã öåíòðàëüíîé ïðåäåëüíîé òåîðåìû äëÿ ïðîòåêàíèÿ n æèäêîñòåé (ò.å.
ìîäåëè ñ 2n−1 öâåòàìè âìåñòî 4) [2]. Ìîòèâèðîâêà ìîäåëè ïðèâîäèòñÿ â [3].

[1] I. Novikov, Percolation of three �uids on a honeycomb lattice, preprint (2019), in English and in Russian, https://arxiv.org/abs/
1912.01757.

[2] Ì. Ôåäîðîâ, Íåêîòîðûå îñîáåííîñòè ðàñïðåäåëåíèÿ âåðîÿòíîñòåé ïðîòåêàíèÿ íåñêîëüêèõ æèäêîñòåé íà øåñòèóãîëüíîé ðå-
øåòêå, ïðåïðèíò (2019), https://arxiv.org/abs/1908.11783.

Äðóãèå ññûëêè.

[3] M. Skopenkov, Lattice gauge theory and a random-medium Ising model, preprint (2019), https://arxiv.org/abs/2012.02591.
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Íàïðàâëåíèå II. Íàãëÿäíàÿ òåîðèÿ ïîòåíöèàëà è çàìîùåíèÿ

Mikhail Skopenkov mikhail·skopenkov@gmail·com

Îòêðûòûé Âîïðîñ. Êàêèå ìíîãîóãîëüíèêè ìîæíî ñëîæèòü èç ïîäîáíûõ äðóã äðóãó
ïðÿìîóãîëüíèêîâ ñ äàííûì îòíîøåíèåì ñòîðîí x?

5. Ñòàðòîâûå óïðàæíåíèÿ
� Ó ìåíÿ åñòü ìûñëü! � ñêàçàë óäàâ, îòêðûâàÿ ãëàçà. � Ìûñëü. È ÿ å�e äóìàþ.

� Êàêàÿ ìûñëü? � ñïðîñèëà ìàðòûøêà.

� Òàê ñðàçó íå ñêàæåøü...

� Óõ òû! � ïîäïðûãíóëà ìàðòûøêà. � Îõ, êàêàÿ õîðîøàÿ ìûñëü. À ìîæíî ÿ å�e òîæå íåìíîæêî ïîäóìàþ?

Ã. Îñòåð, �Áàáóøêà óäàâà�

1. Ñëîæèòå êâàäðàò èç íåñêîëüêèõ ïðÿìîóãîëüíèêîâ m×n, ãäå m è n � öåëûå ÷èñëà.

2. Äèçàéíåðó çàêàçàëè ðàìû äëÿ êâàäðàòíîãî îêíà. Íà ïðîåêòàõ (ðèñóíêè A,B) ïîêàçà-
íî, êàê äîëæíû ïðèìûêàòü ñòåêëà äðóã ê äðóãó, è êàê îíè äîëæíû áûòü îðèåíòèðîâàíû
(êîðîòêîé èëè äëèííîé ñòîðîíîé ââåðõ). Ìîæíî ëè ñäåëàòü âñå ñòåêëà â êàæäîé ðàìå
ïîäîáíûìè ïðÿìîóãîëüíèêàìè?

3. Ìîæíî ëè ðàçðåçàòü êâàäðàò íà 3 ïîäîáíûõ, íî íåðàâíûõ ïðÿìîóãîëüíèêà?

4. Ìîæíî ëè ðàçðåçàòü êâàäðàò íà 5 êâàäðàòîâ?

5. Âñå ïîëêè ó øêàôà íà ðèñóíêå C, êàê è âñå ëîñêóòêè, èç êîòîðûõ ñøèòî îäåÿëî íà
ðèñóíêå D � êâàäðàòíûå. ßâëÿþòñÿ ëè êâàäðàòíûìè ñàìè øêàô è îäåÿëî?

6. Ìîæíî ëè çàìîñòèòü âñþ ïëîñêîñòü ïîïàðíî ðàçëè÷íûìè êâàäðàòàìè, äëèíû ñòîðîí
êîòîðûõ � öåëûå ÷èñëà?

A B C D

7. Ìîæíî ëè êâàäðàò ðàçðåçàòü íà ïðÿìîóãîëüíèêè ñ îòíîøåíèåì ñòîðîí 2 +
√

2?

8. ßâëÿåòñÿ ëè 1+
√

2 ñóììîé êâàäðàòîâ ÷èñåë âèäà a+ b
√

2, ãäå a è b � ðàöèîíàëüíû?

Ïóñòü íà ïðÿìîóãîëüíîì ëèñòå áóìàãè íàðèñîâàíî ðàçáèåíèå íà ïðÿìîóãîëüíèêè. Ðàç-
ðåøàåòñÿ ðàçðåçàòü ëèñò âäîëü ëþáîãî îòðåçêà íà äâà ïðÿìîóãîëüíèêà, ïîòîì ïðîèçâå-
ñòè òàêèå îïåðàöèè ïî-îòäåëüíîñòè ñ êàæäîé èç ïîëó÷èâøèõñÿ ÷àñòåé, è òàê äàëåå. Åñëè
òàêèì îáðàçîì ìîæíî ðåàëèçîâàòü èñõîäíîå ðàçáèåíèå, òî íàçîâåì åãî òðèâèàëüíûì.
Íàïðèìåð, ðàçáèåíèÿ íà ðèñóíêàõ A,B� òðèâèàëüíûå, à Ñ,D� íåò.
Ñëåäóþùèå 4 óïðàæíåíèÿ ïðåäëàãàåòñÿ ðåøèòü òîëüêî äëÿ òðèâèàëüíûõ ðàçáèåíèé.

9. Êàêèå ïðÿìîóãîëüíèêè ìîæíî ðàçðåçàòü íà ïðÿìîóãîëüíèêè ñî ñòîðîíîé 1?

10. Êàêèå ïðÿìîóãîëüíèêè ìîæíî ðàçðåçàòü íà êâàäðàòû?

11. Ìîæíî ëè êâàäðàò ðàçðåçàòü íà ïðÿìîóãîëüíèêè ñ îòíîøåíèåì ñòîðîí
√

2?

