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Abstract

Kolmogoro/'sveryfirst paperon algorithmicinformation
theory(Kolmogorov, Problemyperedachinfotmatsiil(1)
(1965),3) wasentitled“Threeapproachew thedefinition
of the quantity of information”. Thesethreeapproaches
werecalledcombinatorial probabilisticandalgorithmic.
Trying to establishformal connectionshetweencombi-
natorial and algorithmic approacheswe prove that ev-
ery linearinequalityincluding Kolmogoros complexities
couldbetranslatednto anequivalentcombinatoriaktate-
ment. (Note that the samelinear inequalitiesare true
for Kolmogorosr complexities and Shannorentropy, see
Hammeretal., (Proceedingsf CCC'97,UIm).) Entropy
(compleity) proofsof combinatoriainequalitieggivenin
Llewellyn andRadhakrishnafPersonaCommunication)
andHammerandShen(TheoryComput.Syst. 31 (1998)
1) canbe consideredsspecialcaseqanda naturalstart-
ing points)for this translation.

Keywords: Kolmaogorov compleity; Inequalities;Combi-
natorics
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Kolmogoror compleity K (z) of abinarystringz is de-
fined asthe length of shortestprogramthat producest.
Complity depend®ntheprogrammingsystemandwe
assumehat programmingsystemis optimal (complexity
is minimal up to O(1) additive term). Conditionalcom-
plexity K (z|y) is definedasthe length of shortestpro-
gramthatproducese giveninputy.

This approachwas called “algorithmic” in [1]. Com-
binatorial approachwas explainedin the samepaperas

Intr oduction and examples

follows:

Considera variable x whose rangeis a fi-
nite set X of cardinality N. One can say
that the “entropy” of variable z is equal to
H(z) = logy, N. When a specific value
x = a is fixed, we “eliminate” this entrogy by
providing I = log, N bits of “information”.
For k independenvariablesz, . .., z; whose
range have cardinalities Ny, ..., N, we have
H(zy,22,...,a1) = H(zy) + H(z2) + ... +
H(xk)

And later:

Let x andy be variables(with rangesX and
Y) that are dependenin the following sense:
not all pairsz,y from X x Y areallowed as
values. Let U be the setof all allowed pairs.
For ary a € X we considerthe setY, of all

y suchthat (a,y) € U. Now the conditional
entropy can be naturally defined as follows:

H(y|a) = log, N(Y,) whereN (Y,) standsor

the cardinalityof ;.

There are someevident connectionsdbetweencombi-
natorialandalgorithmicapproachesFirst, the setof all
stringshavingcompleity lessthann containsat most2™
elementgsince different strings correspondo different
programsand the numberof programsdoesnot exceed
1+ 2+ ...+ 2" 1). Ontheotherhand,asKolmogoros
says,if afinite setM with large cardinality N canbede-
fined by a program of a negligible length (compaed to
log, N), thenalmostall elementof M havecompleity
closeto log, N [1].



Thereforethe statementk (z) < n canbe informally
translatednto combinatoriallanguageasx belongsto a
naturally definedsetof cardinality about2™.

In this sectionwe give several examplesshaving a
similarity between combinatorial and algorithmic ap-
proacheslin thenext sectionwe formulatethreetheorems
thatprovide combinatoriakranslationdor linearinequal-
ities involving Kolmogoror complexities. All logarithms
arebinary:logu standdor log, u.

Our first exampleis theinequality

K(z,y) < K(z) + K(y) + O(log(K (z) + K(y)))(l)

Herez andy arebinarystrings;K (z,y) denoteshecom-
plexity of pair (x,y) definedascomplexity of the string
[z,y] for acomputableencodingz,y — [z,y] (different
encodinggyive differentcomplexities, but the difference
is O(1)).

The combinatorialcounterparof this inequalityis the
following statementLet A beasubsebdf theproductX x
Y of two finite setsX andY. Then

#A < #rx (A) - #my(A) 2

where# standdor cardinality = x andry areprojections
(e.9.7x(A) = {z € A| Iy (z,y) € A}).

The similarity is straightforvard: take logarithmsand
recallthat“combinatorialentropy” is thelogarithmof car
dinality of range. If a pair of variablesz,y rangesover
A C X xY,thenz rangesovernx (A) andy rangesover
Ty (A)

Now considera strongelinequality

K(z,y) <
< K(z) + K(y|z) + O(log(K (z) + K(y))) (3)

(Let usnotethatall inequalitiesfor complexitiesarecon-
sideredupto O(log m)-termwherem is the sumof com-
plexities of all stringsinvolved; we omit O(log m)-terms
(andO(1)-terms)in thesequel.)

