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1 Slice tower

As any presentable category the category of genuine spectra Sp© admits the theory of Post-
nikov towers. Moreover we have seen that this towers always converge in Sp©. In this section
for finite G we will introduce another (slice) filtration of the category of G-spectra more tightly
connected with representation theory of G. One advantage of slice tower is that it is better
suited for some important examples of equivariant spectra like K-theory or cobordisms.

Let us first give a variation of how one can define the Postnikov tower. For an integer
n consider the full subcategory Sp®="*! of n + l-connected G-spectra. This category is
presentable, hence by adjoint functor theorem the inclusion 4,1: Sp&Zntl y SpY admits
the right adjoint 7>,41. Denote the composite iy4+1 © T>pt1 just by 7>p11. The counit of
adjunction induces the natural transformation 7>n41 — lg,¢ and we define 7<, to be the
cofiber of this map. It is easy to see that 7<;, coincide with the usual Postnikov truncation
functors.

Now note that the category Sp may be defined as a smallest subcategory of Sp“ closed
under colimits and extensions and containing cells G/H A S™ of dimension m greater than n.
We obtain the slice filtration by replacing ordinary cells with

G,>n

Definition 1.1. For m € Z the slice sphere §(m, K) is G ANg S™PK | where p is the regular
representation of K. The dimension of S(m, K) is defined to be m - |K| (it is the dimension
of the underlying manifold of S).

For an integer n let us define Spgsn to be minimal full subcategory of Sp“ closed under
colimits and extensions and containing all slice spheres S of dimension grater then n.

Lemma 1.2. The category Spgsn is generated under colimits by the small set of objects.

It follows that Spgsn is presentable. So we can define 7.5, and 7<s, as for Postnikov
towers. For a G-spectrum X we will sometime denote 7<sx just by X<s, and analogously for
Tssn X. We will say that a G-spectrum X is n-slice if X € Spgsn N Spgsn.

We will also not the following proposition, which readily follows from definition

Proposition 1.3. The functor 1<s, is the left adjoint to the inclusion of the full subcategory
of slice n-truncated spectra (i.e. such G-spectra X, that Homspc; (S, X) ~ 0 for all slice spheres

S of dimension larger then n).



The slice filtration behave well with respect to the restriction and induction functors.

Proposition 1.4. Let X be a G-spectrum andY be an H -spectrum for some subgroup H i) G.
Then
1. (a) IfY € Spl., then G Ay Y € Sp<.,,.
(b) IfY € Sp., then G A Y € Sp<.,.

2. (a) If X € Sp%., then then i*X € Spll.,,.
(b) If X € Sp%.,, then i*X € SpZ.,,.
Proof. 1. (a) The induction functor is exact and commutes with colimits, hence it is
enough to prove the statement for the slice spheres Y = G Ax S"™Pk. But this

immediately follows from the functoriality of the induction functors with respect
to group homomorphisms.

(b) By the Wirtmuller isomorphism i, ~ 4. Hence for a G-slice sphere S of dimension
grater then n we have

Homg o S,GAgY) ~ HomSpH(z’*g, Y)~0

where we have used that i*S is a sum of H-slice spheres of the same dimension as
dimension of S.

2. (a) This is immediate from definitions, because the restriction of a slice sphere is a sum
of the slice spheres of the same dimension.

(b) For a slice H-sphere S of dimension grater then n we have
Homg u (/S\, i*X) ~ Homg 6 (G An S, X)~0

where we have used that G Ag S is in Spgsn by the previous part.
O

The following proposition will tell us something about the relation between slice and
ordinary connectivity.

Proposition 1.5. For n > 0 all spectra EZ?JF"G/H+ are in Spgsn.

Proof. By the previous proposition it is enough to treat the case H = GG. We have the cofiber
sequence of G-spaces
S(npg —n) — S® — §we—n

By smashing it with S™ we obtain the cofiber sequence of G-spectra
EX"S(npe — n) — S — S™PC

The right hand side term of this sequence is by definition in Spgsn and the spectrum on
the left consists of induced G-cells, hence is in Spgsn by inductive hypothesis. ]



We can now give an example

Example 1.6. For n = 0 by the previous proposition X¥G/H, are in Spgso, hence Spgo -
Spgso. On the other hand, the only generators of Spgso are Y°G/H; € Spgo, hence Spgso -
Spgo. It follows Spgso = Spgo and T<s_j ~ T<_.

The analogues statement holds for n = 1. Indeed, by the previous proposition all Z°G°+1G JH4
are in Spgsl. On the other hand by dimension reasons again, the only generator of Spgsl is
G A'S'. The rest is the same as in the previous paragraph. N

It follows that for a G-spectrum X the fiber Xsq of the canonical map X<sg — X<s_1 (the
zero slice of X') is equivalent to Hmg(X).

Here is a useful criterion, which helps to describe slice tower in some cases
Proposition 1.7 (Slice recognition). Let X be a G-spectrum.