12. Âñå ÷èñëà, êîòîðûå ìîæíî ïðåäñòàâèòü â âèäå x = a+ b
√

2 ñ ðàöèîíàëüíûìè a è b,
íàçîâåì õîðîøèìè. Ïðè êàêèõ õîðîøèõ x êâàäðàò ìîæíî ðàçðåçàòü íà ïðÿìîóãîëüíèêè
ñ îòíîøåíèåì ñòîðîí x?
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Íàïðàâëåíèå II. Íàãëÿäíàÿ òåîðèÿ ïîòåíöèàëà è çàìîùåíèÿ

Mikhail Skopenkov mikhail·skopenkov@gmail·com

6. Îòêðûòûå ïðîáëåìû î çàìîùåíèÿõ ñ ôèçè÷åñêîé èíòåðïðåòàöèåé

1. Äàí êîíâåðò â ôîðìå ïðÿìîóãîëüíèêà a×b. Ïðè êàêèõ âåùåñòâåííûõ a è b åãî ìîæíî
îêëåèòü êâàäðàòíûìè ìàðêàìè áåç ïðîñâåòîâ è íàëîæåíèé ñ îáåèõ ñòîðîí? Êâàäðàòû
ðàçðåøàåòñÿ ïåðåãèáàòü ÷åðåç êðàé ïðÿìîóãîëüíèêà, èõ ðàçìåðû ìîãóò ðàçëè÷àòüñÿ.

2. Ïîâåðõíîñòè êàêèõ ðàâíîãðàííûõ òåòðàýäðîâ ìîæíî îêëåèòü êâàäðàòàìè áåç ïðî-
ñâåòîâ è íàëîæåíèé? À êàêèõ � ïðàâèëüíûìè òðåóãîëüíèêàìè?

3. Ïîâåðõíîñòè êàêèõ ìíîãîãðàííèêîâ ìîæíî îêëåèòü êâàäðàòàìè áåç ïðîñâåòîâ è
íàëîæåíèé? À êàêèõ � ïðàâèëüíûìè òðåóãîëüíèêàìè?

4. Íåêîòîðûå ïàðû ñòîðîí ìíîãîóãîëüíèêà íà ðèñóíêå (ñëåâà èëè ñïðàâà) ñêëååíû. Ïðè
êàêèõ äëèíàõ ñòîðîí ïîëó÷åííóþ ïîâåðõíîñòü ìîæíî ðàçðåçàòü íà êâàäðàòû?

5. Ñóùåñòâóåò ëè ìíîãîóãîëüíèê, êîòîðûé ìîæíî ðàçðåçàòü íà êâàäðàòû, íî íåëüçÿ
òðèâèàëüíî ðàçðåçàòü íà êâàäðàòû (îïðåäåëåíèå äàíî â �5, ñì. âåðñèþ íà ñàéòå)?

6. Êàêèå ìíîãîóãîëüíèêè ðàçðåçàþòñÿ íà ïðÿìîóãîëüíèêè ñ äàííûì îòíîøåíèåì ñòîðîí
x? À êàêèå � íà ïðÿìîóãîëüíèêè ñ äàííûìè îòíîøåíèÿìè ñòîðîí x1, . . . , xn?

7. Êàêèå ìíîãîóãîëüíèêè ðàçðåçàþòñÿ íà ïðàâèëüíûå òðåóãîëüíèêè?

8. Ñóùåñòâóåò ëè öåíòðàëüíî-ñèììåòðè÷íûé ìíîãîóãîëüíèê, êîòîðûé ìîæíî ðàçðåçàòü
íà ïðàâèëüíûå òðåóãîëüíèêè, íî íåëüçÿ ðàçðåçàòü íà ðîìáû ñ óãëîì 60◦?

9. Êàêèå ìíîãîóãîëüíèêè ìîæíî ðàçðåçàòü íà òðàïåöèè, ãîìîòåòè÷íûå äàííîé?

10. Êîãäà èç ïàðàëëåëåïèïåäîâ, ïîäîáíûõ äàííîìó, ìîæíî ñîñòàâèòü êóá?

Ïóáëèêàöèè ñòóäåíòîâ. Çàäà÷à 1 äëÿ ñëó÷àÿ ðàâíûõ êâàäðàòîâ ðåøåíà â [6], à
äëÿ íåðàâíûõ â [2] ïîëó÷åíî íåîáõîäèìîå óñëîâèå. Çàäà÷à 2 äëÿ ïðàâèëüíîãî òåòðàýäðà
ðåøåíà â [1]. Ðåøåíèå çàäà÷è 6 äëÿ ïðÿìîóãîëüíèêà è õîðîøèõ x1, . . . , xn (îïðåäåëåíèå
� â �5) îïóáëèêîâàíî â [11] è óïðîùåíî â [7]. Çàäà÷è 6 è 9 äëÿ ÷àñòíûõ ñëó÷àåâ ðåøåíû
â [3, 5, 13]. Ýëåìåíòàðíîå ââåäåíèå äàíî â [12, 10, 8], ââîäíûå çàäà÷è � â �5 è [9, 4].
[1] Áàëàêèí À., Îêëåèâàíèå òåòðàýäðà êâàäðàòàìè // Ìàòåìàòè÷åñêîå ïðîñâåùåíèå. Ñåð. 3. 2018. Âûï. 23. C. 134�144.

[2] Äìèòðèåâ Ì., Ïåðèîäè÷åñêèå çàìîùåíèÿ ïëîñêîñòè êâàäðàòàìè, 2020, ïðåäñò. ê ïóáëèêàöèè

[3] Çâåðåâ È. Ñ., Ðàçðåçàíèÿ òðàïåöèé íà òðàïåöèè, ãîìîòåòè÷íûå òðàïåöèÿì çàäàííîãî íàáîðà, Ìàòåì. ñá., 210:2 (2019), 87�114

[4] Êâàäðàò èç ïîäîáíûõ ïðÿìîóãîëüíèêîâ, 26-ÿ ëåòíÿÿ êîíôåðåíöèÿ ìåæäóíàðîäíîãî ìàòåìàòè÷åñêîãî Òóðíèðà ãîðîäîâ, 2014.