Inequality (3) is strongerthan (1) since K(y|z) <
K(y).

RecallingKolmogoros'sexplanationof thecombinato-
rial meaningof conditionalentropy, we cometo the fol-
lowing inequality:

#A < #rx(A)- [rwngg #A,), (4)

where A, standsfor the set{y | (z,y) € A}. Note
thatthe inequality (4) is strongerthan (2) since#A4, <
#ry (A) forary z € A.

The next exampleinvolvesthreevariablesandis con-
sideredin detailin [2]. Theinequality

2K (z,y,2) < K(z,y) + K(2,2) + K(y,2)  (5)

is true (up to logarithmic terms) for ary three strings
z,v, z. Its combinatorialcounterparsaysthat

(#A)* < #rxy (A) - #rxz(A) - #7vz(A)  (6)

for ary subsetd4 of the CartesiamproductX x Y x Z of
threefinite setsX, Y andZ. (Herewxy standsfor the
projectionof X x Y x ZontoX x Y etc.)

This inequality also can be strengthenedby replacing
unconditionalcompleity by conditionalone:

2K (z,y,2) < K(z,y) + K(2,2) + K(y,z|z)  (7)
Thecombinatoriakcounterparts
(#4)” < #mxy (A) - #rxz(4) - [max #4,] ()

whereA, = {{y, 2) | {z,y, 2) € A}.

All four examplesgivenabove follow the samepattern
andarecoveredby theoreml below; it saysthat combi-
natorialstatements trueif andonly if the corresponding
inequalityholds.

A moresubtleexampleis providedby aninequality

K(z) + K(y|z) < K(z,y) )

where,asusual,logarithmictermsare omitted. (This in-
equalityis areversedform of (3), soin factinequality(3)
is an equality) Whatis the correspondinggcombinatorial
statement®necouldtry

but this statements falsefor evidentreasongconsiderA
thathaslarge A, for somex andsmall A,, for mary other
z's). However, onecanfind a true statementvhich looks
parallelto (9). Hereit is:

Let X andY be two finite setsandlet A be a

subsebdf X xY. Letu andv betwo integerssuch
thatuv > #A. Then A canbe partitionedinto (10)
A=UUuVwith#rx(U) <u andng)((;véﬁVm <

EAS

v.



To prove (10) considetthe setT of all z € X suchthat
#A, > v. This setcontainsat mostu elementgother
wise #A > uv). Now let U bethesetof all (z,y) € A
suchthatz € T andlet V be the remainingpart of A.
Thennx (U) = T and#nx(U) < u; ontheotherhand,
#V, is zerofor z € T anddoesnotexceedv for z ¢ T,
therefore;acnea)%c #V, <w.

In fact,the statemen{10) canbe usedasanintermedi-
atestepin the proof of (9).

Our last exampleis the so-called“basic inequality”
from[4], i.e.,theinequality

K(z)+ K(z,y,2) < K(z,y) + K(z, 2) (11)

This inequalityfollows from the inequality K (y, z|z) <
K(y|z) + K(z|z) (which is a “conditional version” of
(1)) using the equalitiesK (z,y) = K(y|z) + K(z),
K(z,2) = K(2|z)+ K(z) andK (z,y, 2) = K(y, z|z)+
K (x); all threeequalitiesmentionedollow from (3) and

(9).

Inequality (11) correspondso the following combina-
torial statement:

Let X, Y and Z be threefinite setsandlet A
beasubsebf X x Y x Z. Let! andv betwo
integerssuchthatlv > #nxy(A) - #7xz(A).
Then A canbe partitionedinto A = U U V' with
#rx (U) <land#V <w.

(12)

This statementanbe provedasfollows. Foreachr € X
considerttheset

Az = {{y,2) | (2,y,2) € A}

ThesetX canbelinearlyorderedn suchawaythat# A,
decreaseasz increases.Considerl first elementsf X
in this ordering. Correspondingriples form the setU;
the remainingpartof A goesto V. (It is easyto seethat
this choiceis optimal; we wantto make #V smaller so

weincludelarge A, into U.) Theconstructiorguarantees

that#mx (U) < I. It remainsto provethat#V < v.