1. Let XL., — X — XL, be a fiber sequence of G-spectra, such that X.., € SpS.,
and XL., € Spgsn. Then the canonical maps XL., — Xssp and X<sp — XLs, are
equivalences.

2. Let 7p: X — XL, be a tower. Then 7 is a slice tower if and only if XL, € Spgsn and
the fiber of X — XL, is in Sp%.,,.

Proof. 1. Let Y € Spgsn. Then we have the fiber sequence
Homg ¢ (XLs,,Y) = Homg ¢ (X,Y) — Homg e (XLs,,Y) =0
hence by Yoneda lemma the canonical map X<s, — X /Ssn is an equivalence.

2. Follows immediately from the previous part.

Corollary 1.8. Leti: H — G be a subgroup of G.

1. For X an H-spectrum the induction of the slice tower X — X<s,, is the slice tower for
the induction G ANg X.

2. ForY a G-spectrum the restriction of the slice tower Y — Y<s,, is the slice tower of the
restriction i*Y .

Proof. Both statements immediately follow from proposition 1.4 and the proposition above.
O

Remark 1.9. In particular taking H = {1¢} in the second part of the corollary above, we
see that the slice tower of a G-spectrum Y is an equivariant refinement of the Postnikov tower
of Y“.

In ordinary world smashing with S' just shifts the Postnikov filtration by one. We have
an analogues statement for the slice filtration



Proposition 1.10. For any integer n the smashing with SPG induces an equivalence Spgsn —
SpganG‘ with inverse induced by the smashing with S™FC.

Proof. 1t is enough to prove that SPG A Spgsn C SpganG' and STPG A Spgsn C Sp§3n—|G\'
We will do it by induction on |G|.
For K = G we have

S(m, G) ASTPe = §mpa p\ §FPa ~ §mEDra ¢ Spgmg(m fe)Rule]

For K # G by projection formula
S(m, K) AST¢ = (G A S™K) ASTPE ~ G Ak (S™PK A i SHPe)

By the second part of the proposition 1.4 i}(SipG is in Sp[>(51|G|' By induction SPX A i}(SipG

is in Spfsdimg(m K)£|G|’ Hence G A (8™ A i;(SipG) € Spc(l;im§(m K)+|G| by the first part of
the proposition 1.4.
We conclude, because slice spheres of dimension grater or equal to n generate Spgsn under

colimits and extensions and the functor SP¢ A — commutes with colimits and exact. UJ

Corollary 1.11. Let X be a G-spectrum. If T<sq: X — X<sq is the slice tower of X, then
SPG N T<se is the slice tower of SP¢ AN X. In particular

SPG AN X>sn ~ (SPG A X)>sn SPG A XSSTZ ~ (SPG A X)SSTL SPG A XSTL ~ (SPG A X)STL

1.1 Multiplicative properties of the slice towers

Definition 1.12. For an integer n > 0 define Sp[GO.n}S as the intersection Spgso N Spgsn.

Proposition 1.13. 1. The category Sp[Go_n]s admit a (essentially) unique symmetric monoidal

structure, such that T<sp: Spgso — Sp[GO.n}S promotes to a monoidal functor.

2. Let EkAlg[Um]s(SpG) denote the full subcategory of ExAlg(Sp®) consisting of algebras
A, such that the underlying spectrum of A is in Sp[%;n]s. Then there is a canonical
equivalence EkAlg(Sp[Cém]s) o~ EkAlg[Om]s(SpG).

Proof. 1. Everything is in Lurie (somewhere, you just need to look hard enough). In
particular this statement is [Lurl3, Proposition 2.2.1.9], but to verify the assumptions
we need to prove the following fact: let f: X — Y be a map of connective G-spectra and
assume that the induced map X<s, — Y<s,, is an equivalence, then for any connective
G-spectrum V' the map (X A V)<s,, = (Y A V)<sy, is an equivalence. Equivalently,
the functor 7<s, (V' A —) maps n-equivalences to equivalences. Every such functor is a
colimit of 7<s,(G/H4+ A —), hence it is enough to prove the statement for V = G/H..
For H = G the statement is tautological and for H # G it follows by induction using
projection formula G/Hy A X ~ G Ay (i3;X) and corollary 1.8.
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2. We have the canonical functor
p: EiAlgpy, s (Sp%) = BiAlg(Sp®) =% EAlg(Spf,,-)

The right adjoint i<s, to the truncation is right lax-monoidal (as every right adjoint of
a monoidal functor), hence it induces a functor

U B Alg(SpG, ) — ExAlg(Sp®)

which factors through ExAlgjg, s (SpG). We will denote the factorization by .
Both composites 1 o p and ¢ o 1 are equivalent to the identity functors on the level of

underlying spectra. We conclude, because the forgetful functor from algebras to spectra
is conservative.

O]

Remark 1.14. It follows that there is a commutative diagram

ExAlg(SpSeg) — = ExcAlgjg,, (Sp%)

|

Sp[%m]s

T<Sn

Sp¥eo

In particular let A be a connective Ej-algebra in Sp®. Then A<sy, admits a canonical
structure of Ej-algebra, such that the truncation map A — A<s, is a morphism of Ej-
algebras.