[5] Íîâèêîâ È.,Ðàçðåçàíèå íà ïîäîáíûå ïðÿìîóãîëüíèêè ìíîãîóãîëüíèêîâ, ñîñòàâëåííûõ èç ðàâíûõ ïðÿìîóãîëüíèêîâ, Ìàò. çàìåòêè, â ïå÷àòè.

[6] Îæåãîâ Ô., Îêëåèâàíèå ïðÿìîóãîëüíèêà ðàâíûìè êâàäðàòàìè ñ îáîèõ ñòîðîí, ïðåäñòàâëåíî ê ïóáëèêàöèè, 2018.

[7] Ðÿáîâ Ï., Äîïîëíåíèå ê ðåçóëüòàòàì Ô. Øàðîâà // Ìàò. ïðîñâåùåíèå. Ñåð. 3. 2018. Âûï. 22 (âåñíà). Ñ. 165�170. arXiv:1711.09406

[8] Ñêîïåíêîâ Ì., Ìàëèíîâñêàÿ Î., Äîðè÷åíêî Ñ. Ñîáåðè êâàäðàò // Êâàíò. 2015. N2. Ñ. 6-11. arXiv:1305.2598

[9] Ñêîïåíêîâ Ì., Ìàëèíîâñêàÿ Î., Äîðè÷åíêî Ñ., Øàðîâ Ô., Ñîáåðè êâàäðàò // Ýëåìåíòû ìàòåìàòèêè â çàäà÷àõ. ×åðåç îëèìïèàäû è êðóæêè
� ê ïðîôåññèè./Ïîä ðåä. À.À.Çàñëàâñêîãî, À.Á.Ñêîïåíêîâà, Ì.Á.Ñêîïåíêîâà. �Ì.: ÌÖÍÌÎ, 2018. � 592 ñ.

[10] Ñêîïåíêîâ Ì.,Ïðàñîëîâ Ì.,Äîðè÷åíêî Ñ. Ðàçðåçàíèÿ ìåòàëëè÷åñêîãî ïðÿìîóãîëüíèêà//Êâàíò.2011.N3.Ñ.10-16.

[11] Øàðîâ Ô.À., Ðàçðåçàíèÿ ïðÿìîóãîëüíèêà íà ïðÿìîóãîëüíèêè ñ çàäàííûìè îòíîøåíèÿìè ñòîðîí // Ìàòåìàòè÷åñêîå ïðîñâåùåíèå. Ñåð.
3. 2016. Âûï. 20. Ñ. 200-214. arXiv:1604.00316

[12] Øàðîâ Ô.À., Ïðÿìîóãîëüíèê èç êâàäðàòîâ, // Êâàíò. 2019. N3. Ñ. 10-14. arXiv:1711.08503

[13] Øèðîêîâñêèõ Ñ., Ïðåîáðàçîâàíèÿ äâóõïîðòîâûõ öåïåé è ðàçáèåíèå íà ïðÿìîóãîëüíèêè, ïðåïðèíò, 2021.
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Íàïðàâëåíèå III. Íàãëÿäíàÿ ãåîìåòðèÿ äëÿ àðõèòåêòóðû

Mikhail Skopenkov mikhail·skopenkov@gmail·com

Îòêðûòûé Âîïðîñ. Íà êàêèõ ïîâåðõíîñòÿõ ÷åðåç êàæäóþ òî÷êó ïðîõîäÿò ïðÿìàÿ
è ïàðàáîëà ñ âåðòèêàëüíîé îñüþ, öåëèêîì ëåæàùèå íà ïîâåðõíîñòè?

7. Ñòàðòîâûå óïðàæíåíèÿ

Ïóñòü l1 è l2 � äâå ïðÿìûå íà ïëîñêîñòè, l � ïðÿìàÿ, íå ïàðàëëåëüíàÿ íè îäíîé èç
íèõ. Ïàðàëëåëüíûì ïðîåêòèðîâàíèåì ïðÿìîé l1 íà ïðÿìóþ l2 îòíîñèòåëüíî íàïðàâëå-
íèÿ l íàçûâàþò îòîáðàæåíèå, êîòîðîå òî÷êå A ïðÿìîé l1 ñòàâèò â ñîîòâåòñòâèå òî÷êó
ïåðåñå÷åíèÿ ïðÿìîé lA, ïàðàëëåëüíîé l è ïðîõîäÿùåé ÷åðåç A, ñ ïðÿìîé l2.
1. Ëþáîå ëè ïàðàëëåëüíîå ïðîåêòèðîâàíèå ïðÿìîé íà ïðÿìóþ ñîõðàíÿåò äëèíû îòðåç-
êîâ?

Ïðîñòûì îòíîøåíèåì óïîðÿäî÷åííîé òðîéêè òî÷åê A, B, C íà ïðÿìîé (B 6= C)

íàçûâàåòñÿ òàêîå ÷èñëî x, ÷òî
−→
AC = x ·

−−→
BC.

2. a) Ïðîñòîå îòíîøåíèå óïîðÿäî÷åííîé òðîéêè òî÷åê íà ïðÿìîé ðàâíî x. Íàéäèòå
ïðîñòûå îòíîøåíèÿ ýòèõ òî÷åê, çàïèñàííûõ âî âñåõ äðóãèõ ïîðÿäêàõ.
b) Ïðîñòîå îòíîøåíèå óïîðÿäî÷åííîé òðîéêè òî÷åê íà ïðÿìîé ñîõðàíÿåòñÿ ïðè ïàðàë-
ëåëüíîì ïðîåêòèðîâàíèè.

3. a) Êîìïîçèöèåé íåñêîëüêèõ ïàðàëëåëüíûõ ïðîåêòèðîâàíèé ïðÿìîé ìîæíî ïåðåâåñòè
ëþáûå äâå ðàçëè÷íûå òî÷êè â ëþáûå äðóãèå äâå ðàçëè÷íûå òî÷êè.
b) Âåðíî ëè àíàëîãè÷íîå óòâåðæäåíèå äëÿ äâóõ òðîåê òî÷åê íà ïðÿìîé?
c) Äàéòå îïðåäåëåíèå ïàðàëëåëüíîãî ïðîåêòèðîâàíèÿ îäíîé ïëîñêîñòè â ïðîñòðàíñòâå
íà äðóãóþ.
d) Êîìïîçèöèåé íåñêîëüêèõ ïàðàëëåëüíûõ ïðîåêòèðîâàíèé ïëîñêîñòè ìîæíî ïåðåâåñòè
ëþáîé òðåóãîëüíèê â ëþáîé äðóãîé.
e) Âåðíî ëè àíàëîãè÷íîå óòâåðæäåíèå äëÿ äâóõ ÷åòûðåõóãîëüíèêîâ?