Let S; and S, be the cardinalitiesof 7xy (4) and
7xz(A). Letus prove first thatall A, outsideU have
cardinalitiesat most S; S /12. Let p(x) andq(x) bethe
cardinalitiesof projectionsof A, ontoY andZ. Then
> plx) = Sy and)° q(x) = Sy. Therefore the av-

eragevalueof p(x) for [ first valuesof x (corresponding

to the setU) doesnot exceedS; /I; the averagevalue of
g(z) for [ first valuesof z doesnot exceedSy/l. Us-
ing Cauchyinequality we concludethat the geometric
meanof [ first valuesof p(z) [of ¢(x)] doesnot exceed
S1/1 [resp.Sa/1]. Thereforethe geometricmeanof the
productp(x)q(x) doesnot exceedS; S, /12, andthe min-
imal valueof p(z)q(x) doesnot exceedS; S,/I2. Since
#A, < p(x)q(z), theminimal valueof #A, in U (and
all thevaluesoutsideU) doesnot exceedS; S /12.

Now we know that #V, < S1S:/1? for all z (here
V. = @ for [ first valuesof x andV,, = A, for remaining
z). It remaingto applytheinequality(8) to getthedesired

result:
#V < \[5-5, T -

Thestatemen(12)is proved.d

<w.

2 Linear inequalities

We hopethat the examplesabore make clearthe corre-
spondencéetweencompleity inequalitiesand combi-
natorial statements However, let us give the exact defi-
nitionsfor thegenerakase.

We consider linear inequalities involving strings
z1,---,Zs. (Thenumbers of stringsis a constant.)For
ary setl C {1,...,s} containingelementsiy,...,in,
we denoteby z; thetuple{z;,,... ,z;,). Its comple-
ity (definedin a naturalway usingencodings)s denoted
by K (zr). For example,the basicinequality(11) canbe
writtenin this notationas

K(zqy) + K(z2,3)) < K(2g1,2)) + K(201,3))

The generalform of the linearinequalityinvolving com-
plexities of stringszy, . . ., xz, andtheir combinationss

Z /\IK(.’EI) Z 0.
I

The generalform of aninequality involving conditional
compleitiesis

Z )\I’JK(.'L'[|ZU.]) Z 0.

INJ=2

(13)



We assumethat I N J
K(zr\glzs).

Now we needto introducethe notationfor combina-
torial statementsLet X, ..., X, besets.For eachl C
{1, ..., s} weconsidefaprojectionfunctionz; thatmaps
X1 x...xXgonto][,c; X;. Forany A C Xy x---x X,
by 7;(A) we denotetheimageof A underthis projection;
nr(A) = #wn1(A) is its cardinality (Accordingto Kol-
mogoroy, logny(A) canbe consideredis“combinatorial
entropy” of projectionz; if  rangesover A.)

Conditionalcombinatorialentropy canbe definedin a
similarway. Let I andJ bedisjoint subset®of theindex
set{l,...,s}. Forary a € A considermsectionof A go-
ing througha andhaving all J-coordinatesixed;consider
I-projectionof this section.Cardinalityof this projection
depend®na; letn;(A) bethemaximalcardinality Re-
formulation: fix J-coordinatesof a variablea € A and

@ since K(zr|zs)

considerthe setof all possiblevaluesof I-coordinates.

(This setdepend®n the valuesof J-coordinates. Maxi-
mal cardinalityof this setis denoteddy ny ;(A).

The connectionbetweencombinatorial entropy and
Kolmogoror compleity canbe informally describedas
follows. Let A be a set whoseelementsare tuples of
strings{z1, ..., zs). AssumethatKolmogoros complec-
ity of A is small. Thenthe maximalvalueof K (zr|z )
overall (z,...,zs) € A is closeto logny;(A). In-
deed,to specify x; whenz; is known, we needlog N
bits,whereN is thenumberof possiblevaluesof z; when
xy is known. This simple obsenation (refinedin anap-
propriateway)is themainpointof theproofsgivenbelow.

Ourfirst theoremconsiderghe casewhenonly oneco-
efficient A7 ; is negative. In otherwords, we consider
inequalityof type

K(zr1,|7,) < Z A1 K (zr|zr)
I,J

(14)

wheresummatiorrangeover pairsof disjoint setsdiffer-
entfrom (Io, Jo) andall Ay y arenon-neative.