2 Slice spectral sequence

Also we already studied some properties of the slice tower, we haven’t proved its convergence
yet. We will handle it in this section and establishing some important results interesting in
their own right along the way.

Lemma 2.1. Form > 0 the slice sphere g(m, K) may be decomposed as a colimit of TG /H |
where m < k < m|K| and H < K. For m < 0 there is a similar decomposition with
m|K| <k <m.

Proof. If Sis induced, it admits the induced cell decomposition with desired properties. For
m > 1 cell decomposition of SP¢ induces cell decomposition of S"¢ = (SPG)™ with cells
in desired range. The equivariant Spainer-Whithead duality gives desired decomposition of
S—mea,

So it is enough to treat the case SP¢. It is enough to prove that the space SP6~! admits an
equivariant cell decomposition with cells of dimension 0, ..., |G| — 1. Now note that SP6¢ ! ~
YS(pg — 1). Consider pg — 1 as a real vector space. The boundary of the standard |G| —
1-dimensional simplex is equivariantly equivalent to S(pg — 1). Barycentric subdivision of
standard cell decomposition of this simplex gives the desired decomposition of S(pg —1). O



Corollary 2.2. For n > 0 we have that Spgsn - SngG‘/n]. If n <0 then Spgsn C Spgn.

Corollary 2.3. For a G-spectrum X the canonical map X — X<s, induces an isomorphism
on m,;, for
kE<[|G|/n] n>0
{ k<n n <0

Corollary 2.4. Slice towers converge, in the sense that for any G-spectrum X the canonical
maps X — lim X<sp, and h_H>1X>sn — 0 are equivalences.
AL

Corollary 2.5. If X is in n-slice then m;,(X) ~ 0 unless

n/IG]]<k<n n>0
{n§k< [(n+1)/IG]] n<0

Corollary 2.6. For the Es-page of the slice spectral sequence of a G-spectrum X (E;t =
Ti—sXst = m—s X ) the non-vanishing region is marked blue on the diagram below

S

AN

/8: |G|(t — s)

\
ANIAA

>t — s




2.1 Pure G-spectra and Gap Theorem

In this section we will introduce a family of G-spectra, for which one can guarantee the
vanishing of some homotopy groups (General Gap Theorem). Later we will prove, that our
spectrum € from the introduction is (almost) of this kind, which will allow us to deduce
m_2(€) ~ 0, needed for the solution to the Kervaire Invariant Problem.

Proposition 2.7. For a slice sphere S of dimension d the spectrum SA HZ is a d-slice.

Proof. By projection formula (GAgS"™P K )ANHZ ~ G Ak (S™PK NHZ), hence by proposition 1.4
we may assume K = G.

We know HZ is a zero slice by example 1.6. It is left to note that the smash of a slice HZ
with S™¢ is a slice of dimension dim S™P¢ by corollary 1.11. O

Definition 2.8. The spectrum is called pure if all of its slice layers are sums of SAH Z where

~

S is an isotrophic slice sphere.

I learned the following argument from Akhil Mathew’s talk [HR16, Talk 16]. For readers
convenience I will reproduce it here

Theorem 2.9 (General Gap theorem). Let X be a pure isotrophic G-spectrum for G a non-
trivial 2-group. Then 7 (X) ~ 0 for k = —2,—1.

Proof. 1t is enough to treat the case X = SAH Z, result for general X follows by convergence
of the slice tower. Also by adjunction of restriction and co-induction and projection formula

79 ((G Ag S™PEY AN HZ) ~ 78(G A (S™k A HZ)) ~ 75 (S™Px A HZ)

Hence we may assume K = G.

Let S(m, G) be a slice sphere S™°¢ . First assume m > 0. Then m-((S™¢ A HZ) vanish,
because the spectrum S™P¢ A HZ is connective.

For m = —1 < 0 we want to prove that

7_i(S7¢ A HZ) ~ Homg ¢ (S¢", HZ) ~ H'(S"¢ /G, Z)

vanish. For [ > 2 the space SY¢ is equivalent to £2S?¢=2 hence it is at least 2-connected. Tak-
ing coinvariants ®2§/P¢=2/G ~ ¥2(SP¢=2 /@) preserves connectedness in this case (because
the factor S'?G~2 /G of a connected space S%?6~2 /G is connected), hence H'2(S"¢ /G, 7) ~ 0.
The case | = 1,k = —1 can be treated similarly.

So it is left to prove that H2(SP¢ /G, Z) ~ 0. Again SP¢ ~ ¥SP6~L1. For the latter space
we have the cofiber sequence

S(pg — 1)y — SY — sPe1

and hence _
H(8%% /G, 7) = HO((S(pa — 1)/G), Z) = 0
(the last isomorphism follows from the fact, that S(pg — 1)/G is connected). O

Remark 2.10. In fact with more efforts one can prove that w_3 also vanishes for pure G-
spectra, but we don’t need this.
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