4. a) Êàæäàÿ ñòîðîíà òðåóãîëüíèêà ïîäåëåíà íà òðè ðàâíûå ÷àñòè, è òî÷êè äåëåíèÿ
ñîåäèíåíû ñ ïðîòèâîïîëîæíûìè âåðøèíàìè. Äîêàæèòå, ÷òî äèàãîíàëè �âíóòðåííåãî�
6-óãîëüíèêà ïåðåñåêàþòñÿ â îäíîé òî÷êå.
b) Â êàêîì îòíîøåíèè äåëèò îñíîâàíèÿ òðàïåöèè ïðÿìàÿ, ïðîõîäÿùàÿ ÷åðåç òî÷êó ïå-
ðåñå÷åíèÿ äèàãîíàëåé è òî÷êó ïåðåñå÷åíèÿ ïðîäîëæåíèé áîêîâûõ ñòîðîí?
c) Äàíû äâå ïàðàëëåëüíûå ïðÿìûå è òî÷êè A,B íà îäíîé èç íèõ. Ïîñòðîéòå îäíîé
ëèíåéêîé ñåðåäèíó îòðåçêà AB.

5. Ïóñòü íåïðåðûâíàÿ áèåêöèÿ f : R→ R ñåðåäèíó ëþáîãî îòðåçêà ïåðåâîäèò â ñåðåäèíó
åãî îáðàçà, à òî÷êè 0 è 1 îñòàâëÿåò íà ìåñòå. Òîãäà äëÿ âñåõ x, y ∈ R è m,n ∈ Z,
a) f(2x) = 2f(x); b) f(x+ y) = f(x) + f(y); c) f(m/n) = m/n; d) f(x) = x.

Çàäà÷à Äíÿ. Îñíîâíàÿ òåîðåìà àôôèííîé ãåîìåòðèè ( Ì�eáèóñ�ôîí Øòàóäò). Ëþ-
áîå íåïðåðûâíîå âçàèìíî-îäíîçíà÷íîå îòîáðàæåíèå ïëîñêîñòè, ïåðåâîäÿùåå ïðÿìûå â
ïðÿìûå, ÿâëÿåòñÿ êîìïîçèöèåé ïàðàëëåëüíûõ ïðîåêòèðîâàíèé.
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Direction I. Visual �eld theory

Mikhail Skopenkov mikhail·skopenkov@gmail·com

One of the main open problems in mathematics is rigorous de�nition of quantum �eld theory.

8. Leading exercises: Feynman checkers
Question: what is the probability to �nd an electron at the point (x, y), if it was emitted from the point (0, 0)?
Assumptions: no self-interaction, no creation of electron-positron pairs, unit mass and lattice step, point source; no nuclear forces, no
gravitation, electron moves uniformly along the y-axis and does not move along the z-axis.
Results: double-slit experiment, charge conservation.

Fig 5: Checker paths

On an in�nite checkerboard, a checker moves to the diagonal-neighboring
squares, either upwards-right or upwards-left. To each path s of the checker,
assign a vector ~a(s) as follows. Start with a vector of length 1 directed
upwards. While the checker moves straightly, the vector is not changed,
but each time when the checker changes the direction, the vector is rotated
through 90◦ clockwise (independently of the direction the checker turns). In
addition, at the very end the vector is divided by 2(y−1)/2, where y is the total
number of moves. The �nal position of the vector is what we denote by ~a(s).
For instance, for the path s in Figure 5 to the top, the vector ~a(s) = (1/8, 0).

Denote ~a(x, y) :=
∑

s~a(s), where the sum is over all the paths of the
checker from the square (0, 0) to the square (x, y), starting with the upwards-

right move. Set ~a(x, y) := ~0, if there are no such paths. For instance, ~a(1, 3) =
(0,−1/2) + (1/2, 0) = (1/2,−1/2). The length square of the vector ~a(x, y) is
called the probability1 to �nd an electron in the square (x, y), if it was emitted

from the square (0, 0). Notation: P (x, y) := |~a(x, y)|2.
In Figure 7 to the left, the color of a point (x, y) with even x + y depicts

the value P (x, y).
In what follows squares (x, y) with even and odd x+ y are called black and white respectively.

1. Observations for small y. Answer the following questions for each y = 1, 2, 3, 4 (and state your own
questions and conjectures for arbitrary y): Find the vector ~a(x, y) and the probability P (x, y) for each x.
When P (x, y) = 0? What is

∑
x∈Z P (x, y) for �xed y? What are the directions of ~a(1, y) and ~a(0, y)?

The probability2 to �nd an electron in the square (x, y) subject to absorption in the square (x′, y′) is de�ned
analogously to P (x, y), only the summation is over those paths s that do not pass through (x′, y′). The
probability is denoted by P (x, y bypass x′, y′). De�ne P (x, y bypass M) analogously for a set of squares M .
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Fig 6: a2(x, 1000)

2. Double-slit experiment. Is it true that P (x, y) = P (x, y bypass 0, 2)+
P (x, y bypass 2, 2)? Is it true that P (x, y) ≥ P (x, y bypass x′, y′)?

3. Find P (0, 12). How to table the values ~a(x, y) quickly without exhaustion
of all paths?

Denote by a1(x, y) and a2(x, y) the coordinates of ~a(x, y); see Figure 6.
4. (Puzzle) Draw all the paths giving nonzero contribution to a1(1, 5).
The same for a2(1, 5).

5. Dirac's equation. Express a1(x, y) and a2(x, y) through a1(x± 1, y − 1) and a2(x± 1, y − 1).

6. Probability/charge conservation. For each positive integer y we have
∑

x∈Z P (x, y) = 1.