Theorem1 The inequality (14) is valid for all binary
stringszy, ...,z (Upto O(log(K (1) + - .. + K(z;)))
term) if andonly if

Nl (4) < H [nI\J(A)])‘I’J (15)
1.7

for anysubsetd C X; x ... x X, (Xy,...,X, arear-
bitrary finite setg.

This theoremcan be appliedto the examplesgiven
above: it saysthat(1) is equivalentto (2), that(3) is equiv-
alentto (4), that (5) is equivalentto (6), andthat (7) is
equivalentto (8). A specialcaseof thistheorem(inequal-
ities (5) and (6)) was consideredn [2]. Other special
casesof this theoremand theorem2 belov are consid-
eredin [5]; in this paperShannorentropy is usedinstead
of Kolmogorosr compleity andall X; have two elements
(this restrictionis not essential).

Proof. Let usprove (15) = (14)first. Let zq,...,x;
be arbitrarystringsandkr ; = K(xr|zs). Considerthe
setA of all tuplesy = (y1, ..., ys) suchthatK (yr|ys) <
kpy for all (I,J) # (I, Jo). We wantto apply (15)
to A. It is easyto seethatlogny ;(A) < kry + O(1).
Indeed|f y is fixed,only 2 - 2117 valuesof y; arepossi-
ble, sincethesevaluesareobtainedfrom y; by programs
of lengthat mostk;y ;. Applying (15)to A, we conclude
thatlogny, s, (A) < > Ar,skrs + O(1). Notealsothat
thesetA canbeenumerateeffectively providedall &y s
aregiven(we needO (log(K (z1) + ...+ K(z,))) bitsto
specifyall k7 ;). Now we seethat Iy-coordinatef ary
elementy of A aredeterminedy Jy-coordinate®f y and
its ordinal numberin the enumeratiorof all A-elements
having given Jp-coordinatesThis numberhaslog n;,) s,
bits, sowe get(14).

Formally speaking thereis an errorin this agument:
we cannotapply(15)to A directly, sinceA canbeinfinite.
However, we canapply (15) to all finite subsetof A: if
nr,| g, (A") < cforall finite A’ C A, thenngy|;,(A) < ec.

Now letusprove(14) = (15). Thisproofis givenin [2]
for the specialcaseof inequalities(5) and (6). It uses
sometrick: to getrid of logarithmicterms,we considera
sequencef elementof A insteadof oneelement.

We may assumethat Xi,..., X, are setsof binary
strings.Let M beanaturalnumber Lety = ¢',... ,yM
be a sequencef arbitrary elementsof A. Eachy’ is a
sequenceof stringsy?, ... ,y¢, soy canbe considered
as a matrix with M rows and s columns. For ary set
I c {1,...,s} we denotethe sequencay!,...,yM by
yr. (To gety; from y we consideronly columnsof the
matrix whosenumberdelongto I.)

Now we apply the inequality (14) to the columnsof
the matrix. For ary disjoint setsI,J C {1,...,s} the



complexity K (y;|y ;) doesnotexceedM logny ;(A) +
O(log M) wheretheconstantn O-notationdependsn A
butnoton M. Indeedto specifyy ; wheny ; is knownwe
need(for eachrow 1) to uselogny; bits for the ordinal
numberof y; in the setof all possibilities(for giveny?).
Thereforeforary y',...,yM € A wehave

K(yrly;) <M Z Ar,7logng ;s (A) + O(log M).

Now we wantto getan upperboundfor ny s, (4). Fix
somevalue of Jy-coordinates. We want to get an up-
per boundfor the number N of possiblevaluesof Iy-
coordinateccompatiblewith fixed Jy-coordinates.Con-
sideranarbitrarymatrix y whereall rows have given Jy-
coordinates. Since Jo-coordinatesare fixed, K (y ;, )
O(log M) and K(y;,) < M Aslogngs(A) +

O(log M). Ontheotherhand therearestill N possible
valuesof y, , andall of themhave boundedcomplexity,

therefore

log(NM) = Mlog N <
< MZ)\],JIOgnI‘J(A) + O(log M).

Sincelog M/M — 0 asM — oo, we getthe required
upperboundfor N.

Theoreml is proved.O

Let us considera specialcaseof (14) whenno condi-
tional complexities areinvolved:

K(zy,...,74) < > MK () (16)
Here)\; arenon-ngatiereals(forall I C {1,...,s}).
Theorem2 Theinequality(16)is truefor all =, ...,z

(up to a logarithmic term) if and only if for any ;7 =
1,..., s thesumof coeficients)\; for all I containingj is
atleastl.

Proof. Let z; beemptystringsfor all i # j. Thenthe
inequality(16) canberewrittenasK (z;) < > A1 K(z;)
wherethe sumis takenoverall I containingj. Therefore,
if (16)is truefor all strings,the sumof coeficients\y is
atleastl.

Ontheotherhandsif all thesesumsareat least1, we
canprove (16) asfollows. Using (3) and(9), we rewrite

K(zy1,...,z5) as

K(Z’l) + K(.CL'2|.Z'1) =+ K($3|$1,$2) +...
e+ K(zg|z1, ..oy T5-1)

andrewrite compleitiesin theright-handsidein thesame
way (usingthe sameorderof indices). For example,the
term K (z1, x3) in theright-handsidebecomesK (z1) +

K (xz3|z1). We thenaddomitted conditionsin the right-

handside (e.g.,replaceK (z3|z1) by K (z3|z1,z2)) and
geta strongerinequality; this strongerinequalityis valid

accordingto our assumptiorgsumof coeficientsfor each
K(x;|®1,...,2,—1) is atleastl).

Theorem? is proved.

This agumentshaws alsothat arny valid inequality of
type(16)is apositive linearcombinatiorof basicinequal-
ities in the senseof [4].

Now we return to the generalcaseand considerin-
equalitiesof type > Ar s K (zr|zs) > 0 whereseveral
coeficientsmay be negative. It is corvenientto separate
positive and negative coeficients and considerinequali-
tiesof type

> argK(erlzs) < Y BruK(elzs) (A7)

(I,7)eA (1,J)eB

whereall a;,; andg;,; arepositive and.A, B aredisjoint
setsof pairsof disjointsubset®f {1, ..., s}.

Thefollowing theorengivesa combinatoriaktatement
thatis equivalentto (17). Unfortunately this condition
is morecomplicatedhanonecouldexpectlooking at the
relationsbetweer(9) and(10) or betweer(11)and(12). It
includesa polynomialfactorthatcorrespondso additive
logarithmictermin theinequalityaboutcompleities.

Notation:B"™ is asetof all binarystringsof lengthn.

Theorem3 Theinequality (17) is valid for givencoefi-
cientsay,; andgy,y andfor anystringszy, . ..,z (Uupto
a logarithmicterm) if andonly if the following combina-



torial statements true:

there existsa constantc sud that for anyn, for
anysetA C (B")* andfor anyintegersay,; sud

that
H [nI|J BIJ< H aaIJ

(I,J)eB (I,J)eA (18)

the set A can be covered by sets Uy ; (for
(I,J) € A) sut that

nrs(Urs) <arg-n°

Beforeprovingthistheorem|et uslook atthecombina-
torial translatiorfor thebasicinequality(11): thereexists
aconstant suchthatfor all n, forany setA ¢ X xY x Z
(whereX =Y = Z = B") andfor ary [ andv suchthat
#nxy (A)#nxz(A) < lv thereexist U andV suchthat
ACUUV,#rmx(U) <lIn®and#V < vn®. Weseethat
theonly differencebetweerthis statemenand(12) is the
factorn®. (It seemguite possiblethattheorem3 remains
truewithout this factor However, this factoris neededn
our proof.)

Proof of theorem3. Assumethat the inequality (17)
is valid up to a logarithmicterm O(log(K (z1) + ... +
K(zs))). We wantto prove (18). For a givenn and
given A there exists someconstante(n, A) that makes
the statemen(18) true (for all valuesof ar ;). Thisis
evident; what we needto prove is that the samecon-
stantworks for all n andall A. For a givenn consider
the “worst-case’set 4,, andvaluesof ar ; that require
maximal constant. The set 4,, canbe effectively found
(try all possibilities; it is a very long, but finite, pro-
cess). Therefore,complity of A, is O(logn). For
ary ¢ € A, andfor ary disjointI,J C {1,...,s} we
have K (xr|z;) < logng ;(As) + O(logn) (to specify
z1 whenz s is fixedwe needto specify A,, andthe ordi-
nal numberof z;). Thereforejf numbersy; ; satisfythe
inequality