7. Symmetry. How the values a1(x, 100) for x < 0 and for x ≥ 0 are related with each other (that is, hot
to express the ones for x < 0 through the ones for x ≥ 0)? The same for the values a1(x, 100) + a2(x, 100).

8. Huygens' principle. What is a fast way to �nd ~a(x, 199), if we know ~a(x, 100) for all integers x?

9. Using a computer, plot the graphs of the functions fy(x) = P (x, y) for various y, joining each pair of
points (x, fy(x)) and (x+ 2, fy(x+ 2)) by a segment; cf. Figure 2. The same for the function a1(x, y).

10. ∗ Find an explicit formula for ~a(x, y) (it is allowed to use a sum with at most y summands in the answer).

1One should think of the value y as �xed, and the squares (−y, y), (−y+2, y), . . . , (y, y) as all the possible outcomes of an experiment. For instance,
the y-th horizontal might be a photoplate detecting the electron. Familiarity with probability theory is not required for solving the presented problems.
If the checker were performing just a random walk (after the �rst upwards-right move), then |~a(s)|2 would be probability of a path s. The latter
probability no sense in our model, but explains the normalization factor 2(y−1)/2.

2Thus an additional outcome of the experiment is that the electron has been absorbed and has not reached the photoplate.
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Open problems in mathematical physics

Mikhail Skopenkov mikhail·skopenkov@gmail·com

This is a collection of visual open problems in mathematical physics1. The statements of most of them use
only a few de�nitions given in the text. But their solution leads to important ideas of modern mathematics.

9. Open problems: Feynman checkers

0.002

0.004

0.006

0.008

0.010

0.012

0.014

0.001

0.002

0.003

0.004

0.005

P (x, y) for even x+ y P (x, y, 1, 1/2) for integer x+ y

Fig 7: The probability to �nd an electron in a small square around a given point (white depicts large
oscillations of the probability). Left: in the basic model from �8. Right: in the generalized model from �10.

The plots in Figures 7 and 8 to the left show that for �xed y, the most probable position of the electron
is near to x = y/

√
2 (!). Although this was noticed in 2001, the following question is still open.

1. (A.Daniyarkhodzhaev�F.Kuyanov; see Figures 7 and 8 to the left) Denote by xmax(y) a point where
P (x, y) has a maximum for �xed y. Is xmax(y)− y/

√
2 bounded as y →∞?

2. (S. Nechaev, puzzle; see Figure 8 to the bottom-left) Find the positions of �wide gaps� (intervals, where
oscillations are smaller) in the graph of P (x, y) for �xed large y.

For x > y/
√

2, the plots show that the value a(x, y) is small. But how fast does it actually decrease?
3. (A. Borodin) Find an asymptotic formula for a(2dvy

2
e, y) as y →∞ for �xed v > 1/

√
2.
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Fig 8: The plots of the normalized probability y
2
P (2dvy

2
e, y), the free energy density Im fy(v) :=

− 4
πy

log
∣∣a(2dvy

2
e, y)

∣∣, the distribution Gy(v) :=
∑
x≤vy

2
y

∣∣∣a2(x,y)a(x,y)

∣∣∣2 (dark) for y = 100 (top), y = 1000 (bottom).

The aim of the next 3 problems is to prove a phase transition in Feynman checkers in a strong sense: the
limiting free energy density and other quantities are nonanalytic at v = ±1/

√
2 (see Figure 4 to the middle).

4. For each v ∈ [−1, 1] �nd lim
y→∞

1
y

log
∣∣a(2dvy

2
e, y)

∣∣. Prove that it has discontinuous derivative at v = ±1/
√

2.

The next problem is on the �probability� of equal directions of the �rst and the last move.
5. (See Figure 4 to the right) Prove that for each 0 < v < 1/

√
2 we have

lim
y→∞

∑
0≤x≤vy

2

y

∣∣∣∣a2(x, y)

a(x, y)

∣∣∣∣2 =
1

2

(
1 + v −

√
1− v2 + log

1 +
√

1− v2
2

)
.

Compute the same limit for 1/
√

2 < v < 1.

1The author of a problem is shown after the number of the problem. Some of the conjectures have been suggested by participants of Summer
Conference of Tournament of Towns and Summer School in Contemporary Mathematics. A puzzle is a problem, in which both a precise statement
and a proof are requested.
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The next one is on the �probability� of equal directions of the �rst, the last, and the �middle� move.

6. Find the weak limit lim
y→∞

∣∣∣∣∑
x∈Z

a2(x, y)2

a2(2dvye − 1, 2y − 1)

∣∣∣∣2.
For a set M of squares let P (M) :=

∑
p∈M

P (p bypass M \ {p}) be the probability that the electron hits M .

7. (G. Minaev�I. Russkikh) Do the following equations hold (cf. �14):

P ({(−1, y) : y ≥ 3 odd}) = 1
2
P ({(3, y) : y ≥ 3 odd}) = 4

π
− 1?

Notice that similar numbers appear as conductances between nodes of the grid Z2; see �14.

10. Open problems: generalizations of Feynman checkers

In the next problems, the following generalization of the model is used. Fix ε,m > 0 called side of the

square and particle mass. Assume that the centers of the squares have the coordinates (kε, lε), where k and
l are integers. To each path s of the checker, assign a vector ~a(s,mε) as follows. Start with the vector (0, 1).
While the checker moves straightly, the vector is not changed, but each time when the checker changes the
direction, the vector is rotated through 90◦ clockwise and multiplied by mε. In addition, at the very end
the vector is divided by (1 + m2ε2)(y/ε−1)/2, where y/ε is the total number of moves. The �nal position of
the vector is what we denote by ~a(s,mε). The vectors ~a(x, y,m, ε) and the numbers P (x, y,m, ε) are de�ned
analogously to ~a(x, y) and P (x, y), only ~a(s) is replaced by ~a(s,mε). For instance, P (x, y, 1, 1) = P (x, y). In
Figure 7 to the right, the color of a point (x, y) depicts the value P (x, y, 1, 1/2).
8. Is it true that P (x, y,m, ε) 6= 0 for y > |x| and even (x+ y)/ε?