H [nr.(A

(I,J)eB

51J< H aaIJ

(I,J)eA

then

Z Br.aK(zrlzy) <

(I,J)EB

< Y Brslogngs(A) + O(logn) <
(I,J)eB

Z ar,glogar, ;s + O(logn)
(I,J)eA

Combiningthis inequalitywith (17), we concludethat

Y arsK(zilzy) <

(I,J)eA

Z or,glogar ;+ Clogn
(I,J)eA

for ary 2 € A,, andfor somefixed C' (notdependingon
n). Thereforejf z € A, then

Clon
#A 8

for atleastone(7, J) € A. In otherterms,sets

aI,JK(.',U_[l.'L',]) <ar,ylogar.;+

Urg ={z | K(z1|zs) <logar,j+ logn}

C
ar  g#A

cover A. And logng;(Urs) < logar; + clogn for
someconstant: thatdoesnot dependon n. SinceA,, is
the“worst-case’setby our assumptionye concludethat
¢(n, A,) is boundedby a constantnot dependingon n,
and(18)is true.

To prove the secondpart of the theorem,assumehat
the statemen(18)is true. We needto prove (17) for arbi-
trarytuplez = (z1,...,z,). To dothat,we “generalize”
2 andincludeit in theset A of tuplesof stringsthathave
“similar compleity behaior”. Thenwe applythe state-
ment(18)to A.

Formally A is definedas the set of all tuplesy
(y1,...,ys) suchthat K (yrlys) < K(zr|zs) for ary
disjoint setsI,J C {1,...,s}. (This setwasalready
usedin the proof of theorem1.) The set A is not
emptysinceit containsz. Moreover, log # A is closeto
K(z1,...,z5). Indeed,log#A cannotbe significantly
largerthan K (z1, . .., z,) becausall y € A have com-
plexity not exceedingK (x, - - ., zs). Ontheotherhand,
A canbe enumeratedby a programthat haslogarithmic
(in K(z1) + --- + K(z5)) length(we needto specifyall



compl«ity bounds;numberof theseboundsis exponen-
tial in s, but s is consideredas a constant). Therefore,
compleity of ary y € A (including ) doesnot exceed
significantlylog # A, solog # A cannotbe significantly
lessthanK (z1, .. .,%s).

The sameargumentshows thatfor ary (I, J) thenum-
ber logny;(Ag,y) differs from K(zr|z;) at most by
O(log(K (z1) + ...+ K(xs))).

To apply the statemen{(18) to A we needto choose
somevalueof n. Letn beequalto K (z1)+. ..+ K (zs)+
1. Using this value, we cannotapply (18) directly: an
elementy = (y1,...,ys) € A cancontainverylongy;.
However, the purely combinatorialnatureof (18) allows
usto renameall y;. Thereis atmost2™ of them(sinceall
y'shave compleity lessthann), andthey canbereplaced
by stringsof lengthn.

Now supposehat(in contradictionwith (17))

> BruK(ziles) <

(I,J)eB

< Z ar, K (zr|z;) — Clogn,
(I,J)eA

for someconstanC (to befixedlater).
Choosenumbersz; ; suchthat

logay ; = K(xf|zy) — logn

s
#A
Note thata? ; definedby this formula are not integers.
Let ar,g be |'a’I,J'|. Then

logar,; = K(zr|zy) — A logn + O(1).
We have
> BraK(zilz) < Y arslogar,
(I,J)eB (I,J)eA
ie.,

H K(.’L‘]|£L'J)BI’J§ H [aLJ]aI’J.

(1,J)eB (I,J)eA

Thenby (18) theset A canbe coveredby setsU; ; such
that
nry(Urs) <arg-n°.

Forary (I,J)
log #Ur,5 < logn (Ur,s) +logn ;(Ur,r)
< K(zs)+logar,s +clogn

#A
< K(z) 4+ O(logn) —

< K(zj)+ K(zrlzy) logn + clogn

i10 n + clogn

#A g g -

SinceA C |J Uy, andthe numberof pairs(Z,J) is a
I,J

constanifor afixeds), we have

log#A < K(m)—l—O(logn)—% logn+clogn+0(1).