9. (I.Gaidai-Turlov�T.Kovalev�A.Lvov) Is it true that limy→+∞
∑

x∈Z a1(xε, yε,m, ε)
2 = mε

2
√
1+m2ε2

?

The following problem generalizes and speci�es Problem 1 above.
10. (A.Daniyarkhodzhaev�F.Kuyanov) Denote by xmax = xmax(y,m, ε) the point where P (x) := P (x, y,m, ε)
has a maximum. Is xmax/ε− y/ε

√
1 +m2ε2 uniformly bounded? Does P (x) decrease for x > xmax? Find an

asymptotic formula for a(x, y,m, ε) for x in a neighborhood of y/
√

1 +m2ε2.

11. (M. Blank�S. Shlosman) Is the number of times the function a1(x) := a1(x, y,m, ε) changes the sign on
[−y, y] bounded as ε→ 0 for �xed y,m?

The remaining two problems involve several notions not de�ned in this text.
12. Find the weak limits lim

ε→0

1
2ε
a
(
2ε
⌈
x
2ε

⌉
, 2ε
⌈
y
2ε

⌉
,m, ε

)
and lim

ε→0

1
4ε2

P
(
2ε
⌈
x
2ε

⌉
, 2ε
⌈
y
2ε

⌉
,m, ε

)
on the whole

R2. Is the former limit equal to the (1 + 1)-dimensional retarded Dirac propagator including the generalized
function supported on the lines y = ±x? What is the physical interpretation of the latter limit (providing a
value to the ill-de�ned square of the propagator)?

The last problem is informal; it stands for half a century.
13. (R. Feynman; puzzle) Generalize the model to 4 dimensions so that

lim
ε→0

1

2ε
a

(
2ε
⌈ x

2ε

⌉
, 2ε
⌈ y

2ε

⌉
, 2ε
⌈ z

2ε

⌉
, 2ε

⌈
t

2ε

⌉
,m, ε

)
coincides with the (3 + 1)-dimensional retarded Dirac propagator.

Publications of pupils and students. Problems 7, 8, 9 are solved in [3, 5, 2] respectively. The
asymptotic form from Problem 10 for m = ε = 1 is found in [7]. Problem 12 in the particular case y > |x| is
solved in [4, Appendix B], and its analogue for the model with homogeneous magnetic �eld is solved in [6].
Introductory problems are given in [1].

[1] E.Akhmedova, M.Skopenkov, A.Ustinov, R.Valieva, A.Voropaev, Feynman checkerboard, 31th Summer conference of the International
mathematical Tournament of towns, 2019, https://www.turgor.ru/lktg/2019/2-Feynman%20checkerboard/index.htm.

[2] I. Bogdanov, Feynman checkers: the probability of direction reversal, preprint (2020) arXiv:2010.04583.

[3] M. Dmitriev, Semi-in�nite Feynman Checkers, preprint (2021).

[4] A. Lvov. Pointwise continuum limit. In: M. Skopenkov, A. Ustinov, Feynman checkers: towards algorithmic quantum theory, preprint
(2020), arXiv:2007.12879.

[5] I. Novikov, Feynman checkers: the probability to �nd an electron vanishes nowhere inside the light cone, preprint (2020),
arXiv:2010.05088.

[6] F. Ozhegov, The continuum limit of the �Feyman checkers� model with electromagnetic �eld, preprint (2021).

[7] P. Zakorko, Maxima of probability in Feynman Checkers, preprint (2021).
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Direction II. Visual potential theory and tilings

Mikhail Skopenkov mikhail·skopenkov@gmail·com

Open question. Which polygons can be tiled by rectangles of given side ratio x?

11. Leading excercises
� I have a thought! � said Boa and opened his eyes. � A thought. And I think it.

� Which thought? � asked Monkey.

� It takes time to explain...

� Wow! � jumped Monkey. � What a good thought! May I also think it a bit?

G. Oster, �Boa's grandmother�

1. Form a square from rectangles m× n, where m and n are integers.

2. A designer was o�ered to make square window frames. In Figures A,B it is shown how
the panes should be adjacent to each other and how they should be oriented (with the short
side or with the long one to the top). Can all panes in each frame be similar rectangles?

3. Is it possible to dissect a square into 3 similar, but not equal rectangles?

4. Is it possible to dissect a square into 5 squares?

5. All shelves in Figure C, and all scraps, from which consists the piecework in Figure D,
are squares. Are the board and the piecework also squares?

6. Is it possible to tile the plane by pairwise distinct squares with integer sides?

A B C D

7. Is it possible to dissect a square into rectangles of side ratio 2 +
√

2?

8. Is 1 +
√

2 a sum of squares of numbers of the form a+ b
√

2, where a and b are rational?

A tiling by rectangles is drawn on a rectangular sheet of paper. One may cut the sheet of
paper along any straight line segment into two rectangles, then repeat the same operation
separately for each of the obtained parts, and so forth. If it is possible to represent the initial
tiling in this way, then the tiling is called trivial. For instance, the tilings shown in Figure A,B
are trivial, but those in Figure Ñ,D are not.
It is suggested that you solve the following 4 exercises only for trivial tilings.

9. Which rectangles can be tiled by rectangles with one of the sides equal to 1?

10. Which rectangles can be dissected into squares?

11. Is it possible to dissect a square into rectangles of side ratio
√

2?

12. All numbers, which can be represented in the form x = a+ b
√

2 with rational a and b,
are called good. For which good x a square may be tiled by rectangles of side ratio x?

Updated version: https: // users. mccme. ru/ mskopenkov/ skopenkov-pdf/ problems. pdf 2021

https://users.mccme.ru/mskopenkov/skopenkov-pdf/problems.pdf


12. Open tiling problems with networks interpretation

1. An envelope has the shape of a rectangle a×b. For which real a and b it can be completely
covered by nonoverlapping square marks from both sides? It is allowed to fold the squares
across the edges of the envelope, and the sizes of the squares may be di�erent.

2. Which tetrahedra having four equal faces and made of paper can be dissected into squares?
And into regular triangles?

3. Which polytopes made of paper can be dissected into squares? And into regular triangles?

4. Some pairs of sides of the polygon in the �gure (to the left or to the right) are glued. For
which side lengths the resulting surface can be tiled by squares?