Because log#A cannot be significantly less then
K(x1,...,25), we get a contradiction for C' large
enoughd

Theunderlyingreasorfor the secondpartof the proof
canbeexplainedasfollows. A is uniform: mostof its sec-
tions (in a givendirection) have approximatelythe same
size. (The sameis true for projections.) Therefore,if U
is somepartof A thathassmall sectionsin somedirec-
tion, #U is smallcomparedo # A andsuchU’s cannot
cover A.

3 Prefix complexity

All inequalitiesfor Kolmogoros compleities were con-
sideredup to O(logn) term, wheren is a sumof com-
plexities of stringsinvolved. Thereforewe could safely
ignore the differencebetweenseveral existing versions
of compleity. We canuseplain compleity definedby
Kolmogoror in [1]), denotedby C(z) in [6] and KS(x)
in [7], or prefix compleity, denotedby K (z) in [6] and
KP(z)in[7].

In this sectionwe areinterestedn equalitiesvalid up
to O(1). Thereforewe should be careful and specify
exactly the versionof compleity we use. Most useful
hereis prefix compleity KP(x). For example,the in-
equality KP(z,y) < KP(z) + KP(y) + O(1) is well
known (see[6], example3.1.2,p. 194). The inequality
2KP(z,y,2) < KP(z,y) + KP(z,2) + KP(y,z) was
proved(usingCauchy—Schartzinequality)in [2]. These
examplesmake thefollowing conjectureplausible:



Conjecture. Any linearinequalityinvolving uncondi-
tional compleities thatis valid up to logarithmictermis
valid upto O(1) for prefix compleity.

A partialresultin this direction:

Theorem4 Basic inequality (11) is valid up to O(1)-
termfor prefixcompleity:

KP(z) + KP(z,y,2) < KP(z,y) + KP(z,2). (19)

Proof. This theorem can be easily derived from
L.A. Levin's formula for prefix compleity of a pair:
KP(z,y) = KP(z) + KP(y|z, KP(z)) (for the proof
seee.g.,[6], theorem3.9.1,p. 232). Indeed this formula
allows usto rewrite (19) as

KP(y, z|z, KP(z)) <
< KP(y|z, KP(z)) + KP(z|z, KP(z)),

and this inequality is a “relativized” versionof the in-
equalityKP(y,z) < KP(y) + KP(z).

We provide also a direct proof of (19) using a priori
probabilities. Recallthat KP(z) = —logm(x), where
m is universalenumerablsemimeasurésee[6], p. 247).
Thereforewe needto provethat

m(z,y,z) m(z) > m(z,y) m(z, 2).

or

o) 5 WY M)
(z,,2) > m@)
Since}’, m(z,y) < m(z) and}’ m(z,z) < m(z),

we concludethat

m(z,y) m(z, 2)
% — m@ < ;m(x) <1
(In fact we know only that - m(z
and KP(z) = —logm(z) + O(1), but for simplicity
we assumethat - m(z,y) < m(z) and KP(z) =
—log m(z) andomit someconstantsn the proof.)

If the fraction m(z,y) m(z, z)/ m(xz) were enumer
able from below, the proof would be complete, since
m(z,y, z) is maximal. However, we have m in the de-
nominatorandthefractionis notenumerablérom below.
We needto find anenumerableipperboundfor this frac-
tion having finite sum. For eachn by m,(z,y) we de-
note the enumerabldunction obtainedfrom m(z, y) by

,y) = O(m(z))

addingan additionalrequirementy S, m,,(z,y) < 27"
(We eliminatevaluesof m that canviolate this require-
ment.)Now considerthefunction

Z m,(z,y) my,(z, 2)

2—n
n>KP(z)

This sumis anuppedboundfor
m(z, y) m(z, z)
m(z)

(letn = KP(z); then2~" = m(z) andm,, = m). It is
anenumerableipperboundwe asledfor, since

z z mnacymn(acz)S

,Y,2n>KP(z
< Z Z mn z, y2) %Zmn(x,z) <
z n>KP(z)
<> > 2n< Z2m

z n>KP(z)
Theoremd is proved.O

Corollary: all inequalities involving unconditional
compleities, having onetermin the left-handside and
beingtrue up to logarithmicterm,are true upto O(1) for
prefixcompleity.

(Indeed,theorem2 guaranteeshat suchan inequality
is a positive linear combinationof basicinequalities,so
we canapplytheorem.)

This corollary canbe proved directly using semimea-
suresandthefollowing versionof Jensers inequality: if
a;+...+a;,=1,a; >0,then

[unne

S fs(@)]¥ de <
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