5. Is there a polygon which can be tiled by squares but cannot be trivially tiled by squares
(see the de�nition in �11)?

6. Which polygons can be tiled by rectangles of given side ratio x? And by rectangles of
given side ratios x1, . . . , xn?

7. Which polygons can be tiled by regular triangles? And by rhombi with a 60◦ angle?

8. Is there a centrally-symmetric polygon which can be tiled by regular triangles but cannot
be tiled by rhombi with a 60◦ angle?

9. Which polygons can be tiled by trapezoids homothetic to a given one?

10. When a cube can be tiled by parallelipipeds similar to a given one?

Publications of students. Problem 1 for equal squares is solved in [5]; a necessary
condition for unequal ones is presented in [3]. Problem 2 for a regular tetrahedron is solved
in [2]. A solution of Problem 6 for tilings of a rectangle and good x1, . . . , xn (see the de�nition
in �11) is published in [7] and later simpli�ed in [6]. Problems 6 and 9 are solved [13, 4, 9]
in some particular cases. Elementary introduction to the methodology is given in [8, 12, 10],
introductory problems are in [11, 1].
[1] A square from similar rectangles, 26th summer conference of International mathematical Tournament of towns, 2014 (in English and

in Russian), http://www.turgor.ru/lktg/2014/3/index.htm

[2] A. Balakin, Covering a tetrahedron by squares, Mat. Prosveschenie 3rd ser. 23 (2018), 134�144 (in Russian).

[3] M. Dmitriev, Periodic tillings of the plane by squares, 2020, submitted (in Russian). arXiv:2003.05430.

[4] I. Novikov, Tiling polygons composed of equal rectangles into similar rectangles, Math. Notes, to appear (in English and in Russian).
arXiv:1809.06627 (in Russian)

[5] F. Ozhegov, Covering of a rectangle by equal squares from both sides, submitted, 2018 (in Russian).

[6] P. Ryabov, A compement to the results by F. Sharov, Mat. Prosveschenie 3rd ser. 22 (Spring) (2018), 165�170. arXiv:1711.09406

[7] F. Sharov, Dissection of a rectangle into rectangles with given side ratios, Mat. Prosveschenie 3rd ser. 20 (2016), 200�214 (in Russian)
arXiv:1604.00316 (in English and in Russian).

[8] F. Sharov, A rectangle from squares, Kvant 3 (2019), 10-14 (in Russian). arXiv:1711.08503

[9] S. Shirokovskikh, Transformations of 2-port networks and tiling by rectangles, preprint, 2021.

[10] M. Skopenkov, O. Malinovskaya, S. Dorichenko, Compose a square, Kvant 2 (2015), 6-11 (in Russian). arXiv:1305.2598

[11] M. Skopenkov, O. Malinovskaya, S. Dorichenko, F. Sharov, Compose a square, // Elements of mathematics in problems. Through
olympiads and circles to profession. / Edited by A. Skopenkov, M. Skopenkov, A. Zaslavsky. �Moscow Center for Continuous
Mathematical Education, Moscow, 2018. � 592 pp. (in Russian). arXiv:1905.10210

[12] M. Skopenkov, M. Prasolov, S. Dorichenko, Dissections of a metal rectangle, Kvant 3 (2011), 10-16 (in Russian). arXiv:1011.3180

[13] I.S. Zverev, Dissections of trapezoids into trapezoids homothetical to trapezoids in a given family, Sb. Math., 210:2 (2019), 245�271
(in English and in Russian). arXiv:1709.02773 (in Russian)
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13. Inverse problem for alternating-current networks

2An alternating-current network is a (not necessarily planar) graph with a �xed subset of
vertices (boundary vertices) and a complex number c(xy) with positive real part (conductance)
assigned to each edge xy [2, Section 2.4]. The voltage is any complex-valued function v(x) on
the set of vertices such that for each nonboundary vertex y we have

∑
xy c(xy)(v(x)−v(y)) =

0, where the sum is over all the edges containing the vertex y. One can see that the voltage
is uniquely determined by its boundary values [2, Section 5.1]. The current �owing into
the network through a boundary vertex y is i(y) :=

∑
xy c(xy)(v(x) − v(y)). The network

responce is the matrix of the linear map taking the vector of voltages at the boundary vertices
to the vector of currents �owing into the network through the boundary vertices.
The general electrical-impedance tomography problem is to reconstruct the network from its

response. For direct-current planar networks, meaning that all the conductances are positive,
the problem has been solved in [1].
Teaser. There is a matrix realizable as the response of the network in the �gure to the

right (for the boundary vertices N1, N2, N3 and some edge conductances R1, R2, R3) but not
to the left.

Denote by Ψb the set of complex b× b matrices Λ having the following 4 properties:

(1) Λ is symmetric;
(2) the sum of the entries of Λ in each row is zero;
(3) ReΛ is non-negatively de�nite;
(4) if U = (U1, . . . , Ub) ∈ Rb and UT (ReΛ)U = 0 then U1 = · · · = Ub.

11. Prove that the set of responses of all the possible connected alternating-current networks
with b boundary vertices is the set Ψb.

The problem has been recently solved by G. Rote [3].

12. Given a response matrix provide an algorithm to reconstruct the network and the edge
conductances.

13. Describe the set of all the responses of all the possible series-parallel networks with edge
conductances having positive real parts.

14. Describe the set of all the responses of all the possible planar networks with edge
conductances having positive real parts.

15. Let the conductance of each edge be either ω or 1/ω, where ω is a variable. Describe
the set of all the possible responses of such networks as functions in ω.

This is known for b = 2 boundary vertices � Foster's reactance theorem [2, Theorem 2.5].

[1] E. B. Curtis and J. A. Morrow, Inverse problems for electrical networks, Series on Appl. Math. 13, World Scienti�c,
Singapore, 2000.

[2] M. Prasolov and M. Skopenkov, Tilings by rectangles and alternating current, J. Combin. Theory A 118:3 (2011), 920�937,
http://arxiv.org/abs/1002.1356.

[3] G. Rote, Characterization of the response maps of alternating-current networks, preprint (2019), arXiv:1904.02031 .

1Published in Discrete di�erential geometry, Oberwolfach Reports, 2015
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14. Asymptotic estimates for conductance

The Green function R(x, y) is the resistance between the origin and
the vertex (x, y) in a in�nite square lattice of unit resistors.

Teaser. R(0, 1) = 1/2, R(1, 1) = 2/π, and R(x, y) = 1
2π ln(x2+y2)+O(1).

The same asymptotic form holds for triangular and hexagonal lattices.
16. Prove the same for arbitrary nondegenerate uniform orthogonal lattice.

17. Discrete harmonic functions on orthogonal lattices are Lipschitz, i.e., |u(z) − u(w)| =
O(|z − w|).
18. Generalize star-triangle transformation to nonrhombic lattices.

A quadrilateral lattice is a �nite graphQ ⊂ C with rectilinear edges such that each bounded
face is a quadrilateral. A complex-valued function f on the vertices of Q is called discrete
analytic, if for each quadrilateral face z1z2z3z4 we have

f(z1)− f(z3)

z1 − z3
=
f(z2)− f(z4)

z2 − z4
.

The real part of a discrete analytic function is called a discrete harmonic function. The
discrete Dirichlet problem is to �nd a discrete harmonic function with given values at the
boundary. A function u is equicontinuous, if |u(z)−u(w)| = O(φ(|z−w|)) for some function
φ(x) such that limx→0 φ(x) = 0.

Teaser. The function f(z) = z is discrete analytic but f(z) = z2 is not unless the faces of
Q are parallelogramms.

Q
Q Q

z1
z3

z2

z4

Q

19. Is it true that discrete harmonic functions are equicontinuous?

20. Is it true that the solution of the Dirichlet problem converges to its continuous counterpart
under lattice re�nement?

Publications of students. An elementary introduction to the subject was published
jointly with A. Pakharev, V. Smykalov, A. Ustinov, A. Yuryev [2, 3, 1].

[1] A. Pakharev, M. Skopenkov, A. Ustinov, Through the resisting net, Mat. Prosv. 3rd ser. 18 (2014), 33-65.

[2] M. Skopenkov, V. Smykalov, A. Ustinov, Random walks and electric networks, Mat. Prosv. 3rd ser. 16 (2012), 25-47 (in Russian).
Minor correction in: A. Yuryev, Random walks return, Mat. Prosv. 3rd ser. 20 (2016), 243-246.

[3] A. Yuryev, Random walks return, Mat. Prosv. 3rd ser. 20 (2016), 243-246.
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Open problems in geometry and potential theory

Direction III. Visual geometry for architecture

Mikhail Skopenkov mikhail·skopenkov@gmail·com

This is a collection of visual open problems in geometry. The statements of most problems
are elementary and use only a few de�nitions given in the text. But their solution leads to
important ideas of modern mathematics. Each individual problem with a number is a topic
for a one-year term work. The problems are suitable at any education term.

15. Surfaces containing two parabolas through each point

1. Find all functions f : R2 → R with the following property: through each point of the
plane one can draw two lines such that the restriction of the function f to one of the lines is
a linear function, and the restriction to the other one is quadratic.

Example. The surfaces given by the equations
z = xy(x+ y) (left �gure) or z = x2 + y2 (middle �gure)

2. Find all surfaces in R3 containing two parabolas through each point such that both
parabolas lie on one rotational paraboloid with a vertical axis.

An isotropic circle is either a parabola with the axis parallel to Oz (middle �gure) or an
ellipse whose projection into the plane Oxy is a circle (right �gure).
3. Find all surfaces in R3 containing a line and an isotropic circle through each point.

4. Find all surfaces in R3 containing two isotropic circles through each point.

5. Which sets of circles can be the top view of the isotropic circles on such surfaces?

6. Find all surfaces in R3 containing 3 isotropic circles through each point. Find all hexagonal
webs from isotropic circles on surfaces (except isotropic spheres).

7. Find all surfaces in R3 enveloped by two families of cones of revolution.

Hint. Use isotropic model of Laguerre geometry [9, �2].

8. Find a system of di�erential equations characterizing functions with the graphs containing
an isotropic circle through a generic point. The same for a conic through a generic point.
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16. Surfaces containing two circles through each point

Torus Translation of a circle along another one Hyperboloid

Cyclide (a degree 4 surface) Cli�ord translational surface (a degree 8 surface)

9. Let r and R be �xed. Find all surfaces in R3 such that through each point of the surface
one can draw two circles of radii r and R fully contained in the surface.

10. Let α be �xed. Find all surfaces in R3 such that through each point of the surface one
can draw two circles fully contained in the surface and intersecting at angle α.

11. Let α be �xed. Find all surfaces in R3 such that through each point of the surface one
can draw two circles fully contained in the surface, the planes of which intersect at angle α.

Hint. Deduce from the classi�cation of surfaces containing 2 circles through each point [10].

The surface Φ(u, v) = (u+ i)(v+ j)−1 in R4 , where i and j are quaternion units, contains
a line and a circle through each point but it not a quadric, cf. [2].
12. Find all surfaces in R4 containing a line and a circle through each point.

13. Find all surfaces in R5 containing a line and a circle through each point.

14. Consider the surface in R4 = H parametrized as

Φ(s, t) = (a0st+ a1s+ a2t+ a3)(b0st+ b1s+ b2t+ b3)
−1,

where ai, bi ∈ H are �xed, and s, t ∈ R are variables. How many circles can the surface
contain through each point?

Hint. The surface contains at least 2 circles through each point. Consider the stereographic
preimage of the surface.

� what degree does it have (cf. [5])?

� is it always the intersection of the unit sphere in R5 with two other quadrics?

� what is the con�guration of the planes of the circles on it (cf. [7])?

15. Does each surface in R4 containing 3 circles through each point belong to this class of
surfaces (cf. [6])?

17



Publications of students. F. Nilov has discovered several new hexagonal webs from
circles in the plane [3]. F. Nilov and the author solved the analogue of Problem 13 in R3 [2].
E. Morozov solved Problems 4�5 under technical restrictions [1].
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